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m

etho
ds)



S
p

ecial
case

of
square

loss

�
Q

uadratic
program

m
ing

form
ulation

:
m

inim
ize

12 ky�
X

w
k

2+
�

p
Xj=

1

(w
+j

+
w

�j
)

such
thatw

=
w

+
�

w
�

;
w

+
>

0;
w

�
>

0



S
p

ecial
case

of
square

loss

�
Q

uadratic
program

m
ing

form
ulation

:
m

inim
ize

12 ky�
X

w
k

2+
�

p
Xj=

1

(w
+j

+
w

�j
)

such
thatw

=
w

+
�

w
�

;
w

+
>

0;
w

�
>

0

{
generic

to
olb

oxes
)

very
slow

�
M

ain
prop

erty
:

if
the

sign
patterns

2
f�

1;0;1g
p

of
the

solution
is

know
n,

the
solution

can
b

e
obtained

in
closed

form

{
Lasso

equivalent
to

m
inim

izing 12 ky
�

X
J w

J k
2

+
�s

>J
w

J
w

.r.t.
w

J

w
here

J
=

fj;s
j

6=
0

g.
{

C
losed

form
solutionw

J
=

(
X

>J
X

J ) �
1(X

>J
y

�
�s

J )

�
A

lgorithm
:

\G
uess"

s
and

check
optim

ality
conditions



O
ptim

ality
conditions

for
the

sign
vector

s
(Lasso)

�
F

or
s

2
f�

1;0;1g
p

sign
vector,J

=
fj;s

j
6=

0
g

the
nonzero

pattern

�
p

otential
closed

form
solution:w

J
=

(
X

>J
X

J ) �
1(X

>J
y

�
�s

J )
and

w
J

c
=

0

�
s

is
optim

alif
and

only
if

{
active

variables:
sign(w

J )
=

s
J

{
inactive

variables:kX
>J

c (y
�

X
J w

J )k
1

6
�

�
A

ctive
set

algorithm
s

(Lee
et

al.,
2007;

R
oth

and
F

ischer,
2008)

{
C

onstructJ
iteratively

by
adding

variables
to

the
active

set
{

O
nly

requires
to

invert
sm

alllinear
system

s



H
om

otopy
m

etho
ds

for
the

square
loss

(M
arkow

itz,
1956;

O
sb

orne
et

al.,
2000;

E
fron

et
al.,

2004)

�
G

oal:
G

etall
solutions

forall
p

ossible
values

of
the

regularization
param

eter�

�
S

am
e

idea
as

b
efore:

if
the

sign
vector

is
know

n,

w
�J (�

)
=

(
X

>J
X

J ) �
1(X

>J
y

�
�s

J )

valid,
as

long
as,

{
sign

condition:
sign(w

�J (�
))

=
s

J

{
subgradient

condition:kX
>J

c (X
J w

�J (�
)

�
y)k

1
6

�
{

this
de�nes

an
intervalon�

:
the

path
is

thuspiecew
ise

a�ne

�
S

im
ply

need
to

�nd
break

p
oints

and
directions



P
iecew

ise
linear

paths

0
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0.4
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0.6

-0.6
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regularization param
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weights



A
lgorithm

s
for

`
1 -norm

s
(square

loss):
G

aussian
hare

vs.
Laplacian

tortoise

�
C

o
ordinate

descent:O
(pn)

p
er

iterations
for`

1
and

`
2

�
\E

xact"
algorithm

s:
O

(kpn)
for

`
1

vs.
O

(p
2n

)
for

`
2



A
dditional

m
etho

ds
-

S
oftw

ares

�
M

any
contributions

in
signal

pro
cessing,

optim
ization,

m
a

chine
learning

{
P

roxim
alm

etho
ds

(N
esterov,

2007;
B

eck
and

Teb
oulle,

2009)
{

E
xtensions

to
sto

chastic
setting

(B
ottou

and
B

ousquet,
200
8)

�
E

xtensions
to

other
sparsity-inducing

norm
s

�
S

oftw
ares

{
M

any
available

co
des

{
S

P
A

M
S

(S
P

A
rse

M
o

deling
S

oftw
are)

-
note

di�erence
w

ith
S

pA
M

(R
avikum

ar
et

al.,
2008)

http://w
w

w
.di.ens.fr/w

illow
/S

P
A

M
S

/



S
parse

m
etho

ds
for

m
achine

learning
O

utline

�
Intro

duction
-

O
verview

�
S

parse
linear

estim
ation

w
ith

the
`

1 -norm

{
C

onvex
optim

ization
and

algorithm
s

{
T

heoreticalresults

�
S

tructured
sparse

m
etho

ds
on

vectors

{
G

roups
of

features
/

M
ultiple

kernellearning
{

E
xtensions

(hierarchicalor
overlapping

groups)

�
S

parse
m

etho
ds

on
m

atrices

{
M

ulti-task
learning

{
M

atrix
factorization

(low
-rank,

sparse
P

C
A

,
dictionary

learning)



T
heoretical

results
-

S
quare

loss

�
M

ain
assum

ption:
data

generated
from

a
certain

sparse
w

�
T

hree
m

ain
problem

s:

1.
R

egular
consistency:

convergence
of estim

ator
ŵ

to
w

,
i.e.,

kŵ
�

w
k

tends
to

zero
w

henn
tends

to
1

2.
M

o
delselection

consistency
:

convergence
ofthesparsity

pattern
of

ŵ
to

the
pattern

w
3.

E
�ciency

:
convergence

ofpredictions
w

ith
ŵ

to
the

predictions
w

ith
w

,
i.e.,

1n kX
ŵ

�
X

w
k

22
tends

to
zero

�
M

ain
results:

{
C

ondition
for

m
o

del
consistency

(supp
ort

recovery)
{

H
igh-dim

ensionalinference



M
o

del
selection

consistency
(Lasso)

�
A

ssum
ew

sparse
and

denoteJ
=

fj;
w

j
6=

0
g

the
nonzero

pattern

�
S

upp
ortrecovery

condition
(Z

hao
and

Y
u,2006;W

ainw
right,2009;

Z
ou,

2006;
Y

uan
and

Lin,
2007):

the
Lasso

is
sign-consistent

if
and

only
if

kQ
J

cJ Q
�

1
JJ

sign(w
J )k

1
6

1

w
here

Q
=

lim
n

!
+

1
1n

P
ni=

1
x

i x
>i

2
R

p
�

p
(covariance

m
atrix)



M
o

del
selection

consistency
(Lasso)

�
A

ssum
ew

sparse
and

denoteJ
=

fj;
w

j
6=

0
g

the
nonzero

pattern

�
S

upp
ortrecovery

condition
(Z

hao
and

Y
u,2006;W

ainw
right,2009;

Z
ou,

2006;
Y

uan
and

Lin,
2007):

the
Lasso

is
sign-consistent

if
and

only
if

kQ
J

cJ Q
�

1
JJ

sign(w
J )k

1
6

1

w
here

Q
=

lim
n

!
+

1
1n

P
ni=

1
x

i x
>i

2
R

p
�

p
(covariance

m
atrix)

�
C

ondition
dep

ends
onw

and
J

(m
ay

b
e

relaxed)

{
m

ay
b

e
relaxed

by
m

axim
izing

outsign(w
)

or
J

�
V

alid
in

low
and

high-dim
ensionalsettings

�
R

equires
low

er-b
ound

on
m

agnitude
of

nonzero
w

j



M
o

del
selection

consistency
(Lasso)

�
A

ssum
ew

sparse
and

denoteJ
=

fj;
w

j
6=

0
g

the
nonzero

pattern

�
S

upp
ortrecovery

condition
(Z

hao
and

Y
u,2006;W

ainw
right,2009;

Z
ou,

2006;
Y

uan
and

Lin,
2007):

the
Lasso

is
sign-consistent

if
and

only
if

kQ
J

cJ Q
�

1
JJ

sign(w
J )k

1
6

1

w
here

Q
=

lim
n

!
+

1
1n

P
ni=

1
x

i x
>i

2
R

p
�

p
(covariance

m
atrix)

�
T

he
Lasso

is
usually

not
m

o
del-consistent

{
S

elects
m

ore
variables

than
necessary

(see,
e.g.,

Lv
and

F
an

,
2009)

{
F

ixing
the

Lasso:
adaptive

Lasso
(Z

ou,
2006),

relaxed
Lasso

(M
einshausen,

2008),
thresholding

(Lounici,
2008),

B
olasso

(B
ach,

2008a),
stability

selection
(M

einshausen
a

nd
B

•uhlm
ann,

2008),
W

asserm
an

and
R

o
eder

(2009)



A
daptive

Lasso
and

concave
p

enalization

�
A

daptive
Lasso

(Z
ou,

2006;
H

uang
et

al.,
2008)

