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What this lecture is about?

o Why sparsity, what for and how?
e Signal and image processing Restoration, reconstruction.
e Machine learning: Selecting relevant features.

o Computer vision: Modelling the local appearance of image
patches.

e Computer vision: Recent (and intriguing) results in bags of
words models.

e Optimization : Solving challenging problems.
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@ 'mage Processing Applications
© Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

© Optimization for sparse methods
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@ 'mage Processing Applications
@ Image Denoising
@ Inpainting, Demosaicking
o Video Processing
@ Other Applications

© Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

© Optimization for sparse methods
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The Image Denoising Problem

5 T fep T

measurements original image  N°IS€
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Sparse representations for image restoration

5 T T i

measurements original image noise

Energy minimization problem - MAP estimation

-1 2
g v

relation to measurements 'Mad¢€ model (-log prior)

Some classical priors
@ Smoothness kL xk3
o Total variation kr xk?
o MRF priors

o ...
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What is a Sparse Linear Model?

"
. om . "
Let x in R™ be a signal. .
-
o 200 400 600 600 1000 1200 1400 1600 1800 2000

Let D = [dy;:::;dp] 2 R™ P be a set of /{:
normalized \basis vectors". o
We call it dictionary . SUUY 4

D is \adapted" to y if it can represent it with a few basis vectors|that
is, there exists aparse vector in RP such thaty D . We call
the sparse code

01 O 1 [1]
[2]
@QyA @ (g, dp A
)
2re;Sparse
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First Important ldea

Why Sparsity?
A dictionary can be good for representing a class of
signals, but not for representing white Gaussian noise
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The Sparse Decomposition Problem

1
. 2
min -ky D ky + C ;
2RP | {z-
|2—{Z_} sparsity-inducing
data tting term regularization

induces sparsity in . It can be

@ the "o \pseudo-norm". k kg My fi st [i] 8 0g (NP-hard)
P

o the “y norm. k ky & P_1J [ili (convex),

o ...

This is aselectionproblem. When is the “;1-norm, the problem is
called Lasso [Tibshirani, 1996] or basis pursuit [Chen et E99]
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Sparse representations for image restoration

Designed dictionaries

[Haar, 1910], [Zweig, Morlet, Grossman70s], [Meyer, Mallat,
Daubechies, Coifman, Donoho, Cande80s-today]. .. (see [Mallat,
1999))

Wavelets, Curvelets, Wedgelets, Bandlets, ... lets

Learned dictionaries of patches

[Olshausen and Field, 1997], [Engan et al., 1999], [Lewaridl
Sejnowski, 2000], [Aharon et al., 2006] , [Roth and Black03] [Lee

et al., 2007] X
: Ly )
e i ?k' ° k I—{(Z ?

I‘eCOHStI‘UCtIOI’l sparsny
o ( )=k ko (\ o pseudo-norm")

( )=k ki ("1 norm)
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Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 8 patchesy;.
o Solve a matrix factorization problem:

X0

) 1
hoc Pky' D k2 I—{(Z?

sparsi
I’E‘COI’]StI’UCtIOI’] P v

with n> 10Q 000

o Average the reconstruction of each patch.
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Sparse representations for image restoration
K-SVD: [Elad and Aharon, 2006]
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Figure: Dictionary tralned on a noisy version of the imag
boat.

Julien Mairal Sparse Coding and Dictionary Learning 13/182



Sparse representations for image restoration
Grayscale vs color image patches

Julien Mairal Sparse Coding and Dictionary Learning 14/182



Sparse representations for image restoration

Inpainting, Demosaicking

X 2
omin- ék ityi D pka+ i (i)

RAW Image Processing

White
.—) bgllzr;ie. ==  Denoising
substraction.
Conversion l

tgzﬁfg' €= Demosaicking

correction.
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Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008d]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]

H . t ' et Ry i ol
. ] s rough all
P .. “ ER t%iﬁ‘%n- 1900s,
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]

]
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Sparse representations for video restoration

Key ideas for video processing

[Protter and Elad, 2009]
e Using a 3D dictionary.
o Processing of many frames at the same time.
o Dictionary propagation.

Julien Mairal Sparse Coding and Dictionary Learning 19/182



Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: INpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: INpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: INpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: INpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: INpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. = 25
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Digital Zooming
Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
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Digital Zooming

Couzinie-Devy, 2010, Proposed method
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Digital Zooming
Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
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Digital Zooming

Couzinie-Devy, 2010, Proposed approach
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original

Julien Mairal Sparse Coding and Dictionary Learning 40/182



Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image

Julien Mairal Sparse Coding and Dictionary Learning 43/182



Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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One short slide on compressed sensing

Important message

Sparse coding is not \compressed sensing".

Compressed sensing is a theory [see Candes, 2006] saying Bparse
signal can be recovered from a few linear measurements usatee
conditions.

