
function (1) is equivalent to the maximization of the
following function:

max
P

tr
�
PTAT

GPAH

�
:

Therefore, it is interesting to compare our method with
other approximate methods proposed for QAP. Cremers
et al. [18] proposed the QPB algorithm for that purpose
and tested it on matrices from the QAP benchmark library
[38], QPB results were compared to the results of
graduated assignment algorithm GRAD [17] and Umeya-
ma’s algorithm. Results of PATH application to the same
matrices are presented in Table 1, scores for QPB and
graduated assignment algorithm are taken directly from
the publication [18]. We observe that on 14 out of
16 benchmarks, PATH is the best optimization method
among the methods tested.

6 IMAGE PROCESSING

In this section, we present two applications in image
processing. The first one (Section 6.1) illustrates how taking
into account information on graph structure may increase
image alignment quality. The second one (Section 6.2) shows
that the structure of contour graphs may be very important
in classification tasks. In both examples, we compare the
performance of our method with the shape context approach
[19], a state-of-the-art method for image matching.

6.1 Alignment of Vessel Images

The first example is dedicated to the problem of image
alignment. We consider two photos of vessels in human
eyes. The original photos and images of extracted vessel
contours (obtained from the method of [39]) are presented
in Fig. 9. To align the vessel images, the shape context
algorithm uses the context radial histograms of contour
points (see [19]). In other words, according to the shape
context algorithm, one aligns points that have similar
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Fig. 7. (a) Algorithm performance as a function of graph density. (b) Precision and speed of the PATH algorithm as a function of M, the relaxation
constant used in the PATH algorithm (see Section 3.5.5). In both cases, graph size N ¼ 100, noise level � ¼ 0:3, and sample size is equal to 30.
Error bars represent standard deviation of the matching error (not averaged).

Fig. 8. Timing of U, LP, QCV, and PATH algorithms as a function of graph size, for the different random graph models. LP slope � 6:7, U, QCV, and
PATH slope � 3:4. (a) Bin, (b) exp, and (c) pow.

TABLE 1
Experiment Results for QAPLIB Benchmark Data Sets



designate connections between associated points. We ob-
serve that the context shape method creates many unwanted
matching, while PATH produces a matching that visually
corresponds to a correct alignment of the structure of vessels.
The main reason why graph matching works better than
shape context matching is the fact that shape context does not
take into account the relational positions of matched points
and may lead to totally incoherent graph structures. In
contrast, graph matching tries to match pairs of the nearest
points in one image with pairs of the nearest points in
another one.

Among graph matching methods, different results are
obtained with different optimization algorithms. Table 2
shows the matching errors produced by different algorithms
on this vessel alignment problem. The PATH algorithm has
the smallest matching error, with the alignment shown in
Fig. 10. QCV comes next, with an alignment that is also
visually correct. On the other hand, the Umeyama algorithm
has a much larger matching error and visually fails to find a
correct alignment, similar to the shape context method.

6.2 Recognition of Handwritten Chinese Characters
Another example that we consider in this paper is the
problem of Chinese character recognition from the ETL9B
data set [41]. The main idea is to use a score of optimal
matching as a similarity measure between two images of
characters. This similarity measure can be used then in
machine learning algorithms, K-nearest neighbors (KNNs),
for instance, for character classification. Here, we compare
the performance of four methods: linear support vector
machine (SVM), SVM with gaussian kernel, KNN based on
score of shape context matching, and KNN based on scores
from graph matching which combines structural and shape
context information. As a score, we use just the value of the
objective function (21) at the (locally) optimal point. We

have selected three Chinese characters known to be difficult
to distinguish by automatic methods. Examples of these
characters as well as extracted graphs (obtained by thinning
and uniformly subsampling the images) are presented in
Fig. 11. For SVM-based algorithms, we use directly the
values of image pixels (so each image is represented by a
binary vector), in graph matching algorithm, we use binary
adjacency matrices of extracted graphs and shape context
matrices (see [19]).

Our data set consists of 50 examples (images) of each
class. Each image is represented by63� 64 binary matrix.
To compare different methods, we use the cross validation
error (fivefold). The dependency of classification error from
two algorithm parameters ( � —coefficient of linear combi-
nation (21) and k—number of the nearest neighbors used in
KNN) is shown in Fig. 12.

