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These lecture notes have been written for a course given at the summer school in advanced
probability organized at Novosibirsk State University, Sobolev Institute of Mathematics in Au-
gust 2016. They are self-contained and cover part of the material of [5, 7, 8]. These lecture notes
shows how ideas from statistical mechanics, graphical models and message passing algorithms
can be combined on a particular example: the monomer-dimer problem. During the lectures, I
also covered the sum-product algorithm and the Bethe free energy in a general context. These
sections will be added in a future version of these lecture notes...

1 Some definitions

We consider a connected multigraph G = (V, E). We denote by v(G) the cardinality of V:
v(G) = |V|. We denote by the same symbol dv the set of neighbors of node v € V' and the set
of edges incident to v. Also, du\v is the set of neighbors of u in G from which we removed v. A
matching is encoded by a binary vector, called its incidence vector, b = (b, e € E) € {0,1}¥
defined by b, = 1 if and only if the edge e belongs to the matching. We have for all v € V,
Y ecoy be < 1. The size of the matching is given by > b.. We will also use the following notation
e € b to mean that b, = 1, i.e. that the edge e is in the matching. For a finite graph G, we
define the matching number of G as v(G) = max{)_,b.} where the maximum is taken over
matchings of G.

The matching polytope M (G) of a graph G is defined as the convex hull of incidence vectors
of matchings in G. We define the fractional matching polytope as

FM(G):{XERE\:L‘€ZO, erg1}. (1)

e€dv

We also define the fractional matching number v*(G) = maxyepar(q) 2o Te = V(G). It is well-
known that: M(G) = FM(G) if and only if G is bipartite and in this case, we have v(G) = v*(G),
see [11].

For a given graph G, we denote by my(G) the number of matchings of size k in G (mo(G) =
1). For a parameter z > 0, we define the matching generating function:

v(G)
Pa(z) = Z mi(G) 2.
k=0

In statistical physics, the function Pg(z) is called the partition function. We introduce the
family of probability distributions on the set of matchings parametrised by a parameter z > 0
and called the Gibbs measures:

ZZS be

ne(B =b) = m (2)

Conventions: to ligthen the notation, we will usually write u&(b) instead of uZ(B = b). Also
for a subset S of the set of matchings, we use the standard notation in probability:

1 () = neB € §) = 3 i (b).
bes



For example, if S = {b, b, = 1} for a given e € E, we write:

We(B.=1) =Y i (b).
bes

Expectation with respect to uZ is denoted by (.) so that for a function f(b) from the set of
matchings to R, we have

(f(B)) = f(b)ug(b).
b

Also our original graph G is unoriented, we introduce the set E of directed edges of G
comprising two directed edges u — v and v — u for each undirected edge uv € E. For = B,
we denote by —¢ the edge with opposite direction. With a slight abuse of notation, we also
denote by 0v the set of incident edges to v € V' directed towards v.

2 A (very) little bit of statistical physics and Markov random
fields

We define the internal energy Ug(z) and the canonical entropy Sg(z) as:

Ualz) = =) ug(Be=1),

eck
Sa(z) = =Y ue(b)nyug(b).
b

Note that we have:
Ua(z) = —(>_ B,
€

Sa() = (nuE(B)).
The free entropy ®;(z) is then defined by
Oq(2) = —Uqg(z)Inz + Sg(2).

A more conventional notation in the statistical physics literature corresponds to an inverse
temperature § = In z.

Lemma 1. We have ®¢(z) = In Pg(z) and ®(z) = _Ye(@)

z

Proof left as an exercise.

Lemma 2. The function Ug(z) is strictly decreasing and mapping [0, 00) to (—v(G),0].

Proof. We have —Ug(z) = >, kmi(G)z¥/Pg(2) so that taking the derivative and multiplying
by z, we get:

—2(Uc)'(2)

S K2mg(G)2* B (Zk kmk(G)zk>2
Fa(z) Pg(2)
— Z (k: 2 gmf(G)ZZ>2 mp(G) 2"

Pe(z) Poz)

k



Lemma 3. For all z > 1, we have

In2

Inz’

—Ua(z) <v(G) < —Ua(z) + |E
In particular, we have lim,_,o —Ug(z) = v(G).

Proof. For any z > 1, we have thanks to previous lemma

/ _US(S)ds < —Ug(z)Inz.
1

Hence by Lemma 1, we have

Pa(l) < —Ug(z)Inz.