@ Signal Acquisition:W~y, whereW 2 R™ S is a \sensing" matrix
withs m.

o Signal Decoding: minpre k ki s.t. W>y= W>D
with extensions to approximately sparse signals, noisy susaments.

Remark
The dictionaries we are using in this lecture do not satidfie trecovery
assumptions of compressed sensing.
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Important messages
o Patch-based approaches are achieving state-of-the-astlts for
many image processing task.
@ Dictionary Learning adapts to the data you want to restore.

o Dictionary Learning is well adapted to data that admit spars
representation.Sparsity is for sparse data only.
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Next topics

@ A bit of machine learning.
@ Why does the ;-norm induce sparsity?
@ Some properties of the Lasso.

o Links between dictionary learning and matrix factorizatio
techniques.

A simple algorithm for learning dictionaries.
Beyond sparsity: Group-sparsity, Structured Sparsity

(]

(]
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@ 'mage Processing Applications

© Sparse Linear Models and Dictionary Learning
@ The machine learning point of view
@ Why does the 1-norm induce sparsity?
o Dictionary Learning and Matrix Factorization
o Group Sparsity
@ Structured Sparsity

© Computer Vision Applications

© Optimization for sparse methods
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Sparse Linear Model: Machine Learning Point of View

Let (y';x')[L; be a training set, where the vector$ are inRP and are
called features. The scalags are in

o f 1;+1qg for binary classi cation problems.

@ R for regression problems.

In a linear model, on assumes a relatipn w”x (ory signiw” x)),
and solves

min X Sy wTx) + W)
W2RP In o |—({Z—2 '
z

data- tting

}  regularization
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Sparse Linear Models: Machine Learning Point of View

A few examples:

X .
Ridge regression:  min Zi (' wix)Z+ kwks:
i=1
; ; 1)@ > i 2
Linear SVM: min — max(0;1 y'w x)+ Kkwks:
w2RP N

i=1

.. . 1 > yi
Logistic regression: mlnp log 1+e YW X + kwks:

ﬁ
The squared »-norm inducessmoothnessin w. When one knows in

advance thatw should be sparse, one should useprsity-inducing
regularization such as the;-norm. [Chen et al., 1999, Tibshirani, 1996]

The purpose of the regularization is to addiditional a-priori
knowledge in the regularization.
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Sparse Linear Models: the Lasso

@ Signal processingD is a dictionary inR" P,
min =ky D K2+ k ki
s 2 y 2 1

@ Machine Learning:

; 1 X i i> 2 — ; 1 > 2 .
ananrJ% ~ (y x"w) + kwki= Vrpzlgp%ky X7 wks5+  kwky;
with X ¥[x%;:::x", andy Y[y oy,

Useful tool in signal processing, machine learning, sta&ss. ..as long as
one wishes taselect features.
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Why does the ;-norm induce sparsity?
Exemple: quadratic problem in 1D

1 o
- +
minsy )%+ 1]
Piecewise quadratic function with a kink at zero.

Derivative atQ: g+ = y+ and0:g = vy

Optimality conditions. is optimal i:
@j j>0andfy )+ sign()=0
e =0andg: Oandg 0

The solution is asoft-thresholding :

?=sign(y)(jiyi  )*:

Julien Mairal Sparse Coding and Dictionary Learning 53/182



Why does the ;-norm induce sparsity?

? . ?

(a) soft-thresholding operator (b) hard-thresholding operator
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Why does the ;-norm induce sparsity?

Analysis of the norms in 1D
( ): 2 ( )y

/)=

The gradient of the ,-norm vanishes when get close to 0. On its
di erentiable part, the norm of the gradient of thé;-norm is constant.

°()= L 9()=1
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Why does the ;-norm induce sparsity?
Physical illustration

E]_:O § § E]_:O

Yo
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Why does the ;-norm induce sparsity?
Physical illustration

Ei= K(yo y)?
Ei= 8(yo V)2

E> = mgy
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Why does the ;-norm induce sparsity?
Physical illustration

Ei= K(yo y)? ,
y)
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Why does the ;-norm induce sparsity?
Geometric explanation
X X

S S

1
2
; 2 .
nzuRnpky D k5 sit. k kg T:

i 2
miny ky D ki+ k ki
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Important property of the Lasso
Piecewise linearity of the regularization path

15

coefficient values

Figure: Regularization path of the Lasso
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Optimization for Dictionary Learning

X' q
min —kyi D ik%‘l‘ k ikq
2QRP N 2
D2c =1

CY¥fD2R™P st 8 =1::::;p; kdik, 1g:

o Classical optimization alternates betwd2rand
o Good results, buslow
e Instead use online learning [Mairal et al., 2009a]
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Matrix Factorization Problems and Dictionary Learning

X
min “ky; D k3+ k ik
2QRP M. 2
D2c =1

can be rewritten

1
min ZkY D kZ+ k ky;
2RP N
D2C
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Matrix Factorization Problems and Dictionary Learning
PCA