{
W

eighted
`

1 -norm
:

m
in

w
2

R
p L

(w
)+

�
p

Xj=
1

jw
j j

jŵ
j j �

{
ŵ

estim
ator

obtained
from̀

2
or

`
1

regularization

�
R

eform
ulation

in
term

s
of

concave
p

enalization

m
in

w
2

R
p L

(w
)+

p
Xj=

1

g(jw
j j)

{
E

xam
ple:g(jw

j j)
=

jw
j j 1=

2
or

log
jw

j j.
C

loser
to

the`
0

p
enalty

{
C

oncave-convex
pro

cedure:
replace

g(jw
j j)

by
a�ne

upp
er

b
ound

{
B

etter
sparsity-inducing

prop
erties

(F
an

and
Li,

2001;
Z

ou
and

Li,
2008;

Z
hang,

2008b)



B
olasso

(B
ach,

2008a)

�
P

rop
erty

:
for

a
sp

eci�c
choice

of
regularization

param
eter��

p
n

:

{
allvariables

inJ
are

alw
ays

selected
w

ith
high

probability
{

allother
ones

selected
w

ith
probability

in(0;1)

�
U

se
the

b
o

otstrap
to

sim
ulate

severalreplications

{
Intersecting

supp
orts

of
variables

{
F

inalestim
ation

ofw
on

the
entire

dataset

J 2 1 J

B
ootstrap 4

B
ootstrap 5

B
ootstrap 2

B
ootstrap 3

B
ootstrap 1

Intersection 5 4 3J J J



M
o

del
selection

consistency
of

the
Lasso/B

olasso

�
probabilities

of
selection

of
each

variable
vs.

regulariza
tion

param
.�

LA
S

S
O

-log(
m

)

variable index

0
5

10
15

51015

-log(
m

)

variable index

0
5

10
15

51015

B
O

LA
S

S
O

-log(
m

)

variable index

0
5

10
15

51015

-log(
m

)

variable index

0
5

10
15

51015

S
upp

ort
recovery

condition
satis�ed

not
satis�ed



H
igh-dim

ensional
inference

G
oing

b
eyond

exact
supp

ort
recovery

�
T

heoreticalresults
usually

assum
e

thatnon-zero
w

j
are

large
enough,

i.e.,jw
j j>

�
q

log
p

n

�
M

ay
include

to
o

m
any

variables
but

still
predict

w
ell

�
O

racle
inequalities

{
P

redict
as

w
ellas

the
estim

ator
obtained

w
ith

the
know

ledge
of

J
{

A
ssum

e
i.i.d.

G
aussian

noise
w

ith
variance

�
2

{
W

e
have:

1n
E

kX
ŵ

oracle
�

X
w

k
22

=
�

2jJ
j

n



H
igh-dim

ensional
inference

V
ariable

selection
w

ithout
com

putational
lim

its

�
A

pproaches
based

on
p

enalized
criteria

(close
to

B
IC

)

m
in

J
�f

1;:::;p
g �

m
in

w
J

2
R

jJ
j ky

�
X

J w
J k

22

	
+

C
�

2jJ
j �1

+
log

pjJ
j �

�
O

racle
inequality

ifdata
generated

byw
w

ith
k

non-zeros
(M

assart,
2003;

B
unea

et
al.,

2007):

1n
kX

ŵ
�

X
w

k
22

6
C

k�
2

n

�1
+

log
pk

�

�
G

aussian
noise

-No
assum

ptions
regarding

correlations

�
S

caling
b

etw
een

dim
ensions:

k
log

p
n

sm
all

�
O

ptim
alin

the
m

inim
ax

sense



H
igh-dim

ensional
inference

V
ariable

selection
w

ith
orthogonal

design

�
O

rthogonal
design

:
assum

e
that 1n X

>
X

=
I

�
Lasso

is
equivalent

to
soft-thresholding 1n X

>
Y

2
R

p

{
S

olution:ŵ
j

=
soft-thresholding

of
1n X

>j
y

=
w

j
+

1n X
>j

"
at

�n

t

+
(|t|-a)

-a
a

sign(t)

m
in

w
2

R

12 w
2

�
w

t+
ajw

j

S
olution

w
=

(
jtj�

a)+
sign(t)



H
igh-dim

ensional
inference

V
ariable

selection
w

ith
orthogonal

design

�
O

rthogonal
design

:
assum

e
that 1n X

>
X

=
I

�
Lasso

is
equivalent

to
soft-thresholding 1n X

>
Y

2
R

p

{
S

olution:ŵ
j

=
soft-thresholding

of
1n X

>j
y

=
w

j
+

1n X
>j

"
at

�n
{

Take
�

=
A

�
p

n
log

p

�
W

here
do

es
the

log
p

=
O

(n
)

com
e

from
?

{
E

xp
ectation

of
the

m
axim

um
ofp

G
aussian

variables�
p

log
p

{
U

nion-b
ound:

P
(9j

2
J

c;jX
>j

"j>
�

)
6

P
j2

J
c P

(jX
>j

"j>
�

)

6
jJ

cje
�

�
2

2n�
2

6
pe

�
A

22
log

p
=

p
1�

A
22



H
igh-dim

ensional
inference

(Lasso)

�
M

ain
result:

w
e

only
needk

log
p

=
O

(n
)

{
if

w
is

su�ciently
sparse

{
and

input
variables

are
not

to
o

correlated

�
P

recise
conditions

on
covariance

m
atrixQ

=
1n X

>
X

.

{
M

utual
incoherence

(Lounici,
2008)

{
R

estricted
eigenvalue

conditions
(B

ickelet
al.,

2009)
{

S
parse

eigenvalues
(M

einshausen
and

Y
u,

2008)
{

N
ullspace

prop
erty

(D
onoho

and
Tanner,

2005)

�
Links

w
ith

signal
pro

cessing
and

com
pressed

sensing
(C

and�
es

and
W

akin,
2008)

�
A

ssum
e

thatQ
has

unit
diagonal



M
utual

incoherence
(uniform

low
correlations)

�
T

heorem
(Lounici,

2008):

{
y

i
=

w
>

x
i +

"
i ,

"
i.i.d.

norm
alw

ith
m

ean
zero

and
variance� 2

{
Q

=
X

>
X

=
n

w
ith

unit
diagonalandcross-term

s
less

than 114k
{

if
kw

k
0

6
k,

and
A

2
>

8,
then,

w
ith

�
=

A
�

p
n

log
p

P
�

kŵ
�

w
k

1
6

5A
�

�
log

p
n

�
1=

2
�

>
1

�
p

1�
A

2=
8

�
M

o
delconsistency

by
thresholding

ifm
in

j;
w

j 6=
0

jw
j j>

C
�

r
log

p
n

�
M

utualincoherence
condition

dep
endsstrongly

on
k

�
Im

proved
resultby

averaging
over

sparsity
patterns

(C
and�
es

and
P

lan,
2009b)



R
estricted

eigenvalue
conditions

�
T

heorem
(B

ickelet
al.,

2009):

{
assum

e
�(k) 2

=
m

in
jJ

j6
k

m
in

�
;

k
�

J
c k

1 6
k

�
J

k
1 �

>
Q

�
k�

J k
22

>
0

{
assum

e�
=

A
�

p
n

log
p

and
A

2
>

8
{

then,
w

ith
probability

1
�

p
1�

A
2=

8,
w

e
have

estim
ation

error
kŵ

�
w

k
1

6
16A

�
2(k) �k

r
log

p
n

prediction
error

1n
kX

ŵ
�

X
w

k
22

6
16A

2

�
2(k) �

2kn
log

p

�
C

ondition
im

p
oses

a
p

otentially
hidden

scaling
b

etw
een
(n;p;k)

�
C

ondition
alw

ays
satis�ed

forQ
=

I



C
hecking

su�cient
conditions

�
M

ost
of

the
conditions

are
not

com
putable

in
p

olynom
ial

tim
e

�
R

andom
m

atrices

{
S

am
pleX

2
R

n
�

p
from

the
G

aussian
ensem

ble
{

C
onditions

satis�ed
w

ith
high

probability
for

certain(n;p;k)
{

E
xam

ple
from

W
ainw

right
(2009):n

>
C

k
log

p

�
C

hecking
w

ith
convex

optim
ization

{
R

elax
conditions

to
convex

optim
ization

problem
s

(d'A
spre
m

ont
et

al.,
2008;

Juditsky
and

N
em

irovski,
2008;

d'A
sprem

ont
an

d
E

lG
haoui,

2008)
{

E
xam

ple:
sparse

eigenvalues
m

in
jJ

j6
k

�
m

in
(Q

J
J

)
{

O
p

en
problem

:
veri�able

assum
ptions

stilllead
to

w
eaker

re
sults



S
parse

m
etho

ds
C

om
m

on
extensions

�
R

em
oving

bias
of

the
estim

ator

{
K

eep
the

active
set,

and
p

erform
unregularized

restricted
estim

ation
(C

and�es
and

Tao,
2007)