We have Pg(1) = 3, mi(G) < 2/P! and Pg(2) > 27(%)| so that we get

In2
Inz

I/(G) < —UG(Z) +|E
]

For a finite graph G = (V, E), we define: for v € V and h € N, let Gj,(v) = (V3 (v), Ex(v)) be
the subgraph of G induced by vertices at distance at most h from v; 9V (v) is the set of edges
of G connecting V3 (v) and V\Vj,(v). For a vector b = (be, e € E), and a set S C F, we define
bg = (be, € c S)

Lemma 4. (Markov property) For any h > 1 and v € V, we have for any b € {0,1}F with
Y ecoube <1 forallu eV,

G (B, ) = be,)Bovs,o) = Pom,0) = #& (Br,w) = bg,w) Bavi,) = bav, )
Hép () (Be,(v) =bE, ) »

with GP(v) obtained from Gy (v) by removing all vertices u € Vj,(v) such that e = (uw) € OV}, (v)
and b, = 1.

Proof left as an exercise.

3 Local recursions on finite trees and finite graphs

We first consider the case where G is a tree, i.e. a connected graph without cycle. To make this
assumption clear, we denote it by T' = (V, E) instead of G. For any directed edge u — v, we



define T, as the subtree containing u and v and obtained from T by removing all incident
edges to v except the edge uv. A simple computation shows that

N%‘uﬁu (Buvzl) . < Hw’eau\v M%w/ﬁu (Bwu = O)
1, ., (Buv=0) [lwcoww i, (Buu =0) + > weauw 47, (Buu = 1) Tlurcoun o} 47, (Buwuw = 0)
z
- /sz*)u(Bwuzl) ’
1+ Zweau\v p%Hu(Bwu:O)
We define:
KTz, (Byv=
Yu—ﬂ)(’z) - = ( 1) ’
'U'qu—w(Buv:O)
so that for a finite tree, we have:
z
Yu—w(z) (3)

B 1+ Zweau\v YU)—W(Z) .

Then a simple computation shows that

- . (4)

Also, we gave an interpretation for the local recursion (3) for trees, only, we can define it
for any graph G. Given a set of 'messages’ a € [O,oo)ﬁ, we define a new set of 'messages’
b € [0, OO)E) by:

1
1+ Zwéau\v aw_m’

bu—w = (5)
with the convention that the sum over the empty set equals zero. We denote by R the mapping
sending a € [0, oo)E> tob=Rg(a). For ¢ € ﬁ, we also denote by R~ : [0, oo)ﬁ — [0, 00) the
local update rule (5): b = Rz (a). Note that R,_,, indeed depends only on messages on edges
in Ju\v. We also denote by 2R the mapping multiplying by z each component of the output
of the mapping R¢ (making the notation consistent).

Proposition 5. (i) For any finite graph G and z > 0, the fized point equation:

y =2Ral(y) (6)
E

has a unique attractive solution denoted y(z) € (0,2)".

(ii) If in addition, G is a finite tree, then for all e € E, the law of B, under ug is a Bernoulli
distribution with

yo (2)y_2(2)

2 (B.=1) = .
H ) 2+ yz(2)y_=(2)

(7)



Comparisons between vectors are always componentwise. Note that the last point follows
directly from (4). Before proving this proposition, let define for all v € V', the following function
of the messages (y=, € € v),

yeR_2()
20 = 3 R )
_ Z?E@vy? (9)

L+ 2o, ve

Note that if the graph G is a tree, D,(y(z)) is simply the probability for vertex v to be covered
by a matching distributed according to ug,.

Proof. For the first point, we follow the proof of Theorem 3 in [10]. Let z > 0 and define the
sequence of messages: x%(z) = 0 and for ¢ > 0,

t+1 o

Ty, (2) = . (10)

u 1+ Zweau\v ‘r["fu—m(z)
The sequence x%*(z) (resp. x%*1(2)) is non-decreasing (resp. non-increasing). We define
lims oo T x%(2) = x(2) and limy0e 4 x*7(2) = xT(2). For any y(z) fixed point of (6),
a simple induction shows that

0 <x%(2) <x(2) <y(z) <xT(2) <x*(2) < 2.
We now prove that x7(2) = x'(z) finishing the proof of the first point. Note that we have
x*(2) = 2Ra(x(2)) and x™ (2) = 2R (x*(2)). In particular for any z > 0, we have 25, (2)R_2 (x1(2)) =
2”5 (2)R2(x7(2)) so that in view of (8), we have

Y DulxT(2) =) Du(x(2)): (11)
veV veV

We see from (9) that for each v € V, Dy(x) is an increasing function of the ) - 5, 2, so that
(11) together with x~(z) < x™(z) imply the desired result. O

For z > 0, let x(z) € R¥ be defined by

Te(2) =

yo(2)y_2(2)

Tty @ 0L (12)

where y = (y=, € € E) is the solution defined above.