1 o
min “kY D k2 st. D’ D=1and ~ is diagonal
2RP 1
D2R™ P
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Matrix Factorization Problems and Dictionary Learning
Hard clustering

X

: 1 . .
min -kY D k& st 8i2f1;:::;pg; ili1=1:
2f 0;1gP " .
D2RM P =1
D =[dy;:::;dp] are the centroids of the clusters.
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Matrix Factorization Problems and Dictionary Learning
Soft clustering

X

1 . .
min =kY D kZ; st 8i2f1l;::::pg; ili1=1:
ZRE " 2 J:l
D2RM P
D =[dy;:::;dp] are the centroids of the clusters.
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Matrix Factorization Problems and Dictionary Learning
Non-negative matrix factorization [Lee and Seung, 2001]

1
min kY D k2
2RD "
D2R} P
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Matrix Factorization Problems and Dictionary Learning
NMF+sparsity?

1
min ZkY D kZ+ k kg
2RR "
D2RT P
Most of these formulations can be addressed the same types of
algorithms.
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Matrix Factorization Problems and Dictionary Learning
Natural Patches

(a) PCA (b) NNMF (c) DL
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Matrix Factorization Problems and Dictionary Learning
Faces

(d) PCA (e) NNMF (f) DL
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Sparsity-Inducing Norms (1/2)

data tting term
| fztﬂ {
min +
2RP () |(. z-}
sparsity-inducing norm

Standard approach to enforce sparsity in learning procedures:
@ Regularizing by aparsity-inducing norm

@ The eect of isto set some [j]'s to zero, depending on the
regularization parameter 0.

The most popular choice for
o The 'y norm,k k; = P, j [ili-
o For the square loss, Lasso [Tibshirani, 1996].
@ However, the ; norm encodes poor information, justrdinality !
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Sparsity-Inducing Norms (2/2)

Another popular choice for
@ The "1-"» norm,
X X X
k sz =
G2G G2G |2G

2 1=2,
J

@ The "1-» norm sets to zergroups of non-overlapping variables
(as opposed to single variables for the norm).

@ For the square loss, group Lasso [Yuan and Lin, 2006].

@ However, the ;-2 norm encodes xed/static prior information,
requires to know in advance how to group the variables !

Applications:
@ Selecting groups of features instead of individual vaeabl
@ Multi-task learning, multiple kernel learning.

Julien Mairal Sparse Coding and Dictionary Learning 75/182



Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leynl999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estima

X Ky y)

A= L e Kn(yiow)

ybil; )

i
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leyrl999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estima

X Ky y)

A= L e Kn(yiow)

ybil; D

i
Successful application to texture synthesis: Efros andrige{1999]

...to image denoisingNon-Local Means) : Buades et al. [2006]
...to image demosaicking: Buades et al. [2009]
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leyrl999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estima

X B Knlyi Y))

Al = =1 Kn(yi 1)

ybil; D

=1

Successful application to texture synthesis: Efros andrige{1999]
...to image denoisingNon-Local Means) : Buades et al. [2006]
...to image demosaicking: Buades et al. [2009]

Block-Matching with 3D Itering (BM3D) Dabov et al. [2007],
Similar patches argointly denoised with orthogonal wavelet thresholding
+ several (good) heuristics: ¥ state-of-the-art denoising results, less
artefacts, higher PSNR.
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Non-local Sparse Image Models

@ non-local means: stable estimator. Can fail when there are no
self-similarities.

@ sparse representations \unique" patches also admit a sparse
approximation on the learned dictionary. potentialiystable
decompositions.

Improving the stability of sparse decompositions is a catm®pic of
research in statistics Bach [2008], Meinshausen and Buahim[2010].
Mairal et al. [2009b]: Similar patches should admit simifztterns:

Sparsity vs. joint sparsity
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Non-local Sparse Image Models

Sparsity vs. joint sparsity

Joint sparsity is achieved through speci ¢ regularizersisas

x° .
kAko:1 M k 'ko; (not convex, not a norm)

o @)
kAkio ¥ Kk ko (convex norm)
i=1
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Non-local Sparse Image Models

Basic scheme for image denoising:
© Cluster patches

S=fj=1;:::;n st kyi  yki g ©)

@ Learn a dictionary with group-sparsity regularization
X K. X
min KAikiz i g kyy D jk3 i (4

=1

© Estimate the nal image by averaging the representations
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Non-local Sparse Image Models

Basic scheme for image denoising:
© Cluster patches

S=fj=1;:::;n st kyi  yki g ()

@ Learn a dictionary with group-sparsity regularization
X K. X
min KAikiz i g kyy D jk3 i (4

=1

© Estimate the nal image by averaging the representations
Detalils:

@ Greedy clustering (linear time) and online learning.

@ Eventually use two passes.