{
B

etter
theoreticalb

ounds
{

P
otentialproblem

s
of

robustness

�
E

lastic
net

(Z
ou

and
H

astie,
2005)

{
R

eplace�
kw

k
1

by
�

kw
k

1
+

"kw
k

22

{
M

ake
the

optim
ization

strongly
convex

w
ith

unique
solution

{
B

etter
b

ehavior
w

ith
heavily

correlated
variables



R
elevance

of
theoretical

results
�

M
ost

results
only

for
the

square
loss

{
E

xtend
to

other
losses

(V
an

D
e

G
eer,

2008;
B

ach,
2009b)

�
M

ost
results

only
for

`
1 -regularization

{
M

ay
b

e
extended

to
other

norm
s

(see,
e.g.,

H
uang

and
Z

hang,
2009;

B
ach,

2008b)

�
C

ondition
on

correlations

{
very

restrictive,
far

from
results

for
B

IC
p

enalty

�
N

on
sparse

generating
vector

{
little

w
ork

on
robustness

to
lack

of
sparsity

�
E

stim
ation

of
regularization

param
eter

{
N

o
satisfactory

solution)
op

en
problem



A
lternative

sparse
m

etho
ds

G
reedy

m
etho

ds

�
F

orw
ard

selection

�
F

orw
ard-backw

ard
selection

�
N

on-convex
m

etho
d

{
H

arder
to

analyze
{

S
im

pler
to

im
plem

ent
{

P
roblem

s
of

stability

�
P

ositive
theoreticalresults

(Z
hang,

2009,
2008a)

{
S

im
ilar

su�cient
conditions

than
for

the
Lasso



A
lternative

sparse
m

etho
ds

B
ayesian

m
etho

ds

�
Lasso:

m
inim

ize P
ni=

1
(y

i �
w

>
x

i ) 2
+

�
kw

k
1

{
E

quivalent
to

M
A

P
estim

ation
w

ith
G

aussian
likeliho

o
d

and
factorized

Laplace
prior

p(w
)

/
Q

pj=
1

e
�

�
jw

j j
(S

eeger,
2008)

{
H

ow
ever,

p
osterior

puts
zero

w
eight

on
exact

zeros

�
H

eavy-tailed
distributions

as
a

proxy
to

sparsity

{
S

tudent
distributions

(C
aron

and
D

oucet,
2008)

{
G

eneralized
hyp

erb
olic

priors
(A

rcham
b

eau
and

B
ach,

2008)
{

Instance
of

autom
atic

relevance
determ

ination
(N

eal,
1996
)

�
M

ixtures
of\D

iracs"
and

another
absolutely

continuous
dis
tributions,

e.g.,
\spike

and
slab"

(Ishw
aran

and
R

ao,
2005)

�
Less

theory
than

frequentist
m

etho
ds



C
om

paring
Lasso

and
other

strategies
for

linear
regression

�
C

om
pared

m
etho

ds
to

reach
the

least-square
solution

{
R

idge
regression:

m
in

w
2

R
p 12 ky

�
X

w
k

22
+

�2
kw

k
22

{
Lasso:

m
in

w
2

R
p 12 ky

�
X

w
k

22
+

�
kw

k
1

{
F

orw
ard

greedy:
�

Initialization
w

ith
em

pty
set

�
S

equentially
add

the
variable

that
b

est
reduces

the
square

l
oss

�
E

ach
m

etho
d

builds
a

path
of

solutions
from

0
to

ordinary
leas
t-

squares
solution

�
R

egularization
param

eters
selected

on
the

test
set



S
im

ulation
results

�
i.i.d.

G
aussian

design
m

atrix,k=
4

,
n

=
64

,
p

2
[2;256],

S
N

R
=

1

�
N

ote
stability

to
non-sparsity

and
variability

2
4

6
8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

log
2 (p)

mean square error

 

 

L1L2greedy
oracle

2
4

6
8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

log
2 (p)

mean square error

 

 

L1L2greedy

S
parse

R
otated

(non
sparse)



S
um

m
ary

`
1 -norm

regularization

�
`

1 -norm
regularization

leads
to

nonsm
o

oth
optim

ization
prob
lem

s

{
analysis

through
directionalderivatives

or
subgradients

{
optim

ization
m

ay
or

m
ay

not
take

advantage
of

sparsity

�
`

1 -norm
regularization

allow
s

high-dim
ensionalinference

�
Interesting

problem
s

for̀
1 -regularization

{
S

table
variable

selection
{

W
eaker

su�cient
conditions

(for
w

eaker
results)

{
E

stim
ation

of
regularization

param
eter

(all
b

ounds
dep

end
on

the
unknow

n
noise

variance�
2)



E
xtensions

�
S

parse
m

etho
ds

are
not

lim
ited

to
the

square
loss

{
e.g.,

theoreticalresults
for

logistic
loss

(V
an

D
e

G
eer,

20
08;

B
ach,

2009b)

�
S

parse
m

etho
ds

are
not

lim
ited

to
sup

ervised
learning

{
Learning

the
structure

of
G

aussian
graphicalm

o
dels

(M
eins
hausen

and
B

•uhlm
ann,

2006;
B

anerjee
et

al.,
2008)

{
S

parsity
on

m
atrices

(last
part

of
the

tutorial)

�
S

parse
m

etho
ds

are
not

lim
ited

to
variable

selection
in

a
lin

ear
m

o
del

{
S

ee
next

part
of

the
tutorial



Q
uestions?



S
parse

m
etho

ds
for

m
achine

learning
O

utline

�
Intro

duction
-

O
verview

�
S

parse
linear

estim
ation

w
ith

the
`

1 -norm

{
C

onvex
optim

ization
and

algorithm
s

{
T

heoreticalresults

�
S

tructured
sparse

m
etho

ds
on

vectors

{
G

roups
of

features
/

M
ultiple

kernellearning
{

E
xtensions

(hierarchicalor
overlapping

groups)

�
S

parse
m

etho
ds

on
m

atrices

{
M

ulti-task
learning

{
M

atrix
factorization

(low
-rank,

sparse
P

C
A

,
dictionary

learning)



P
enalization

w
ith

group
ed

variables
(Yuan

and
Lin,

2006)

�
A

ssum
e

thatf1;:::;pg
is

partitioned
into

m
groupsG

1 ;:::;G
m

�
P

enalization
by P

mi=
1

kw
G

i k
2 ,

often
called`

1 -`
2

norm

�
Induces

group
sparsity

{
S

om
e

groups
entirely

set
to

zero
{

no
zeros

w
ithin

groups

�
In

this
tutorial:

{
G

roups
m

ay
have

in�nite
size)

M
K

L
{

G
roups

m
ay

overlap)
structured

sparsity



Linear
vs.

non-linear
m

etho
ds

�
A

llm
etho

ds
in

this
tutorialarelinear

in
the

param
eters

�
B

y
replacing

x
by

features�(
x),

they
can

b
e

m
adenon

linear
in

the
data

�
Im

plicit
vs.

explicit
features

{
`

1 -norm
:

explicit
features

{
`

2 -norm
:

representer
theorem

allow
s

to
consider

im
plicit

fea
tures

if
their

dot
pro

ducts
can

b
e

com
puted

easily
(kernelm

etho
ds)



K
ernel

m
etho

ds:
regularization

by
`

2 -norm

�
D

ata:
x

i
2

X
,

y
i

2
Y

,
i

=
1

;:::;n
,

w
ith

features
�(

x)
2

F
=

R
p

{
P

redictorf
(x)

=
w

>
�(

x)
linear

in
the

features

�
O

ptim
ization

problem
:

m
in

w
2

R
p

n
Xi=

1

`(y
i ;w

>
�(

x
i ))+

�2
kw

k
22



K
ernel

m
etho

ds:
regularization

by
`

2 -norm

�
D

ata:
x

i
2

X
,

y
i

2
Y

,
i

=
1

;:::;n
,

w
ith

features
�(

x)
2

F
=

R
p

{
P

redictorf
(x)

=
w

>
�(

x)
linear

in
the

features

�
O

ptim
ization

problem
:

m
in

w
2

R
p

n
Xi=

1

`(y
i ;w

>
�(

x
i ))+

�2
kw

k
22

�
R

epresenter
theorem

(K
im

eldorf
and

W
ahba,

1971):
solution

m
ust

b
e

of
the

form
w

=
P

ni=
1

�
i �(

x
i )

{
E

quivalent
to

solving:
m

in
�

2
R

n

n
Xi=

1

`(y
i ;(K

�
)i )+

�2
�

>
K

�

{
K

ernelm
atrix

K
ij

=
k(x

i ;x
j )

=
�(

x
i ) >

�(
x

j )



M
ultiple

kernel
learning

(M
K

L)
(Lanckriet

et
al.,

2004b;
B

ach
et

al.,
2004a)

�
S

parse
m

etho
ds

are
linear!