We now give a reparametrization of the Gibbs distribution. For any vector b € {0,1}¥,
we denote by bg, € {0,1}9? its restriction to components in dv. We first define the marginal
probabilities for by, such that > .5, be <1,

1= ccon be
M&v(bav) = (1 - Z xe(z)> H xe(z)bev (13)

e€ov e€ov
and for be € {0, 1},

tre(be) = $e(z)be(1 - xe(z))libea (14)
where x.(2) is defined by (12).



Exercise 6. Show that if G is a tree, these correspond to the marginals of .

Given a graph G = (V, E) and some set F' C E, we define dp(v) as the degree of node v
in the subgraph induced by F'. A generalized loop is any subset F' such that dp(v) # 1 for all
v € V. We define V(F') as the number of vertices covered by F, i.e. vertices with dp(v) > 1.

Theorem 7. For any graph G, we have for z > 0,

— 1 HUEV Mav(ba’u)
1+ L HeeE fre(be) ’

1 (b) (15)

with
L= 3 ()Y ] (e -1 ] 2 (16)
0£AFCE veV eeF

where only generalized loops F lead to a non-zero term L.
Note in particular that if G is a tree, then L = 0.

Proof. The fact that p can be written as (15) (called tree-based reparameterization in [13])
follows from a direct application of the definitions.

Lemma 8. For anyv € V, z > 0, we have

pow(Paw) _1_ _\IS] _ be — ze(2)
Moc o) ~ 1 2 DTS- D L=

To simplify notation, we write in the proofs z. instead of x.(z).

Proof. Note that if by = 1, the left-hand side is equal to [[,, (1 — ze)~t, while if -, 5, be =0,
it is equal to %. We need to check that the right-hand side agrees in these two cases
ecdv €

(which are the only possible ones due to the constraint of being a matching).

Let consider the case by = 1, then the right-hand side (denoted R) equals:

Ro= 1= 3 0Fgsi-n[]

[SI=1,f¢S eesS
— _1)I8I _ e
> uEasi-n I =
[S|>1,feS e€S et f
= 1-— EENCIESE o
Z (=1) Hl—xe
IS|>1,f¢S ecsS

— 1y Y esrellogson 12 ee)
He;éf(]'_xe)

[S|=1,f¢sS
1

He;éf(l — Te)

A similar computation shows the second case. O



We now compute L. By definition, we have

1+L:ZH“€ H Mavbave
b e

Heeav ,ue

By Lemma 8, we have

ﬂav(bﬂv)
P = =
v Heeavl‘e(be)
be —
_ |S| 1 B e
- H(1+Z (S| 1)H1_me>
v SCov eeS

1+ L can be seen as an expectation of P where the B, are independent Bernoulli random
variables with parameter z.. In particular expanding P, we see that only the terms (B, — x.)?
will contribute to its expectation so that we get

L ZH( )4 @)=L (4 )H%—e

eG@vﬂF(l - xe

0AFCE v eeF
— _1)V®) _ Te
S SREILL | ROy e

0£AFCE v ecF

where in the last claim, we used [[,(—1)%®) = 1.

O
Hence, summarizing our results so far, we have if G is a tree:
Ug(z) = — Z:J;e(z),
eck
So(z) = =3 ui(b)In i (b)
b
= - ZMG <Z lnﬂav b@v Zlnﬂe(be)>
= - Z Z tow (baw) In pay (bay) + Z Z fe(be) In pre (be)
U by, €{0,1}9 e bee{0,1}
= = Z { D (—we(2)Inze(2) + (1 = ze(2)) In(1 — 2(2)))
UEV e€ov
-2 (1 — Z :(:e(z)> In (1 - Z xe(z)> } .
ecov e€ov
Hence, we obtained an explicit formula for ®¢(z) = In Pg(z) = —Uy(z) In 2+ S¢(2) as a function

of the z¢(z).