@ Use non-convex regularization for the nal reconstruction.
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Non-local Sparse Image Models

Denoising results, synthetic noise

Average PSNR on 10 standard images (higher is better)

GSM FOE | KSVD | BM3D SC LSC LSSC

5 37.05 | 37.03 | 37.42 | 37.62 37.46 | 37.66 | 37.67

10 33.34 | 33.11 | 33.62 | 34.00 33.76 | 33.98 | 34.06
15 31.31 | 30.99 | 31.58 | 32.05 31.72 | 31.99 | 32.12
20 2991 | 29.62 | 30.18 | 30.73 30.29 | 30.60 | 30.78
25 28.84 | 28.36 | 29.10 | 29.72 29.18 | 29.52 | 29.74
50 25.66 | 24.36 | 25.61 | 26.38 2583 | 26.18 | 26.57
100 22.80 | 21.36 | 22.10 | 23.25 22.46 | 22.62 | 23.39

Improvement over BM3D is signi cant only for large values af

The comparison is made with GSM (Gaussian Scale Mixture)iRar
et al. [2003], FOE (Field of Experts) Roth and Black [2005]SKD Elad
and Aharon [2006] and BM3D Dabov et al. [2007].

Julien Mairal
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Non-local Sparse Image Models
Denoising results, synthetic noise
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Non-local Sparse Image Models
Denoising results, synthetic noise
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Non-local Sparse Image Models
Demosaicking results, Kodak database

Average PSNR on the Kodak dataset (24 images)

Im.

AP

DL

LPA

SC

LSC

LSSC

Av.

39.21

40.05

40.52

40.88

41.13

41.39

The comparison is made with AP (Alternative Projections) @urk

et al. [2002], DL Zhang and Wu [2005] and LPA Paliy et al. [2Q@@est
known result on this database).
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Non-local Sparse Image Models
Demosaicking results, Kodak database

More importantly than a PSNR improvement:

Regular sparsity on the left, Joint-sparsity on the right
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Structured Sparsity
[Jenatton et al., 2009]

Case of general overlapping groups

When penalizing by thé;-» norm,
X X X
k sz = j
G2G G2G j2G

@ The "1 norm induces sparsity at the group level:
o Some 's are set to zero.
@ Inside the groups, thé, norm does not promote sparsity.

o Intuitively, variables belonging to the same groups are@maged
to be set to zero together.

o Optimization via reweighted least-squares, proximal nudh, etc. ..
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Examples of set of groufis (1/3)

Selection of contiguous patterns on a sequenges 6.

o Gis the set of blue groups.

@ Any union of blue groups set to zero leads to the selection of a
contiguous pattern.
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Examples of set of groufiz (2/3)

Selection of rectangles on a 2-D grids= 25.

o Gis the set of blue/green groups (with their not displayed
complements).

@ Any union of blue/green groups set to zero leads to the se@tof
a rectangle.
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Examples of set of groufis (3/3)

Selection of diamond-shaped patterns on a 2-D grigs; 25.

@ It is possible to extent such settings to 3-D space, or morenptex
topologies.
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Hierarchical Norms
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

A node can be active only if itancestors are active.
The selected patterns arsoted subtrees.

Optimization via e cient proximal methods (same cost as)
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Classical wavelet denoising [Donoho and Johnstone, 1995]:

1 2 .
rger]péky D k2+ k kl,

WhenD is orthogonal, the solution is obtained vizft-thresholding .
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Wavelet with hierarchical norm: Add a-priori knowledge that the
coe cients are embedded in a tree.

(g) Barb., =50, *; (h) Barb., =50, tree
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Benchmark on a database of 12 standard images:

Haar
0 ) 2 1
5 34.48 35.52 35.89 35.79
PSNR 10 || 29.63 30.74 31.40 31.23
25 || 24.44 25.30 26.41 26.14
50 || 21.53 20.42 23.41 23.05
100 || 19.27 19.43 20.97 20.58
5 - 1:.04 31| 1:41 45| 1:31 41
10 - 1:10 22| 1:76 :26 | 1.59 22
IPSNR 25 - 86 35 | 1:96 22 | 1.69 :21
50 - 46 28 | 1:87 20| 1.51 :20
100 - 15 23 [ 1:69 :19| 1:30 :19
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Hierarchical Dictionaries
[Jenatton, Mairal, Obozinski, and Bach, 2010a]
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Application to patch reconstrution
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

@ Reconstruction of 100,000 8 8 natural images patches

» Remove randomly subsampled pixels
@ Reconstruct with matrix factorization and structured sparsity

noise 50 % 60 % 70 % 80 % 90 %
at 193 0:1)268 0:1{136:7 0:1/506 0:.0[721 0.0
tree(186 0:1/1257 0:1/350 0:1/480 0:0/659 0:3

80

70

60

50

16 21 31 41 61 81 121 161 181 241 301 321 401
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Hierarchical Topic Models for text corpora
[Jenatton, Mairal, Obozinski, and Bach, 2010a]
o Each document is modeled through word counts
@ Low-rank matrix factorization of word-document matrix
o Probabilistic topic models such as Latent Dirichlet Alldicen [Blei
et al., 2003]
Organise the topics in a tree.