�
S

parsity
w

ith
non-linearities

{
replacef

(x)
=

P
pj=

1
w

>j
x

j
w

ith
x

2
R

p
and

w
j

2
R

{
by

f
(x)

=
P

pj=
1

w
>j

�
j (x)

w
ith

x
2

X
,

�
j (x)

2
F

j
an

w
j

2
F

j

�
R

eplace
thè

1 -norm
P

pj=
1

jw
j j

by
\blo

ck"
`

1 -norm
P

pj=
1

kw
j k

2

�
R

em
arks

{
H

ilb
ert

space
extension

of
the

group
Lasso

(Y
uan

and
Lin,

200
6)

{
A

lternative
sparsity-inducing

norm
s

(R
avikum

ar
et

al.,
20

08)



M
ultiple

kernel
learning

(M
K

L)
(Lanckriet

et
al.,

2004b;
B

ach
et

al.,
2004a)

�
M

ultiple
feature

m
aps

/
kernels

onx
2

X
:

{
p

\feature
m

aps"�
j

:X
7!F

j ,
j

=
1

;:::;p.
{

M
inim

ization
w

ith
resp

ect
tow

1
2

F
1 ;:::;w

p
2

F
p

{
P

redictor:f
(x)

=
w

1
>

�
1 (x)+

���+
w

p
>

�
p (x)

x

�
1 (x) >

w
1

%
...

...
&

�!
�

j (x) >
w

j
�!

&
...

...
%

�
p (x) >

w
p

w
>1

�
1 (x)+

���+
w

>p
�

p (x)

{
G

eneralized
additive

m
o

dels
(H

astie
and

T
ibshirani,

1990)



R
egularization

for
m

ultiple
features

x

�
1 (x) >

w
1

%
...

...
&

�!
�

j (x) >
w

j
�!

&
...

...
%

�
p (x) >

w
p

w
>1

�
1 (x)+

���+
w

>p
�

p (x)

�
R

egularization
by P

pj=
1

kw
j k

22
is

equivalent
to

usingK
=

P
pj=

1
K

j

{
S

um
m

ing
kernels

is
equivalent

to
concatenating

feature
spa

ces



R
egularization

for
m

ultiple
features

x

�
1 (x) >

w
1

%
...

...
&

�!
�

j (x) >
w

j
�!

&
...

...
%

�
p (x) >

w
p

w
>1

�
1 (x)+

���+
w

>p
�

p (x)

�
R

egularization
by P

pj=
1

kw
j k

22
is

equivalent
to

usingK
=

P
pj=

1
K

j

�
R

egularization
by P

pj=
1

kw
j k

2
im

p
oses

sparsity
at

the
group

level

�
M

ain
questions

w
hen

regularizing
by

blo
ck

`
1 -norm

:

1.
A

lgorithm
s

2.
A

nalysis
of

sparsity
inducing

prop
erties(R

avikum
ar

et
al.,

2008;
B

ach,
2008b)

3.
D

o
es

it
corresp

ond
to

a
sp

eci�c
com

bination
of

kernels?



G
eneral

kernel
learning

�
P

rop
osition

(Lanckriet
et

al,
2004,

B
ach

et
al.,

2005,
M

icchelliand
P

ontil,
2005):

G
(K

)
=

m
in

w
2F

P
ni=

1
`(y

i ;w
>

�(
x

i ))+
�2 kw

k
22

=
m

ax
�

2
R

n
�

P
ni=

1
`

�i (��
i )

�
�2 �

>
K

�

is
a

convex
function

of
the

kernelm
atrixK

�
T

heoreticallearning
b

ounds
(Lanckriet

et
al.,

2004,
S

rebr
o

and
B

en-
D

avid,
2006)

{
Less

assum
ptions

than
sparsity-based

b
ounds,

but
slow

er
ra

tes



E
quivalence

w
ith

kernellearning
(B

ach
et

al.,
2004a)

�
B

lo
ck

`
1 -norm

problem
:

n
Xi=

1

`(y
i ; w

>1
�

1 (x
i )+

���+
w

>p
�

p (x
i ))+

�2
( kw

1 k
2

+
���+

kw
p k

2 ) 2

�
P

rop
osition

:
B

lo
ck

`
1 -norm

regularization
is

equivalent
to

m
inim

izing
w

ith
resp

ect
to�

the
optim

alvalueG
( P

pj=
1

�
j K

j )

�
(sparse)

w
eights�

obtained
from

optim
ality

conditions

�
dualparam

eters�
optim

alforK
=

P
pj=

1
�

j K
j ,

�
S

ingle
optim

ization
problem

for
learning

b
oth

�
and

�



P
ro

of
of

equivalence

m
in

w
1 ;:::;w

p

n
Xi=

1

` �y
i ;

p
Xj=

1

w
>j

�
j (x

i ) �
+

�
�

p
Xj=

1

kw
j k

2 �
2

=
m

in
w

1 ;:::;w
p

m
in

P
j

�
j =

1

n
Xi=

1

` �y
i ;

p
Xj=

1

w
>j

�
j (x

i ) �
+

�
p

Xj=
1

kw
j k

22 =
�

j

=
m

in
P

j
�

j =
1

m
in

~w
1 ;:::;

~w
p

n
Xi=

1

` �y
i ;

p
Xj=

1

�
1=

2
j

~w
>j

�
j (x

i ) �
+

�
p

Xj=
1

k
~w

j k
22

w
ith

~w
j

=
w

j �
�

1=
2

j

=
m

in
P

j
�

j =
1

m
in~w

n
Xi=

1

` �y
i ;

~w
>

	
� (x

i ) �
+

�
k

~wk
22

w
ith

	
� (x)

=
(

�
1=

2
1

�
1 (x);:::;�

1=
2

p
�

p (x))

�
W

e
have:	

� (x) >
	

� (x
0)

=
P

pj=
1

�
j k

j (x;x
0)

w
ith

P
pj=

1
�

j
=

1
(and

�
>

0)



A
lgorithm

s
for

the
group

Lasso
/

M
K

L

�
G

roup
Lasso

{
B

lo
ck

co
ordinate

descent
(Y

uan
and

Lin,
2006)

{
A

ctive
setm

etho
d

(R
oth

and
F

ischer,2008;O
b

ozinskietal.,
2009)

{
N

esterov's
accelerated

m
etho

d
(Liu

et
al.,

2009)

�
M

K
L

{
D

ual
ascent,

e.g.,
sequential

m
inim

al
optim

ization
(B

ach
e

t
al.,

2004a)
{

�-trick
+

cutting-planes
(S

onnenburg
et

al.,
2006)

{
�-trick

+
projected

gradientdescent(R
akotom

am
onjy

etal.,2008)
{

A
ctive

set
(B

ach,
2008c)



A
pplications

of
m

ultiple
kernel

learning

�
S

election
of

hyp
erparam

eters
for

kernel
m

etho
ds

�
F

usion
from

heterogeneous
data

sources
(Lanckrietetal.,2004a)

�
T

w
o

strategies
for

kernelcom
binations:

{
U

niform
com

bination,
`

2 -norm
{

S
parse

com
bination,

`
1 -norm

{
M

K
L

alw
ays

leads
to

m
ore

interpretable
m

o
dels

{
M

K
L

do
es

not
alw

ays
lead

to
b

etter
predictive

p
erform

ance
�

In
particular,

w
ith

few
w

ell-designed
kernels

�
B

e
carefulw

ith
norm

alization
of

kernels
(B

ach
et

al.,
2004b

)



A
pplications

of
m

ultiple
kernel

learning

�
S

election
of

hyp
erparam

eters
for

kernel
m

etho
ds

�
F

usion
from

heterogeneous
data

sources
(Lanckrietetal.,2004a)

�
T

w
o

strategies
for

kernelcom
binations:

{
U

niform
com

bination,
`

2 -norm
{

S
parse

com
bination,

`
1 -norm

{
M

K
L

alw
ays

leads
to

m
ore

interpretable
m

o
dels

{
M

K
L

do
es

not
alw

ays
lead

to
b

etter
predictive

p
erform

ance
�

In
particular,

w
ith

few
w

ell-designed
kernels

�
B

e
carefulw

ith
norm

alization
of

kernels
(B

ach
et

al.,
2004b

)