4 A variational formulation

In view of the formula obtained for trees, we define for x € FM(G):

UvBix) = — er,
eckE
1
SB(x) = 3 Z { Z —zeInze + (1 —z¢) In(1 — z¢)
veV (e€dv
—2(1— er>ln<1— er>}
ecov ecov
G(x,2) = —UF(x)Inz+ SE(x),

with the standard convention 0In0 = 0. ®5(x, 2) is called the Bethe free entropy.
Proposition 9. Recall that x(z) € R¥ is defined by (12). Then we have, for a general graph G:

sup PG(x;2) = PG(x(2);2).
XEFM(G)

Moreover, the function SE(x) is non-negative, concave on FM(G) and

deG(x(2);2) UG (x(2))
¢ dz = z (17

Proof. We first prove the second point. For k € N, we define A* = {x € R¥, z; > 0, Zle x; <
1}.
Lemma 10. Let g : A¥ — R be defined by

g(x) = — Z% Inz; + Z(l — ;) In(1 — ;)

-2 <1—Zx> In (1—29;) :

For k> 1, g is concave. Moreover, we have

99 _ (1_Zixj)2

Ox; zi(1 — ;)

Proof. From Theorem 20 in [12], we know that the function

hx) = =) wilnwi+ ) (1-z)n(l - )

el
(Ee)n(E)

9



is non-negative and concave on A*. We have

o) = h<x>+H<in>,

where H(p) = —plnp — (1 — p)In(1 — p) is the entropy of a Bernoulli random variable and is
concave in p. ]

We now prove the proposition. For e = (uv) € FE and x € AF (the interior of A¥), we have

a(I)B .
04 (x; 2) — _lns

O0%e

(1 - Zfeav xf) <1 - Zfeau xf)
+1In
ze(1 — )
B (.

Hence, we have a(bgig’z) = 0 if and only if

Te(l—ze) =2 1—me I—fo . (18)

feov feou

We now show that this equality is valid when evaluated at x(z). Note that } .o, zr(2) =
Dy(y(2)), so that we have by (9)

1= > as(2) | = (1 1 %ieiav y?()2)>

feov

-1

= |1+ ) y2(2)

€ cov

We have for e = (uwv) € E,

yu—m(z)
Yoou(Z) +yu—>v( )

Te(2) =

yv—Vu

and using the fact that y(z) = 2R (y(z)), we get

Te(2) = Yuro(2) = 2 - zr(z
e(2) 1+ 3" weon Yu—o(2) g (1 fezav )

1 w—ul\Z 4
Lon () = fvemelentd) ClERP IR

B .
and we see that (18) is true when evaluated at z.(z). Hence we proved that %ﬂf)’z) =0 and
the proposition follows. O

10



5 Gibbs measure on an infinite tree

Let T = (V, E) be an infinite tree with bounded degree. Clearly the definition (2) does not make
sense anymore. But we can still define the map Rz : (0,00)" — (0,00)" by Rr(a) = b with

1
1 + Zweau\v CLW%U,

bUH’U

with the convention that the sum over the empty set equals zero. We also denote by R, :
(0,00)7"\ — (0,00) the local mapping defined by: by, = Ry_sy(a) (note that only the co-
ordinates of a in Ju\v are taken as input of R,_,,). Comparisons between vectors are always
componentwise.

A crucial result for the monomer-dimer model is that Proposition 5 extends to infinite trees
with bounded degree.

Proposition 11. Let T = (V, E) be an infinite tree with bounded degree. For each z > 0, there

exists a unique attractive solution in (0,00)" to the fized point equation y(z) = zRr(y(z)), i.e.
such that
z

B 1+ Zweau\v yw—m(Z) .

yu—w(z) (19)

y(z)

P 18

Moreover the map z +— y(z) is non-decreasing (component-wise) and the map z
non-increasing on (0, 00).

Proof. First note that any non-negative solution must satisfy y,—,(z) < z for all (uv) € E. The

compactness of [0, z]Ez (as a countable product of compact spaces) guarantees the existence of a
solution by Schauder fixed point theorem. Alternatively, as in the proof of Proposition 5, we can
define the sequence of messages x'(2) by (10) so that x?!(z) / x~(z) and x21(2) \, xT(2).