Previously approached using non-parametric Bayesian
methods (Hierarchical Chinese Restaurant Process andedest
Dirichlet Process): [Blei et al., 2010]

Can we achieve similar performance with simple matrix
factorization formulation?

(]

©

(]
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Tree of Topics

hidden
units theorem
layer proof
training let
trained class
T bounded
cells connection 1
cell patterns would state
fiing p—{ pattern way states
response neurons what [— control
stimulus system do current
does reinforcement
probability matrix
likelihood n performance circuit
distribution f— t test analog
~models vector experiments | chip
distributions r table implemented
1 performed implementation
optimal |
optimization image
error images
minimum visual
algorithm object
objects
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Classi cation based on topics

Comparison on predicting newsgroup article subjects
@ 20 newsgroup articles (1425 documents, 13312 words)

100

EPCA + SVM
B NMF + SVM
[ JLDA + SVM
I SpDL + SVM
I SpHDL + SVM

90

80

70

Classification Accuracy (%)

60

3 7 15 31 63
Number of Topics
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Group Lasso + Sparsity
[Sprechmann et al., 2010a]
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Important messages
@ The "1-norm induces sparsity and shrinks the coe cients
(soft-thresholding)
@ The regularization path of the Lasso is piecewise linear.
@ Learning the dictionary is simple, fast and scalable.

o Dictionary learning is related to several matrix factoriim
problems.

@ Sparsity can be induced at the group level.
@ Structured sparsity opens a whole range of new applications

Software SPAMS is available for all of this:
www.di.ens.fr/willow/SPAMS/
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Next topics: Computer Vision

@ Intriguing results on the use of dictionary learning for Isagf words.
@ Modelling the local appearance of image patches.
o Preliminary applications of structured sparsity.
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@ 'mage Processing Applications
© Sparse Linear Models and Dictionary Learning

© Computer Vision Applications
@ Learning codebooks for image classi cation
@ Modelling the local appearance of image patches
@ Background subtraction with structured sparsity

Q@ Optimization for sparse methods
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Learning Codebooks for Image Classi cation

ldea

Replacing Vector Quantization by Learned Dictionaries!
@ unsupervised: [Yang et al., 2009]
@ supervised: [Boureau et al., 2010, Yang et al., 2010]
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Learning Codebooks for Image Classi cation

Let an image be represented by a set of low-level descriptoet N

o hard-quantization:

xXP
yi D i; i 2f0;1¢° and iil=1
j=1
o soft-quantization:
kyi dik2
e K2
1= P kyi dik3
k=1 e Yi  QkK5
@ sparse coding
. — 1 2
vi D i; i—argmlnékyi D ki+ k ki
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Learning Codebooks for Image Classi cation
Table from Boureau et al. [2010]

Yang et al. [2009] have won the PASCAL VOC'09 challenge usiig
kind of technigues.
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Learning dictionaries with a discriminative cost function

Idea:
Let us consider 2 setS ;S; of signals representing 2 di erent classes.
Each set should admit a dictionary best adapted to its recomgion.

Classi cation procedure for a signal R":

min(R’(y; D );R’(y; D+))
where

R’(y;D) = mzigpky D kistk kg L:
\Reconstructive" training
i P
Mino s R'(D )
Minp, 55, R(Yi;D+)

[Grosse et al., 2007], [Huang and Aviyente, 2006],
[Sprechmann et al., 2010b] for unsupervised clustering P&RV/10)

Julien Mairal Sparse Coding and Dictionary Learning 105/182



Learning dictionaries with a discriminative cost function

\Discriminative" training
[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2008a]
. X 2 ?
min  C z R(yi;D ) R(yi;D+) ;

D D+ i

wherez; 2f 1;+1gis the label ofy;.

Logistic regression function
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Learning dictionaries with a discriminative cost function
Examples of dictionaries

Top: reconstructive, Bottom: discriminative, Left: Bit,cRight:
Background.
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Pixelwise classi cation
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Learning dictionaries with a discriminative cost function
weakly-supervised pixel classi cation
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Application to edge detection and classi cation
[Mairal, Leordeanu, Bach, Hebert, and Ponce, 2008c]

Good edges Bad edges
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Application to edge detection and classi cation
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classi cation
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classi cation
Berkeley segmentation benchmark
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Application to edge detection and classi cation
Contour-based classi er: [Leordeanu, Hebert, and Suktra@007]

Is there a bike, a motorbike, a car or a person on thi
image?
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Application to edge detection and classi cation
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Application to edge detection and classi cation
Performance gain due to the pre ltering

| Ours + [Leordeanu '07]| [Leordeanu '07] [Winn '05] |
| 96:8% [ 894% | 769% |

Recognition rates for the same experiment as [Winn et alQZ0on
VOC 2005.