�
S

parse
m

etho
ds:

new
p

ossibilities
and

new
features

�
S

ee
N

IP
S

2009
w

orkshop
\U

nderstanding
M

K
L

m
etho

ds"



S
parse

m
etho

ds
for

m
achine

learning
O

utline

�
Intro

duction
-

O
verview

�
S

parse
linear

estim
ation

w
ith

the
`

1 -norm

{
C

onvex
optim

ization
and

algorithm
s

{
T

heoreticalresults

�
S

tructured
sparse

m
etho

ds
on

vectors

{
G

roups
of

features
/

M
ultiple

kernellearning
{

E
xtensions

(hierarchicalor
overlapping

groups)

�
S

parse
m

etho
ds

on
m

atrices

{
M

ulti-task
learning

{
M

atrix
factorization

(low
-rank,

sparse
P

C
A

,
dictionary

learning)



Lasso
-

T
w

o
m

ain
recent

theoretical
results

1.
S

upp
ort

recovery
condition

2.
E

xp
onentially

m
any

irrelevant
variables

:
under

appropriate
assum

ptions,
consistency

is
p

ossible
as

long
as

log
p

=
O

(n
)



Lasso
-

T
w

o
m

ain
recent

theoretical
results

1.
S

upp
ort

recovery
condition

2.
E

xp
onentially

m
any

irrelevant
variables

:
under

appropriate
assum

ptions,
consistency

is
p

ossible
as

long
as

log
p

=
O

(n
)

�
Q

uestion:
is

it
p

ossible
to

build
a

sparse
algorithm

that
can
learn

from
m

ore
than10

80
features?



Lasso
-

T
w

o
m

ain
recent

theoretical
results

1.
S

upp
ort

recovery
condition

2.
E

xp
onentially

m
any

irrelevant
variables

:
under

appropriate
assum

ptions,
consistency

is
p

ossible
as

long
as

log
p

=
O

(n
)

�
Q

uestion:
is

it
p

ossible
to

build
a

sparse
algorithm

that
can
learn

from
m

ore
than10

80
features?

{
S

om
e

typ
e

of
recursivity/factorization

is
needed!



H
ierarchical

kernel
learning

(B
ach,

2008c)

�
M

any
kernels

can
b

e
decom

p
osed

as
a

sum
of

m
any

\sm
all"

kernel
s

indexed
by

a
certain

setV
:

k(x;x
0)

=
Xv
2

V

k
v (x;x

0)

�
E

xam
ple

w
ithx

=
(

x
1 ;:::;x

q )
2

R
q

()
non

linear
variable

selection)

{
G

aussian/A
N

O
V

A
kernels:p

=
#(

V
)

=
2

q

q
Yj=

1

�
1

+
e

�
�

(x
j �

x
0j ) 2 �

=
X

J
�f

1;:::;q
g

Yj2
J

e
�

�
(x

j �
x

0j ) 2
=

X

J
�f

1;:::;q
g e

�
�

k
x

J
�

x
0J

k
22

{
N

B
:

decom
p

osition
is

related
to

C
osso

(Lin
and

Z
hang,

2006)

�
G

oal:
learning

sparse
com

bination P
v

2
V

�
v k

v (x;x
0)

�
U

niversally
consistentnon-linear

variable
selection

req
uires

allsubsets



R
estricting

the
set

of
active

kernels

�
W

ith

at

structure

{
C

onsider
blo

ck̀
1 -norm

:
P

v
2

V
d

v kw
v k

2

{
cannot

avoid
b

eing
linear

inp
=

#(
V

)
=

2
q

�
U

sing
the

structure
of

the
sm

allkernels

1.
for

com
putationalreasons

2.
to

allow
m

ore
irrelevant

variables



R
estricting

the
set

of
active

kernels

�
V

is
endow

ed
w

ith
a

directed
acyclic

graph
(D

A
G

)
structure:

select
a

kernelonly
after

allof
its

ancestors
have

b
een

selected

�
G

aussian
kernels:V

=
p

ow
er

set
off1;:::;qg

w
ith

inclusion
D

A
G

{
S

elect
a

subset
only

after
allits

subsets
have

b
een

selected

23
34

14
13

24

123
234

124
134

1234

12

1
2

3
4



D
A

G
-adapted

norm
(Z

hao
&

Yu,
2008)

�
G

raph-based
structured

regularization

{
D

(v)
is

the
set

of
descendants

ofv2
V

:

Xv
2

V

d
v kw

D
(

v
) k

2
=

Xv
2

V

d
v

0@
Xt2
D

(
v

) kw
t k

22 1A

1=
2

�
M

ain
prop

erty:
Ifv

is
selected,

so
are

allits
ancestors

23
34

14
13

24

123
234

124
134

1234

12

1
2

3
4

2
3

4

12
23

34
14

24

234
124

13

134

1234

123 1



D
A

G
-adapted

norm
(Z

hao
&

Yu,
2008)

�
G

raph-based
structured

regularization

{
D

(v)
is

the
set

of
descendants

ofv2
V

:

Xv
2

V

d
v kw

D
(

v
) k

2
=

Xv
2

V

d
v

0@
Xt2
D

(
v

) kw
t k

22 1A

1=
2

�
M

ain
prop

erty:
Ifv

is
selected,

so
are

allits
ancestors

�
H

ierarchical
kernel

learning
(B

ach,
2008c)

:

{
p

olynom
ial-tim

e
algorithm

for
this

norm
{

necessary/su�cient
conditions

for
consistent

kernelselection
{

S
caling

b
etw

een
p,

q,
n

for
consistency

{
A

pplications
to

variable
selection

or
other

kernels



S
caling

b
etw

een
p,

n
and

other
graph-related

quantities
n

=
num

b
er

of
observations

p
=

num
b

er
of

vertices
in

the
D

A
G

deg(V
)

=
m

axim
um

out
degree

in
the

D
A

G
num

(V
)

=
num

b
er

of
connected

com
p

onents
in

the
D

A
G

�
P

rop
osition

(B
ach,

2009a):
A

ssum
e

consistency
condition

satis�ed,
G

aussian
noise

and
data

generated
from

a
sparse

function,
th

en
the

supp
ort

is
recovered

w
ith

high-probability
as

so
on

as:

log
deg(V

)+
log

num
(

V
)

=
O

(n
)



S
caling

b
etw

een
p,

n
and

other
graph-related

quantities
n

=
num

b
er

of
observations

p
=

num
b

er
of

vertices
in

the
D

A
G

deg(V
)

=
m

axim
um

out
degree

in
the

D
A

G
num

(V
)

=
num

b
er

of
connected

com
p

onents
in

the
D

A
G

�
P

rop
osition

(B
ach,

2009a):
A

ssum
e

consistency
condition

satis�ed,
G

aussian
noise

and
data

generated
from

a
sparse

function,
th

en
the

supp
ort

is
recovered

w
ith

high-probability
as

so
on

as:

log
deg(V

)+
log

num
(

V
)

=
O

(n
)

�
U

nstructured
case:num

(V
)

=
p

)
log

p
=

O
(n

)

�
P

ow
er

set
ofq

elem
ents:deg(V

)
=

q
)

log
q

=
log

log
p

=
O

(n
)



M
ean-square

errors
(regression)

dataset
n

p
k

#(
V

)
L2
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M

K
L

H
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p
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b
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p
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p
ol4�

10
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31

5.0�
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p
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E
xtensions

to
other

kernels

�
E

xtension
to

graph
kernels,

string
kernels,

pyram
id

m
atch

k
ernels

A
B

B
A

B
A

A
A

A
A

A
B

B
B

B
A

A
B

A
A

B
A

B
A

B
B

B
A

B
B

B
B

A
A

�
E

xploring
large

feature
spaces

w
ith

structured
sparsity-i

nducing
norm

s

{
O

pp
osite

view
than

traditionalkernelm
etho

ds
{

Interpretable
m

o
dels

�
O

ther
structures

than
hierarchies

or
D

A
G

s



G
roup

ed
variables

�
S

up
ervised

learning
w

ith
know

n
groups:

{
T

he
`

1 -`
2

norm

XG
2

G

kw
G

k
2

=
XG

2
G

�
Xj2

G

w
2j �

1=
2;

w
ith

G
a

partition
of

f1;:::;pg

{
T

he
`

1 -`
2

norm
sets

to
zeronon-overlapping

groups
of

variables
(as

opp
osed

to
single

variables
for

the`1
norm

)



G
roup

ed
variables

�
S

up
ervised

learning
w

ith
know

n
groups:

{
T

he
`

1 -`
2

norm

XG
2

G

kw
G

k
2

=
XG

2
G

�
Xj2

G

w
2j �

1=
2;

w
ith

G
a

partition
of

f1;:::;pg

{
T

he
`

1 -`
2

norm
sets

to
zeronon-overlapping

groups
of

variables
(as

opp
osed

to
single

variables
for

the`1
norm

).