To prove the uniqueness, we follow the approach in [3]. First, we define the change of

variable: hy_yy, = —1In y“%”(z) so that (19) becomes:
huso=In 142 Y e v, (20)
wedu\v

We define the function f : [0, +00)¢ ~— [0, 00) as:
- 1
f(h):hl(l—i-z - ¢>7
-1 1+=z 2?:1 e’

where the parameters k, k; and z are fixed and d = Zle k;.

Iterating the recursion (20), we can rewrite it using such a function f so that uniqueness
would be implied if we show that f is contracting.

For any h and h’, we apply the mean value theorem to the function f(ah + (1 — «)h’) so
that there exists « € [0, 1] such that for h, = ah + (1 — a)h/,

[f(h) = f(0)| = [Vf(ha)(h = b)| < [V f(ha)] L, [h — .

11



A simple computation shows that:
k; —ht
k z3t,e 7
ZZi:l Jk_l _hi\2
(o550
IVf(h)llz, = :
S Zle —1

i -1
Let A; = (1 + zZ?’Zl efhj) , then we get

230 (A — A2) 1+230, A2
V)L, = k =1-—0"
1+22i:1‘4i 1+22i:1‘4i
By taking the partial derivatives, we note that this last expression is maximized when all A;
are equal. Then the solution for the optimal A; reduces to a quadratic equation with solution

in [0, 4+00) equals to A; = 7”';]?_1 Substituting for the maximum value, we get for any real
vector h,
2
IVf(h)l|z, <1

Vit kzt1

t
We now prove that z XT(Z) and z +— x'(z) are respectively non-increasing and non-
decreasing, this implies the last point. We prove it by induction on ¢: consider z < 2’ if

x!(z) < x!(2') then by (10) we have xt+zl(z) > XD and if KB > KED ghey again by (10),

= z z = 2!

we have xT1(z) < x+1(2). O

We can now compute a Gibbs measure p7 on T' by analogy with the finite case: first define
x(z) € R¥ by (12) and the marginals s, and . for each v € V and e € E by (13) and (14)
respectively. We then define % as follows: for any finite vertex-induced subtree Ty = (Vy, Ey)
of T', we define:

Hver Mav(bﬁv)
HeeEf fe(be)

Theorem 12. For any z > 0 and infinite tree T = (V, E), the measure 7. defined by (21) is the
unique distribution over matchings in T satisfying the following property: for any e = (uwv) € E
and k € N, let Tek be the subtree of T induced by all vertices at distance k from either u or v,
then

i (bese € Ty) = (21)

klggo M%{c (Be =1) = pp(Be = 1).
Moreover, we have for k > 0

Mizk (Be = 1) < M%(Be = 1) < M;3k+1(Be = 1) (22)

Proof. The proof follows by checking the compatibility condition of the Kolmogorov extension
theorem. The inequality (22) follows by a simple induction on k following the same argument
as in the proof of Proposition 5. Taking the limit & — oo in (22), we obtain the last claim by
invoking Proposition 11. O

12



Example 13. The Monomer-Dimer model on the infinite line. In this case, since each vertex
has degree 2, we see that the solution to (19) must solve:

z

y(z) = Ty(z)

Hence, we have y(z) = 7”1342_1, so that

() y(2)? 14+22z—+1+4z
ze(2) = = .
© z24y(2)?  1+4+4z—+1+4z

We can for example compute:

ey <Z B, :0) =1—2x.(2) = Jliﬁ'

e€dv

We can check that using (9):

_ 2z 1

6 Lifts of graph: definitions

If G is a graph and v € V(G), the 1-neighbourhood of v is the subgraph consisting of all edges
incident upon v. A graph homomorphism 7 : G’ — G is a covering map if for each v € V(G’),
7 gives a bijection of the edges of the 1-neighbourhood of v" with those of v = 7(v'). G’ is a
cover or a lift of G.

Given a graph G with a distinguished vertex v € V, we construct the (infinite) rooted tree
(T'(G),v) of non-backtracking walks at v as follows: its vertices correspond to the finite non-
backtracking walks in G starting in v, and we connect two walks if one of them is a one-step
extension of the other. With a slight abuse of notation, we denote by v the root of the tree
of non-backtracking walks started at v. Note that also we constructed T'(G) from a particular
vertex v, this choice is irrelevant. It is easy to see that T'(G) is a cover of G, indeed it is the
(unique up to isomorphism) cover of G that is also a cover of every other cover of G. T'(G) is
called the universal cover of G.