Category | Ours+[Leordeanu '07] | [Leordeanu '07]
Aeroplane 71:9% 61:9%
Boat 67:1% 56:4%
Cat 82:6% 53:4%
Cow 68:7% 59:2%
Horse 76:0% 67%
Motorbike 80:6% 73:6%
Sheep 72:9% 58:4%
Tvmonitor 87:7% 83:8%
[ Average | 75:9% [ 64.2 % |

Recognition performance at equal error rate for 8 classes @ubset of

images from Pascal 07.
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Digital Art Authenti cation

Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic Fake

Given a pair of paintings, Which one is the fake?
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Digital Art Authenti cation

Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic Fake

Fake

Julien Mairal Sparse Coding and Dictionary Learning 122/182



Digital Art Authenti cation

Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic Fake

Authentic
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Background Subtraction

Given a video sequence, how can we remove foreground oBjects

video sequence 1 video sequence 2
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Background Subtraction

Ita) %} s

frame linear combination of background frames error term

Solved by

. 1 5 ]
2F51p1;|er;m§ky D eks+ 1k k+ 2 (e):

Same idea used by Wright et al. '09 for robust face recogmitigith

= 1.
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Background Subtraction

(a) input (b) estimated background  (c) foreground, *;

(d) foreground, " 1+struct (e) other example
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Background Subtraction

(a) input (b) estimated background  (c) foreground, *;

(d) foreground, " 1+struct (e) other example
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Important messages

o Learned dictionaries are well adapted to model the local
appearance of images and edges.

o They can be used to learn dictionaries of SIFT features.

o New applications coming with structured sparsity?
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Next topics

@ Optimization for solving sparse decomposition problems
@ Optimization for dictionary learning
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@ 'mage Processing Applications
© Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

© Optimization for sparse methods
o Greedy algorithms
@ "1 optimization
@ online dictionary learning
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Recall: The Sparse Decomposition Problem

1
. 2
min -ky D k5 + G ;
2RP | {z-
|2—{Z_} sparsity-inducing
data tting term regularization

induces sparsity in . It can be
@ the "o \pseudo-norm". k kg My fi st [i] 8 0g (NP-hard)
o the “y norm. k ky & P P_.J [ili (convex)
o ...
This is aselectionproblem.
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Finding your way in the sparse coding literature. ..

...is not easy. The literature is vast, redundant, sometime
confusing and many papers are claiming victory. . .

The main class of methods are
o greedyprocedures [Mallat and Zhang, 1993], [Weisberg, 198

e homotopy [Osborne et al., 2000}, [Efron et al., 2004],
[Markowitz, 1956]

o soft-thresholdindased methods [Fu, 1998], [Daubechies et a
2004], [Friedman et al., 2007], [Nesterov, 2007], [Beck and
Teboulle, 2009], ...

o reweighted-, methods [Daubechies et al., 2009],...
e active-set methods [Roth and Fischer, 2008].

o ...
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Matching Pursuit =(0;0;0)

yd2

ds

X
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Matching Pursuit =(0;0;0)
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Matching Pursuit =(0;0;0)
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Matching Pursuit =(0;0;0:75)

ydz

ds

X
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Matching Pursuit =(0;0;0:75)
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Matching Pursuit =(0;0;0:75)
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Matching Pursuit =(0;0:24,0:75)

yd2

ds

X
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Matching Pursuit =(0;0:24 0:75)

yd2
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Matching Pursuit =(0;0:24 0:75)

yd2
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Matching Pursuit = (0;0:24; 0:65)

yd2

ds

X
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Matching Pursuit

mm k?/ {D k3 sit. k ko L

1: 0

2: r y (residual).

3: while k kg < L do

4:  Select the atom with maximum correlation with the residual

4 arg maxd; rj

5:  Update the residual and the coe cients

ki [+ dir
r r o (df r)dg

6: end while
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Orthogonal Matching Pursuit = (0:0;0)
y d =
2 1

di

ds

X
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Orthogonal Matching Pursuit = (0:0;0:75)
= f3g
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Orthogonal Matching Pursuit = (0:0:29 0:63)
= 3;2g
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Orthogonal Matching Pursuit

: 2
min ky D k5 sit. k ko L

1. = ;.
2: foriter=1;:::;L do
3.  Select the atom which most reduces the objective
£ argmin minky D iy %3
i2 C 0
4:  Update the active set: [f 1.
5. Update the residual (orthogonal projection)

r (I D(M'D) DM)y:
6: Update the coe cients
(DD ) DTy:

7. end for
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Orthogonal Matching Pursuit

Contrary to MP, an atom can only be selected one time with OM®is,
however, more di cult to implement e ciently. The keys for agood
implementation in the case of a large number of signals are

o Precompute the Gram matrixc = DT D once in for all,
e Maintain the computation ofD T r for each signal,
e Maintain a Cholesky decomposition ob( D ) ! for each signal.