�
H

ow
ever,

the`
1 -`

2
norm

enco
des�xed/static

prior
inform

ation
,

requires
to

know
in

advance
how

to
group

the
variables

�
W

hat
happ

ens
if

the
set

of
groupsG

is
not

a
partition

anym
ore?



S
tructured

S
parsity

(Jenatton
et

al.,
2009a)

�
W

hen
p

enalizing
by

thè
1 -`

2
norm

XG
2

G

kw
G

k
2

=
XG

2
G

�
Xj2

G

w
2j �

1=
2

{
T

he
`

1
norm

induces
sparsity

at
the

group
level:

�
S

om
ew

G
's

are
set

to
zero

{
Inside

the
groups,

thè
2

norm
do

es
not

prom
ote

sparsity

�
Intuitively,

the
zero

pattern
ofw

is
given

by

fj
2

f
1;:::;pg;

w
j

=
0

g
=

[G
2

G
0 G

for
som

eG
0�

G
:

�
T

his
intuition

is
actually

true
and

can
b

e
form

alized



E
xam

ples
of

set
of

groups
G

(1/3)

�
S

election
of

contiguous
patterns

on
a

sequence,
p

=
6

{
G

is
the

set
of

blue
groups

{
A

ny
union

of
blue

groups
set

to
zero

leads
to

the
selection

of
a

contiguous
pattern



E
xam

ples
of

set
of

groups
G

(2/3)

�
S

election
of

rectangles
on

a
2-D

grids,
p

=
25

{
G

is
the

set
of

blue/green
groups

(w
ith

their
com

plem
ents,

not
displayed)

{
A

ny
union

of
blue/green

groups
set

to
zero

leads
to

the
select

ion
of

a
rectangle



E
xam

ples
of

set
of

groups
G

(3/3)

�
S

election
of

diam
ond-shap

ed
patterns

on
a

2-D
grids,

p
=

25

{
Itis

p
ossible

to
extentsuch

settings
to

3-D
space,or

m
ore

co
m

plex
top

ologies
{

S
ee

applications
later

(sparse
P

C
A

)



R
elationship

b
ew

teen
G

and
Z

ero
P

atterns
(Jenatton,

A
udib

ert,
and

B
ach,

2009a)

�
G

!
Z

ero
patterns

:

{
by

generating
the union-closureof

G

�
Z

ero
patterns

!
G

:

{
D

esign
groupsG

from
any

union-closed
set

of
zero

patterns
{

D
esign

groupsG
from

any
intersection-closed

set
of

non-zero
patterns



O
verview

of
other

w
ork

on
structured

sparsity

�
S

p
eci�c

hierarchicalstructure
(Z

hao
et

al.,
2009;

B
ach,

20
08c)

�
U

nion-closed(as
opp

osed
to

intersection-closed)
fam

ily
of

nonzero
patterns

(Jacob
et

al.,
2009;

B
araniuk

et
al.,

2008)

�
N

onconvex
p

enalties
based

on
inform

ation-theoretic
crite
ria

w
ith

greedy
optim

ization
(H

uang
et

al.,
2009)



S
parse

m
etho

ds
for

m
achine

learning
O

utline

�
Intro

duction
-

O
verview

�
S

parse
linear

estim
ation

w
ith

the
`

1 -norm

{
C

onvex
optim

ization
and

algorithm
s

{
T

heoreticalresults

�
S

tructured
sparse

m
etho

ds
on

vectors

{
G

roups
of

features
/

M
ultiple

kernellearning
{

E
xtensions

(hierarchicalor
overlapping

groups)

�
S

parse
m

etho
ds

on
m

atrices

{
M

ulti-task
learning

{
M

atrix
factorization

(low
-rank,

sparse
P

C
A

,
dictionary

learning)



Learning
on

m
atrices

-
C

ollab
orative

F
iltering

(C
F

)

�
G

iven
n

X
\m

ovies"
x

2
X

and
n

Y
\custom

ers"
y

2
Y

,

�
predict

the
\rating"

z(x
;y

)
2

Z
of

custom
ery

for
m

ovie
x

�
Training

data:
largen

X
�

n
Y

incom
plete

m
atrixZ

thatdescrib
es

the
know

n
ratings

of
som

e
custom

ers
for

som
e

m
ovies

�
G

oal:
com

plete
the

m
atrix.



Learning
on

m
atrices

-
M

ulti-task
learning

�
k

prediction
tasks

on
sam

e
covariatesx2

R
p

{
k

w
eight

vectorsw
j

2
R

p

{
Joint

m
atrix

of
predictorsW

=
(

w
1 ;:::;w

k )
2

R
p

�
k

�
M

any
applications

{
\transfer

learning"
{

M
ulti-category

classi�cation
(one

task
p

er
class)

(A
m

itetal.,2007)

�
S

hare
param

eters
b

etw
een

various
tasks

{
sim

ilarto
�xed

e�ect/random
e�ectm

o
dels

(R
audenbush

and
Bryk,

2002)
{

joint
variable

or
feature

selection
(O

b
ozinski

et
al.,

2009
;

P
ontil

et
al.,

2007)



Learning
on

m
atrices

-
Im

age
denoising

�
S

im
ultaneously

denoise
allpatches

of
a

given
im

age

�
E

xam
ple

from
M

airal,
B

ach,
P

once,
S

apiro,
and

Z
isserm

an
(20

09c)



T
w

o
typ

es
of

sparsity
for

m
atrices

M
2

R
n

�
p

I
-

D
irectly

on
the

elem
ents

of
M

�
M

any
zero

elem
ents:M

ij
=

0

M

�
M

any
zero

row
s

(or
colum

ns):(M
i1 ;:::;M

ip )
=

0

M



T
w

o
typ

es
of

sparsity
for

m
atrices

M
2

R
n

�
p

II
-

T
hrough

a
factorization

of
M

=
U

V
>

�
M

=
U

V
>

,
U

2
R

n
�

m
and

V
2

R
n

�
m

�
Low

rank
:

m
sm

all

=

T

U
V

M

�
S

parse
decom

p
osition:

U
sparseU

=
V

M
T



S
tructured

m
atrix

factorizations
-

M
any

instances

�
M

=
U

V
>

,
U

2
R

n
�

m
and

V
2

R
p

�
m

�
S

tructure
on

U
and/or

V

{
Low

-rank:U
and

V
have

few
colum

ns
{

D
ictionary

learning
/

sparse
P

C
A

:U
or

V
has

m
any

zeros
{

C
lustering

(k-m
eans):U

2
f

0;1g
n

�
m

,
U

1
=

1
{

P
ointw

ise
p

ositivity:
non

negative
m

atrix
factorization

(
N

M
F

)
{

S
p

eci�c
patterns

of
zeros

{
etc.

�
M

any
applications

{
e.g.,

source
separation

(F
�evotte

et
al.,

2009),
explorato

ry
data

analysis



M
ulti-task

learning

�
Joint

m
atrix

of
predictorsW

=
(

w
1 ;:::;w

k )
2

R
p

�
k

�
Joint

variable
selection

(O
b

ozinskiet
al.,

2009)

{
P

enalize
by

the
sum

of
the

norm
s

of
row

s
of
W

(group
Lasso)

{
S

elect
variables

w
hich

are
predictive

for
alltasks



M
ulti-task

learning

�
Joint

m
atrix

of
predictorsW

=
(

w
1 ;:::;w

k )
2

R
p

�
k

�
Joint

variable
selection

(O
b

ozinskiet
al.,

2009)

{
P

enalize
by

the
sum

of
the

norm
s

of
row

s
of
W

(group
Lasso)

{
S

elect
variables

w
hich

are
predictive

for
alltasks

�
Joint

feature
selection

(P
ontilet

al.,
2007)

{
P

enalize
by

the
trace-norm

(see
later)

{
C

onstruct
linear

features
com

m
on

to
alltasks

�
T

heory:
allow

s
num

b
er

of
observations

w
hich

is
sublinear

in
the

num
b

er
of

tasks
(O

b
ozinskiet

al.,
2008;

Louniciet
al.,

2009
)