Definition 14. Let G be a graph with no loop. Then H is a 2-lift of G if V(H) = V(G) x {0, 1}
and for every (u,v) € E(G), exactly one of the following two pairs are edges of H: ((u,0), (v,0))
and ((u,1), (v,1)) € E(H) or ((u,0),(v,1)) and ((u,1), (v,0)) € E(H). If (u,v) ¢ E(G), then
none of ((u,0), (v,0)),((u,1), (v,1)), ((u,0),(v,1)) and ((u,1),(v,0)) are edges in H.

Definition 15. Let G = (V, E) be a fixred connected multigraph with no loop. A n-lift of G is
a graph on vertex set Vi U Vo U ---U Vg, where each V; is a set of n vertices and these sets
are pairwise disjoint, obtained by placing a perfect matching between V; and V; for each edge

e = (ij) of G.

The crucial property first proved by Csikvari [6] is:

13



Proposition 16. Let G be a bipartite graph and H be a 2-lift of G. Then Pg(2)* > Py(z) for
z > 0.

Proof. Note that G U G is a particular 2-lift of G with Pgug(z) = Pg(2)?. To prove the first
statement of the proposition, we need to show that for any 2-lift H of G, we have: mi(GUG) >
my(H). Consider the projection of a matching of a 2-lift of G to G. It will consist of disjoint
union of cycles of even lengths (since G is bipartite), paths and double-edges when two edges
project to the same edge. For such a projection R = R; U Ry C E where Ry is the set of
double edges. Now for such a projection, we count the number of possible matchings in G U G:
nr(GUG) = 2F()  where k(R) is the number of connected components of Ry. The number of
possible matchings in H is ng(H) < 2¥() since in each component if the inverse image of one
edge is fixed then the inverse images of all other edges is also determined. There is no equality as
in general not every cycle can be obtained as a projection of a matching of a 2-lift. For example,
if one considers a 8-cycle as a 2-lift of a 4-cycle, then no matching will project on the whole
4-cycle. Hence we proved that my(G U G) > my(H) so that Pg(z)? > Py(z) for z > 0. O

7 Rooted unlabeled graphs

A rooted graph (G,o0) is a graph G = (V, E) together with a distinguished vertex o € V, called
the root. We let G, denote the set of all locally finite connected rooted graphs considered up to
rooted isomorphism, i.e. (G,0) = (G',0') if there exists a bijection v: V' — V' that preserves
roots (y(0) = o) and adjacency ({i,j} € E < {v(i),7(j)} € E'). We write |G, o], for the
(finite) rooted subgraph induced by the vertices lying at graph-distance at most h € N from o.
The distance

DIST ((G,o), (G',o’)) = n where r = sup {h e N: [G,o], = [G’,o’]h} )
r
turns G, into a complete separable metric space, see [1]. We will also need edge-rooted graphs
and define G,,: the space of locally finite connected graphs with a distinguished oriented edge,
taken up to the natural isomorphism relation and equipped with the natural distance, which
turns it into a complete separable metric space.

With a slight abuse of notation, (G, 0) will denote an equivalence class of rooted graph also
called unlabeled rooted graph in graph theory terminology. Note that if two rooted graphs are
isomorphic, then their rooted trees of non-backtracking walks are also isomorphic. It thus makes
sense to define (T'(G), 0) for elements (G, 0) € G,.

Proposition 17. For any graph G = (V, E), there exists a graph sequence {Gp}nen such that
Go = G, G, is a 2-lift of G,—1 for n > 1. Hence G, is a 2™-lift of G and we denote by
my : Gn — G the corresponding covering. For any v € V, we have:

sup DIST ((Gp,u), (T(G),v)) — 0,

uemy t(v)

in particular for any v, € 7, (v), we have (Gp,v,) — (T(G),v) in Gi.

Proof. The proof follows from an argument of Nathan Linial [9], see also [6].
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A random 2-lift H of a base graph G is the random graph obtained by choosing between the
two pairs of edges ((u,0), (v,0)) and ((u,1), (v,1)) € E(H) or ((u,0), (v,1)) and ((u, 1), (v,0)) €
E(H) with probability 1/2 and each choice being made independently.