Two extreme choices � ¼ 1 and � ¼ 0 correspond,
respectively, to pure shape context matching, i.e., when
only node labels information is used, and pure unlabeled
graph matching. It is worth observing here that KNN based
just on the score of unlabeled graph matching does not work
very well, the classification error being about 60 percent. An
explanation of this phenomenon is the fact that learning
patterns have very unstable graph structure within one
class. The pure shape context method has a classification
error of about 39 percent. The combination of shape context
and graph structure information allows to decrease the
classification error down to 25 percent. Beside the PATH
algorithm, we tested also the QCV and Umeyama algo-
rithms, the Umeyama algorithm almost does not decrease
the classification error. The QCV algorithm works better
than the Umeyama algorithm, but still worse than the PATH
algorithm. Complete results can be found in Table 3.

7 CONCLUSION

We have presented the PATH algorithm, a new technique
for graph matching based on convex-concave relaxations of
the initial integer programming problem. PATH allows to
integrate the alignment of graph structural elements with
the matching of vertices with similar labels. Its results are

ZASLAVSKIY ET AL.: A PATH FOLLOWING ALGORITHM FOR THE GRAPH MATCHING PROBLEM 2239

TABLE 2
Alignment of Vessel Images, Algorithm Performance

Fig. 11. Chinese characters from the ETL9B data set.



competitive with state-of-the-art methods in several graph
matching and QAP benchmark experiments. Moreover,
PATH has a theoretical and empirical complexity compe-
titive with the fastest available graph matching algorithms.

Two points can be mentioned as interesting directions
for further research. First, the quality of the convex-concave
approximation is defined by the choice of convex and
concave relaxation functions. Better performances may be
achieved by more appropriate choices of these functions.
Second, another interesting point concerns the construction
of a good concave relaxation for the problem of directed
graph matching, i.e., for asymmetric adjacency matrix. Such
generalizations would be interesting also as possible
polynomial-time approximate solutions for the general
QAP problem.

APPENDIX A

A TOY EXAMPLE

The PATH algorithm does not generally find the global
optimum of the NP-complete optimization problem. In this
section, we illustrate with two examples how the set of
local optima tracked by PATH may or may not lead to the
global optimum.

More precisely, we consider two simple graphs with the
following adjacency matrices:

G ¼
0 1 1
1 0 0
1 0 0

2

4

3

5 and H ¼
0 1 0
1 0 0
0 0 0

2

4

3

5:

Let C denote the cost matrix of vertex association

C ¼
0:1691 0:0364 1:0509
0:6288 0:5879 0:8231
0:8826 0:5483 0:6100

2

4

3

5:

Let us assume that we have fixed the trade-off � ¼ 0:5 and
our objective is then to find the global minimum of the
following function:

F0ðPÞ ¼0:5kGP � PHk2
F þ 0:5trðC0PÞ; P 2 P : ð22Þ

As explained before, the main idea underlying the PATH
algorithm is to try to follow the path of global minima of
F�
� ðPÞ (21). This may be possible if all global minima P �

�

form a continuous path, which is not true in general. In the
case of small graphs, we can find the exact global minimum
of F�

� ðPÞfor all �. The trace of global minima as functions of
� is presented in Fig. 13a (i.e., we plot the values of the nine
parameters of the doubly stochastic matrix, which are, as
expected, all equal to zero or one when � ¼ 1). When � is
near 0.2, there is a jump of global minimum from one face to
another. However, if we change the linear term C to

C0 ¼
0:4376 0:3827 0:1798
0:3979 0:3520 0:2500
0:1645 0:2653 0:5702

2

4

3

5;

then the trace becomes smooth (see Fig. 13b) and the PATH
algorithm then finds the globally optimum point. Char-
acterizing cases where the path is indeed smooth is the
subject of ongoing research.

APPENDIX B

KRONECKER PRODUCT

The Kronecker product of two matrices A 	 B is defined
as follows:

A 	 B ¼

Ba11 � � � Ba1n

..

. . .
. ..

.

Bam1 � � � Bamn

2

64

3

75:

Two important properties of Kronecker product that we
use in this paper are:
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Fig. 12. (a) Classification error as a function of �. (b) Classification error as a function of k. Classification error is estimated as cross-validation error
(fivefold, 50 repetitions), the range of the error bars is the standard deviation of test error over onefold (not averaged over folds and repetition).

TABLE 3
Classification of Chinese Characters

(CV ; STD)—Mean and standard deviation of test error over cross-
validation runs (fivefold, 50 repetitions).



ðAT 	 BÞvecðX Þ ¼vecðBXA Þ

and trðX T AXB T Þ ¼vecðX ÞTðB 	 AÞvecðX Þ:
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Fig. 13. Nine coordinates of global minimum of F �
� as a function of � .