�
P

ractice:
m

ore
interpretable

m
o

dels,
slightly

im
proved

p
e

rform
ance



Low
-rank

m
atrix

factorizations
Trace

norm

�
G

iven
a

m
atrixM

2
R

n
�

p

{
R

ank
ofM

is
the

m
inim

um
sizem

of
all

factorizations
ofM

into
M

=
U

V
>

,
U

2
R

n
�

m
and

V
2

R
p

�
m

{
S

ingular
value

decom
p

osition:M
=

U
D

iag(s)V
>

w
hereU

and
V

have
orthonorm

alcolum
ns

ands
2

R
m+

are
singular

values

�
R

ank
ofM

equalto
the

num
b

er
of

non-zero
singular

values



Low
-rank

m
atrix

factorizations
Trace

norm

�
G

iven
a

m
atrixM

2
R

n
�

p

{
R

ank
ofM

is
the

m
inim

um
sizem

of
all

factorizations
ofM

into
M

=
U

V
>

,
U

2
R

n
�

m
and

V
2

R
p

�
m

{
S

ingular
value

decom
p

osition:M
=

U
D

iag(s)V
>

w
hereU

and
V

have
orthonorm

alcolum
ns

ands
2

R
m+

are
singular

values

�
R

ank
ofM

equalto
the

num
b

er
of

non-zero
singular

values

�
Trace-norm

(a.k.a.
nuclear

norm
)

=
sum

of
singular

values

�
C

onvex
function,leads

to
a

sem
i-de�nite

program
(F

azeleta
l.,2001)

�
F

irst
used

for
collab

orative
�ltering

(S
rebro

et
al.,

2005)



R
esults

for
the

trace
norm

�
R

ank
recovery

condition
(B

ach,
2008d)

{
T

he
H

essian
of

the
loss

around
the

asym
ptotic

solution
shoul
d

b
e

close
to

diagonal

�
S

u�cient
condition

for
exact

rank
m

inim
ization

(R
echt

et
al.,2009)

�
H

igh-dim
ensionalinference

for
noisy

m
atrix

com
pletion

(S
rebro

etal.,
2005;

C
and�es

and
P

lan,
2009a)

{
M

ay
recover

entire
m

atrix
from

slightly
m

ore
entries

than
th

e
m

inim
um

of
the

tw
o

dim
ensions

�
E

�cient
algorithm

s
:

{
F

irst-orderm
etho

ds
based

on
the

singularvalue
decom

p
osit

ion
(see,

e.g.,
M

azum
der

et
al.,

2009)
{

Low
-rank

form
ulations

(R
ennie

and
S

rebro,2005;
A

b
ernethy

etal.,
2009)



S
p

ectral
regularizations

�
E

xtensions
to

any
functions

of
singular

values

�
E

xtensions
tobilinear

form
s(A

b
ernethy

et
al.,

2009)

(x
;y

)
7!

�(
x

) >
B

	(
y

)

on
features�(

x
)

2
R

f
X

and
	(

y
)

2
R

f
Y,

and
B

2
R

f
X

�
f

Y

�
C

ollab
orative

�ltering
w

ith
attributes

�
R

epresenter
theorem

:
the

solution
m

ust
b

e
of

the
form

B
=

n
X

Xi=
1

n
Y

Xj=
1

�
ij 	(

x
i )�(

y
j ) >

�
O

nly
norm

s
invariantby

orthogonaltransform
s

(A
rgyriou

et
al.,2009)



S
parse

principal
com

p
onent

analysis

�
G

iven
data

m
atrixX

=
(

x
>1

;:::;x
>n

) >
2

R
n

�
p,

principalcom
p

onent
analysis

(P
C

A
)

m
ay

b
e

seen
from

tw
o

p
ersp

ectives:

{
A

nalysis
view

:
�nd

the
projection

v
2

R
p

of
m

axim
um

variance
(w

ith
de
ation

to
obtain

m
ore

com
p

onents)
{

S
ynthesis

view
:

�nd
the

basis
v

1 ;:::;v
k

such
thatallx

i
have

low
reconstruction

error
w

hen
decom

p
osed

on
this

basis

�
F

or
regular

P
C

A
,

the
tw

o
view

s
are

equivalent

�
S

parse
extensions

{
Interpretability

{
H

igh-dim
ensionalinference

{
T

w
o

view
s

are
di�erents



S
parse

principal
com

p
onent

analysis
A

nalysis
view

�
D

S
P

C
A

(d'A
sprem

ont
et

al.,
2007),

w
ithA

=
1n X

>
X

2
R

p
�

p

{
m

ax
k

v
k

2 =
1

;k
v

k
0 6

k
v

>
A

v
relaxed

into
m

ax
k

v
k

2 =
1

;k
v

k
1 6

k
1=

2 v
>

A
v

{
using

M
=

vv
>

,
itself

relaxed
into

m
ax

M
<

0;tr
M

=
1

; 1
>

jM
j16

k
tr

A
M



S
parse

principal
com

p
onent

analysis
A

nalysis
view

�
D

S
P

C
A

(d'A
sprem

ont
et

al.,
2007),

w
ithA

=
1n X

>
X

2
R

p
�

p

{
m

ax
k

v
k

2 =
1

; k
v

k
0 6

k
v

>
A

v
relaxed

into
m

ax
k

v
k

2 =
1

;k
v

k
1 6

k
1=

2 v
>

A
v

{
using

M
=

vv
>

,
itself

relaxed
into

m
ax

M
<

0;tr
M

=
1

; 1
>

jM
j16

k
tr

A
M

�
R

equires
de
ation

for
m

ultiple
com

p
onents

(M
ackey,

2009)

�
M

ore
re�ned

convex
relaxation

(d'A
sprem

ont
et

al.,
2008)

�
N

on
convex

analysis
(M

oghaddam
et

al.,
2006b)

�
A

pplications
b

eyond
interpretable

principalcom
p

onents

{
used

as
su�cient

conditions
for

high-dim
ensionalinferenc

e



S
parse

principal
com

p
onent

analysis
S

ynthesis
view

�
F

ind
v

1 ;:::;v
m

2
R

p
sparse

so
that

n
Xi=

1

m
in

u
2

R
m





 x
i �

mXj=
1

u
j v

j 





22
is

sm
all

�
E

quivalent
to

lo
ok

forU
2

R
n

�
m

and
V

2
R

p
�

m
such

thatV
is

sparse
andkX

�
U

V
>

k
2F

is
sm

all



S
parse

principal
com

p
onent

analysis
S

ynthesis
view

�
F

ind
v

1 ;:::;v
m

2
R

p
sparse

so
that

n
Xi=

1

m
in

u
2

R
m





 x
i �

mXj=
1

u
j v

j 





22
is

sm
all

�
E

quivalent
to

lo
ok

forU
2

R
n

�
m

and
V

2
R

p
�

m
such

thatV
is

sparse
andkX

�
U

V
>

k
2F

is
sm

all

�
S

parse
form

ulation
(W

itten
et

al.,
2009;

B
ach

et
al.,

2008)

{
P

enalize
colum

nsv
i

of
V

by
the

`
1 -norm

for
sparsity

{
P

enalize
colum

nsu
i

of
U

by
the

`
2 -norm

to
avoid

trivialsolutions

m
in

U
;V

kX
�

U
V

>
k

2F
+

�
mXi=

1

�
ku

i k
22

+
kv

i k
21 	



S
tructured

m
atrix

factorizations

m
in

U
;V

kX
�

U
V

>
k

2F
+

�
mXi=

1

�
ku

i k
2

+
kv

i k
2 	

�
P

enalizing
byku

i k
2

+
kv

i k
2

equivalent
to

constrainingku
i k

6
1

and
p

enalizing
bykv

i k
(B

ach
et

al.,
2008)

�
O

ptim
ization

by
alternating

m
inim

ization
(non-convex)

�
u

i
decom

p
osition

co
e�cients(or

\co
de"),

v
i

dictionary
elem

ents

�
S

parse
P

C
A

=
sparse

dictionary
(`

1 -norm
on

u
i )

�
D

ictionary
learning

=
sparse

decom
p

ositions
(`

1 -norm
on

v
i

)

{
O

lshausen
and

F
ield

(1997);
E

lad
and

A
haron

(2006);
R

aina
et

al.
(2007)



D
ictionary

learning
for

im
age

denoising

x
|{z}

m
easurem

ents =
x

|{z}
originalim

age +
"

|{z}
noise



D
ictionary

learning
for

im
age

denoising

�
S

olving
the

denoising
problem

(E
lad

and
A

haron,
2006)

{
E

xtract
alloverlapping8

�
8

patchesx
i

2
R

64.
{

F
orm

the
m

atrix
X

=
[x

1 ;:::;x
n ] >

2
R

n
�

64

{
S

olve
a

m
atrix

factorization
problem

:

m
in

U
;V

jjX
�

U
V

>
jj 2F

=
n

Xi=
1

jjx
i �

V
U

(i;:)jj 22

w
here

U
is

sparse,
and

V
is

the
dictionary

{
E

ach
patch

is
decom

p
osed

intoxi
=

V
U

(i;:)
{

A
verage

the
reconstructionV

U
(i;:)

ofeach
patchx

i to
reconstruct

a
full-sized

im
age

�
T

he
num

b
er

of
patchesn

is
large

(=
num

b
er

of
pixels)



O
nline

optim
ization

for
dictionary

learning

m
in

U
2

R
n

�
m

;V
2C

n
Xi=

1

jjx
i �

V
U

(i;:)jj 22
+

�
jjU

(i;:)jj1

C
M=

fV
2

R
p

�
m

s.t.
8j

=
1

;:::;m
;

jjV
(:;j)jj2

6
1g:

�
C

lassicaloptim
ization

alternates
b

etw
eenU

and
V

�
G

o
o

d
results,

but very
slow!