Let G be a graph with girth v and let & be the number of cycles in G with size v. Let X
be the number of «-cycles in H a random 2-lift of G. The girth of H must be at least v and
a y-cycle in H must be a lift of a v-cycle in G. A ~v-cycle in G yields: a 2v-cycle in H with
probability 1/2; or two «-cycles in H with probability 1/2. Hence we have E[X] = k. But GUG
(the trivial lift) has 2k v-cycles. Hence there exists a 2-1ift with strictly less than k y-cycles. By
iterating this step, we see that there exists a sequence {G,,} of 2-lifts such that for any -, there
exists a n(y) such that for j > n(y), the graph G; has no cycle of length at most . This implies
Ehﬁmt for any v € V and v; € 77]._1(1)), we have DIST ((G;,v;), (T(G),v)) < % and the propositio;
ollows.

8 Thermodynamic limit (for lifts)

Proposition 18. Let T be a tree with bounded degree. If (G, en) — (T, €) in Gux, then for any
z >0,

lim yig, (Be, = 1) = i (B. = 1)

n—0o0

Proof. By assumption, for any radius h € N, there exists nj; such that for all n > nj, we have
(G, en)n = [T, e€]p. Clearly for any graph G = (V, E) and e € E, ug(Be = 1) depends only on
the isomorphism class of the edge-rooted graph (G, e). The claim then follows from the Markov
property (Lemma 4) and Theorem 12. O

Applying this result together with Proposition 17, we obtain, for any v € V,

Tim - sup (Z G, (Be=1) = Y i (Be = 1)) =0. (23)

-1
u€Ty "~ (V) \ecdu e€ov

We now show that thanks to the particular structure of T'(G), we are able to extend this
result to show the convergence of ﬁUGn(z), ﬁSGn (2), or ﬁ In Pg, (2).

The crucial observation is the following. Since the local recursions are the same for both
Rt and R and since there is a unique fixed point for both 2Rp(g) and 2R, the proposition
below follows:

Proposition 19. Let G be a finite graph and T'(G) be its universal cover and associated cover
7w : T(G) — G. By Propositions 5 and 11, we can define:

¥(2) = Ry F(2)) , and, y(2) = 2Raly(2)).
We have 7(§(2)) = y(2), ice. §2(2) = y(2(2)-

We are now ready to prove
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Theorem 20. Let G be a finite graph and (G,)n>1 be the sequence defined in Proposition 17
Then we have as n — oo, for z > 0,

1 1

nl;rglo |Vn]1nPG"(z) = U(G)q)g(x(z),z), (24)

Jm U6, () = V(). (25)
. v(Gn) vi(G)

AT T G) (26)

Jm 86,(2) = e SHx(2) (27)

Proof. We write:

1 —1
U, (2) = o 4, (Be=1)
V| 2(V,| > D v

vEV, e€dv

~1 1
= szn > pg, (Be=1).

veV uemny H(v) e€0u

Recall that |7, !(v)| = 2" for each v € V so that by (23), we have

1 -1
lim —Ug, (2) = —— o (Be = 1)
n=00 V| 2|V|v§/e%] T(G)
-1
= — ze(2),
w22

where the last equality follows from Proposition 19 and x(z) is defined by (12). Hence we proved
(25).

We now prove (26). By Lemma 3, we have

“UB(x() _ . v(Ga) _ . u(Ga) _ ~UB(x(:) _ |E|n2
e | f <1 <
o(G) S Vo S Pl S Tu(G) Ve
Since ®E(x(2),2) = ~UE(x(2)) In(2)+SE(x(2)) and SE (x) is bounded, we have lim, @2(1);7(5)@ =
lim, 0o —~UZ (x(2)). By Proposition 9, we have
LD |y, S
Inz x€FM(G) “Th Inz
: PE(x(2)2) _ o«
so that lim, o —“7—= = v*(G) and (26) follows.
We now prove (24). Recall that @ (z) = —UGT(Z) so that the convergence of |V—1n‘1n Pg, (2)
follows from (25) and Lebesgue dominated convergence theorem. We first need to check that

B
the derivative with respect to z of the right-hand term in (24) is M and this is exaclty
what we showed in Proposition 9, see (17). In order to conclude the proof of (24), we will show
that

lim lim — = CntE) - .
oo 2500 Vo] Inz S u(G) Inz v(G)




For the left-hand term, we have

1 InPg,(2)

>
|Vn| ln P - UGn (2)7

and since the number of matching is upper bounded by 2lEnl | we have

1 In PGn (Z)
Vo] Inz

|Epn|In2

< —Ug,(2)+ AR

Hence, taking the limit z — oo, we have

lim 1 InPg,(2) _ v(Gyp)

z—00 |V,|  Inz Vol

which together with (26) concludes the proof of (24). Finally (27) follows from (25) and (24). O