The total complexity for decomposing L-sparse signals of siza with a
dictionary of sizep is

P + Py + PUntorg pLY) = O(rp(m + L)
Gram matrix ~ Cholesky DTr

It is also possible to use the matrix inversion lemma insteéd
Cholesky decomposition (same complexity, but less nuraéstability)
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Example with the software SPAMS
Software available ahttp://www.di.ens.fr/willow/SPAMS/

>> |=double(imread('data/lena.eps'))/255;
>> Qpextract all patches of |

>> X=im2col(l,[8 8],'sliding");

>> %load a dictionary of size 64 x 256
>> D=load('dict.mat");

>>

>> O%set the sparsity parameter L to 10
>> param.L=10;

>> alpha=mexOMP(X,D,param);

On a 8-cores 2.83Ghz machin230000 signals processed per second!
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Optimality conditions of the Lasso
Nonsmooth optimization

Directional derivatives and subgradients are useful tdoftsstudying
"1-decomposition problems:

1 )
n;g]p éky D k2+ k kl

In this tutorial, we use thelirectional derivatives to derive simple
optimality conditions of the Lasso.

For more information on convex analysis and nonsmooth ofétion,
see the following books: [Boyd and Vandenberghe, 2004]cpdal and
Wright, 2006], [Borwein and Lewis, 2006], [Bonnans et al008],
[Bertsekas, 1999].
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Optimality conditions of the Lasso

Directional derivatives

o Directional derivative in the directionu at

rf( ;u)=tlimo+f( +tl:) )

@ Main idea: in non smooth situations, one may need to look dt al
directionsu and not simplyp independent ones!

o Proposition 1: if f is dierentiable in ,r f( ;u)=r f( )Tu.
@ Proposition 2: is optimal i forall uinRP, r f( ;u) O.
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Optimality conditions of the Lasso

1
2
?is optimal i forall uin RP, r f( ;u) OJthat is,

: 2
min ky D ki+ k ki

2?2 X . Lo . X . .
u'DT(y D 7+ sign( “[i]uli] + juj G
i; ?[i]60 i; ?[i]=0

which is equivalent to the following conditions:

Ca . jdf(y D ?j if ?[i]=0
B=Liiap gy DA = sign( i) if 160
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Homotopy
@ A homotopy method provides a set of solutions indexed by a
parameter.
o The regularization path ¢ ?( )) for instance!!

@ It can be useful when the path has some \nice" properties
(piecewise linear, piecewise quadratic).

o LARS [Efron et al., 2004] starts from a trivial solution, aridllows
the regularization path of the Lasso, which ispgcewise linear.
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Homotopy, LARS

[Osborne et al., 2000], [Efron et al., 2004]
jdl (y D ) if °[i]=0
d'(y D ?) = sign(’[i) if ’[]60
©)
The regularization path is piecewise linear:
D'(y D ?)= sign( 7
’()=(D'D) YDTy sign( )= A+ B

A simple interpretation of LARS
o Start from the trivial solution ( = kDTyky ; ?( ) =0).
@ Maintain the computations ofd! (y D ?( ))j for alli.
@ Maintain the computation of the current directioB.
@ Follow the path by reducing until the next kink.
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Example with the software SPAMS

http://www.di.ens.fr/willow/SPAMS/

>> |=double(imread('data/lena.eps'))/255;

>> Qpextract all patches of |

>> X=normalize(im2col(l,[8 8],'sliding"));

>> %load a dictionary of size 64 x 256

>> D=load('dict.mat’);

>>

>> Opset the sparsity parameter lambda to 0.15
>> param.lambda=0.15;

>> alpha=mexLasso(X,D,param);

On a 8-cores 2.83Ghz machin&7000 signals processed per second!
Note that it can also solveonstrained version of the problem. The
complexity is more or less the same as OMP and uses the samiestri
(Cholesky decompaosition).
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Coordinate Descent

o Coordinate descent + nonsmooth objectiveVARNING: not
convergent in general

o Here, the problem is equivalent to a convex smooth optimiazat
problem withseparable constraints

o1
min éky D: ++D K3+ T1+ T1 st S ¢

o For thisspeci ¢ problem, coordinate descent nvergent.
@ Supposingkdik, = 1, updating the coordinatei:

. 1 X .

[l argminsky i1d, dik3+ | j

|—e—}
r
sign@d' n(jd’rj )

@ ) soft-thresholding !
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Example with the software SPAMS

http://www.di.ens.fr/willow/SPAMS/

>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

I=double(imread('data/lena.eps"))/255;
%extract all patches of |
X=normalize(im2col(l,[8 8],'sliding");
%load a dictionary of size 64 x 256
D=load('dict.mat’);

%set the sparsity parameter lambda to 0.15
param.lambda=0.15;

param.tol=1e-2;

param.itermax=200;
alpha=mexCD(X,D,param);

On a 8-cores 2.83Ghz machin83000 signals processed per second!
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First-order/proximal methods
min f( )+ ()

o f is strictly convex and di erentiable with a Lipshitz gradit
o Generalizes the idea of gradient descent

w1 ek e ()
P z

guadratic term

1 k 1 KYZWK2 + —
ar%g;mzk ( er( ))kz"'L( )

linear approximation

When =0, Kkt Kk Lr f( X), this is equivalent to a
classical gradient descent step.
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First-order/proximal methods
@ They require solving e ciently the proximal operator
1
in -k k2 +
min Jku ke ()
@ For the “;-norm, this amounts to a soft-thresholding:
7 =sign(ui)(u )

@ There exists accelerated versions based on Nesterov optima
rst-order method (gradient method with \extrapolation")[Beck
and Teboulle, 2009, Nesterov, 2007, 1983]

o suited for large-scale experiments.