9 Application: a lower bound for bipartite graphs

In the special case where G is a bipartite graph, we will prove the following lower bound:

Theorem 21. For any finite bipartite graph G, we have for z > 0,

In Ps(z) > xg\?(}é) { (2@: xe> Inz+ Sg(x)} . (28)

Proof. The crucial property first proved by Csikvari [6] is:

Proposition 22. Let G be a bipartite graph and H be a 2-lift of G. Then Pg(z)? > Py(z) for
z > 0.

Proof. Note that G U G is a particular 2-lift of G with Pgug(z) = Pg(2)?. To prove the first
statement of the proposition, we need to show that for any 2-lift H of G, we have: mi(GUG) >
my(H). Consider the projection of a matching of a 2-lift of G to G. It will consist of disjoint
union of cycles of even lengths (since G is bipartite), paths and double-edges when two edges
project to the same edge. For such a projection R = R; U Ry C E where Ry is the set of
double edges. Now for such a projection, we count the number of possible matchings in G U G:
nr(GUG) = 28V where k(R) is the number of connected components of R;. The number of
possible matchings in H is nr(H) < 2k(R) since in each component if the inverse image of one
edge is fixed then the inverse images of all other edges is also determined. There is no equality as
in general not every cycle can be obtained as a projection of a matching of a 2-lift. For example,
if one considers a 8-cycle as a 2-lift of a 4-cycle, then no matching will project on the whole
4-cycle. Hence we proved that my (G UG) > my(H) so that Pg(2)? > Pg(z) for z > 0. O

Hence, if we consider the sequence of 2-lifts constructed in Proposition 17, we have the
sequence {ﬁ@gn(z)}n@\; is non-increasing in n and converges to ﬁ@g (x(z), z) by Theorem
20. The claim follows from Proposition 9 and the fact that FM(G) = M(G) for a bipartite

graph. O
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10 The framework of local weak convergence

This section gives a brief account of the framework of local weak convergence. For more details,
we refer to the surveys [2, 1].

Let P(G,) denote the set of Borel probability measures on Gy, equipped with the usual
topology of weak convergence (see e.g. [4]). Given a finite graph G = (V, E), we construct
a random element of G, by choosing uniformly at random a vertex o € V' to be the root, and
restricting G to the connected component of 0. The resulting law is denoted by U(G). If {G,, } n>1
is a sequence of finite graphs such that {U/(G,,)}n>1 admits a weak limit £ € P(G,), we call £
the local weak limit of {Gy}n>1. If (G,0) denotes a random element of G, with law £, we shall
use the following slightly abusive notation : Gy, ~» (G, 0) and for f: G, — R:

IE(G,o) [f(G7 O)] = G f(G7 O)d‘C(G7 0)‘

Unimodularity. Recall that G,, denotes the space of locally finite connected graphs with a
distinguished oriented edge, taken up to the natural isomorphism relation and equipped with
the natural distance, which turns it into a complete separable metric space. With f : G, — R,
we associate a function 0f : G, — R, defined by:

= Z f(G,O,i),

1€00
and also the reversal f* : G, — R of f defined by:
(G 0,1) = f(G,i,0).

It is shown in [1] that any (G, o) with law £ arising as the local weak limit of some sequence of
finite graphs satisfies

IE‘:(G,o) [8f<G7 0)] = IE(G,o) [af*(G? 0)] (29)

for any Borel f: G.x — [0,00). A measure £ € P(G,) satisfying this invariance is called unimod-
ular, and the set of all unimodular probability measures on G, is denoted by P,(G,). Note that
(29) can be expanded to:

J.

11 Application to matchings

> f(G,0,i)dL(G,0) = /ZfG,z,odEGo)

1€00 * 4€00

We define

D,(x) = IDTZ Te+ = Z —Zelnze + (1 — ze) In(1 — z,)) —(1—er>ln<1—2xe>.

e€do e€do
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Lemma 23. We have

D, (x(2)) = (1“3;')111 1+ ) ye(2) +%Zln L+ > y7(2)

& edo & edo 7630\?
= In 1+Zy—>(z) —I—EZIH 1- ye(2)
= ‘ 2 — 1+ Z? y7(z)
€ €0o € €do €do
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