Julien Mairal Sparse Coding and Dictionary Learning 159/182



Lasso Empirical comparisorntisso, small scalen(= 200,p = 200)
reg: low reg: high
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Empirical comparison:asso, medium scalen(= 2000,p = 10000)
reg: low reg: high
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Empirical comparison: conclusions

Lasso
o Generic methods very slow

o LARS fastest inow dimension or for high correlation
o Proximal methods competitive

@ esp. larger setting with weak corr. + weak reg.
@ Coordinate descent

@ Dominated by the LARS
@ Would bene t from an o ine computation of the matrix

Smooth Losses
o LARS not availabld CD and proximal methods good candidates
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Optimization for Grouped Sparsity

The formulation:

1 X
min >ky D ki + k gkq
2R IZ {z } g2G

data tting term | {Z }

group-sparsity-inducing
regularization

The main class of algorithms for solving grouped-sparsitylyems are
@ Greedy approaches
@ Block-coordinate descent
o Proximal methods
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Optimization for Grouped Sparsity

The proximal operator:

1 , X
min éku k5 + K gKq
g2G
Forg=2,
.= kg k(kugkg )*: 892G
Forg=1,

?
9

These formula generalize soft-thrsholding to groups ofialles. They
are used irblock-coordinate descent and proximal algorithms.

= Ug kk, [Ugl, 892G
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Reweighted »

Let us start from something simple

a 2ab+b> O

Then
1 & . L
a - —+b withequalityi a=b
2 b
and 0
1 [i1?
k ki = = +
=My T
j=1

The formulation becomes

xP [I]Z N

=1

1
inky D K2+ - :
min, Sky 2t 5 j
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Important messages
@ Greedy methods directly address the NP-hagddecomposition
problem.

o Homotopy methods can be extremely e cient for small or
medium-sized problems, or when the solution is very sparse.

o Coordinate descent provides in general quickly a solutidtin &
small/medium precision, but gets slower when there is a Ibt o
correlation in the dictionary.

o First order methods are very attractive in the large scaldisg.

@ Other good alternatives exists, active-set, reweightedmethods,
stochastic variants, variants of OMP,. ..
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Optimization for Dictionary Learning

X' q
min —kyi D ik%‘l‘ k ikq
2QRP N 2
D2c =1

CY¥fD2R™P st 8 =1::::;p; kdik, 1g:

o Classical optimization alternates betwd2rand
o Good results, butery slow
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Optimization for Dictionary Learning
[Mairal, Bach, Ponce, and Sapiro, 2009a]

Classical formulation of dictionary learning

: 1 X
peh@ =gy 10D

where 1
. M . 2 .
I(x;D) = mzlgp Eky D ki+ Kk ki:

Which formulation are we interested in?
_n X 0
min (D)= BI:D)]  lim N I(yi; D)
[Bottou and Bousquet, 2008]: Online learning can
@ handle potentially in nite or dynamic datasets,

@ be dramatically faster than batch algorithms.
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Optimization for Dictionary Learning

Require: Do 2 R™ P (initial dictionary); 2 R
: Ao = O, Bo =0.

: for t=1,...,T do

Draw y;

: 1
Sparse Coding: argmmékyt Dy 1 K3+ k ki,
2RpP

5. Aggregate su cient statistics

At At 1+ ¢ tT,Bt Bt 1+ Wt tT
6: Dictionary Update (block-coordinate descent)

- 1P 2 .
D¢ argmingoc v =1 3KYi D iks+ k jkg (6)
=argminp,c 1 3TI(DTDA;) Tr(DTBy) : (7)

7: end for
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Optimization for Dictionary Learning

Which guarantees do we have?
Under a few reasonable assumptions,
o we build a surrogate functioft of the expected cost verifying

fim fi(Dy) f(Dy)=0;
o Dy is asymptotically close to a stationary point.

Extensions (all implemented in SPAMS)
@ non-negative matrix decompositions.
o sparse PCA (sparse dictionaries).
o fused-lasso regularizations (piecewise constant dictias)
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Optimization for Dictionary Learning
Experimental results, batch vs online

m=8 8,p=256
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Optimization for Dictionary Learning
Experimental results, batch vs online

m=12 12 3,p=512
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