O
nline

optim
ization

for
dictionary

learning

m
in

U
2

R
n

�
m

;V
2C

n
Xi=

1

jjx
i �

V
U

(i;:)jj 22
+

�
jjU

(i;:)jj1

C
M=

fV
2

R
p

�
m

s.t.
8j

=
1

;:::;m
;

jjV
(:;j)jj2

6
1g:

�
C

lassicaloptim
ization

alternates
b

etw
eenU

and
V

.

�
G

o
o

d
results,

but very
slow!

�
O

nline
learning

(M
airal,

B
ach,

P
once,

and
S

apiro,
2009a)

can

{
handle

p
otentially

in�nite
datasets

{
adapt

to
dynam

ic
training

sets



D
enoising

result
(M

airal,
B

ach,
P

once,
S

apiro,
and

Z
isserm

an,
2009c)



D
enoising

result
(M

airal,
B

ach,
P

once,
S

apiro,
and

Z
isserm

an,
2009c)



W
hat

do
es

the
dictionary

V
lo

ok
like?



Inpainting
a

12-M
pixel

photograph



Inpainting
a

12-M
pixel

photograph



Inpainting
a

12-M
pixel

photograph



Inpainting
a

12-M
pixel

photograph



A
lternative

usages
of

dictionary
learning

�
U

ses
the

\co
de"U

as
representation

of
observations

for
subsequent

pro
cessing

(R
aina

et
al.,

2007;
Y

ang
et

al.,
2009)

�
A

dapt
dictionary

elem
ents

to
sp

eci�c
tasks

(M
airalet

al.,
2009b)

{
D

iscrim
inative

training
forw

eakly
sup

ervised
pixelclass

i�cation
(M

airal
et

al.,
2008)



S
parse

S
tructured

P
C

A
(Jenatton,

O
b

ozinski,
and

B
ach,

2009b)

�
Learning

sparse
and

structured
dictionary

elem
ents:

m
in

U
;V

kX
�

U
V

>
k

2F
+

�
mXi=

1

�
ku

i k
2

+
kv

i k
2 	

�
S

tructured
norm

on
the

dictionary
elem

ents

{
group

ed
p

enalty
w

ith
overlapping

groups
to

select
sp

eci�c
c

lasses
of

sparsity
patterns

{
use

prior
inform

ation
for

b
etter

reconstruction
and/or

added
robustness

�
E

�cient
learning

pro
cedures

through�-tricks
(closed

form
up

dates)



A
pplication

to
face

databases
(1/3)

raw
data

(unstructured)
N

M
F

�
N

M
F

obtains
partially

lo
calfeatures



A
pplication

to
face

databases
(2/3)

(unstructured)
sparse

P
C

A
S

tructured
sparse

P
C

A

�
E

nforce
selection

of convex
nonzero

patterns
)

robustness
to

o
cclusion



A
pplication

to
face

databases
(2/3)

(unstructured)
sparse

P
C

A
S

tructured
sparse

P
C

A

�
E

nforce
selection

of convex
nonzero

patterns
)

robustness
to

o
cclusion



A
pplication

to
face

databases
(3/3)

�
Q

uantitative
p

erform
ance

evaluation
on

classi�cation
tas
k

20
40
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80

100
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D
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raw
 data

P
C

A
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M
F

S
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C
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C
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S
S

P
C

A
shared-S

S
P

C
A



Topic
m

o
dels

and
m

atrix
factorization

�
Latent

D
irichlet

allo
cation

(B
leiet

al.,
2003)

{
F

or
a

do
cum

ent,
sam

ple�
2

R
k

from
a

D
irichlet(�

)
{

F
or

the
n

-th
w

ord
of

the
sam

e
do

cum
ent,

�
sam

ple
a

topicz
n

from
a

m
ultinom

ialw
ith

param
eter�

�
sam

ple
a

w
ordw

n
from

a
m

ultinom
ialw

ith
param

eter�
(z

n ;:)



Topic
m

o
dels

and
m

atrix
factorization

�
Latent

D
irichlet

allo
cation

(B
leiet

al.,
2003)

{
F

or
a

do
cum

ent,
sam

ple�
2

R
k

from
a

D
irichlet(�

)
{

F
or

the
n

-th
w

ord
of

the
sam

e
do

cum
ent,

�
sam

ple
a

topicz
n

from
a

m
ultinom

ialw
ith

param
eter�

�
sam

ple
a

w
ordw

n
from

a
m

ultinom
ialw

ith
param

eter�
(z

n ;:)

�
Interpretation

as
m

ultinom
ial

P
C

A
(B

untine
and

P
erttu,

2003)

{
M

arginalizing
over

topicz
n ,given

�,each
w

ordw
n

is
selected

from
a

m
ultinom

ialw
ith

param
eter P

kz
=

1
�

k �
(z;:)

=
�

>
�

{
R

ow
of�

=
dictionary

elem
ents,�

co
de

for
a

do
cum

ent



Topic
m

o
dels

and
m

atrix
factorization

�
T

w
o

di�erent
view

s
on

the
sam

e
problem

{
Interesting

parallels
to

b
e

m
ade

{
C

om
m

on
problem

s
to

b
e

solved

�
S

tructure
on

dictionary/decom
p

osition
co

e�cients
w

ith
adapted

priors,
e.g.,

nested
C

hinese
restaurant

pro
cesses

(B
leiet
al.,

2004)

�
O

therpriors
and

probabilistic
form

ulations
(G

ri�ths
and

Ghahram
ani,

2006;
S

alakhutdinov
and

M
nih,

2008;
A

rcham
b

eau
and

B
ach,

20
08)

�
Identi�ability

and
interpretation/evaluation

of
results

�
D

iscrim
inative

tasks
(B

lei
and

M
cA

uli�e,
2008;

Lacoste-Julien
et

al.,
2008;

M
airalet

al.,
2009b)

�
O

ptim
ization

and
lo

cal
m

inim
a



S
parsifying

linear
m

etho
ds

�
S

am
e

pattern
than

w
ith

kernelm
etho

ds

{
H

igh-dim
ensionalinference

rather
than

non-linearities

�
M

ain
di�erence:

in
generalno

unique
w

ay

�
S

parse
C

C
A

(S
rip

erum
budur

etal.,2009;H
ardo

on
and

S
haw

e-T
aylor,

2008;
A

rcham
b

eau
and

B
ach,

2008)

�
S

parse
LD

A
(M

oghaddam
et

al.,
2006a)

�
S

parse
...



S
parse

m
etho

ds
for

m
atrices

S
um

m
ary

�
S

tructured
m

atrix
factorization

has
m

any
applications

�
A

lgorithm
ic

issues

{
D

ealing
w

ith
large

datasets
{

D
ealing

w
ith

structured
sparsity

�
T

heoreticalissues

{
Identi�ability

of
structures,

dictionaries
or

co
des

{
O

ther
approaches

to
sparsity

and
structure

�
N

on-convex
optim

ization
versus

convex
optim

ization

{
C

onvexi�cation
through

unb
ounded

dictionary
size

(B
ach

et
al.,

2008;B
radley

and
B

agnell,2009)
-

few
p

erform
ance

im
provem

ents



S
parse

m
etho

ds
for

m
achine

learning
O

utline

�
Intro

duction
-

O
verview

�
S

parse
linear

estim
ation

w
ith

the
`

1 -norm

{
C

onvex
optim

ization
and

algorithm
s

{
T

heoreticalresults

�
S

tructured
sparse

m
etho

ds
on

vectors

{
G

roups
of

features
/

M
ultiple

kernellearning
{

E
xtensions

(hierarchicalor
overlapping

groups)

�
S

parse
m

etho
ds

on
m

atrices

{
M

ulti-task
learning

{
M

atrix
factorization

(low
-rank,

sparse
P

C
A

,
dictionary

learning)



Links
w

ith
com

pressed
sensing

(B
araniuk,

2007;
C

and�es
and

W
akin,

2008)

�
G

oal
of

com
pressed

sensing:
recover

a
signal

w
2

R
p

from
only

n
m

easurem
entsy

=
X

w
2

R
n

�
A

ssum
ptions:

the
signalisk-sparse,n

m
uch

sm
aller

thanp

�
A

lgorithm
:

m
in

w
2

R
pkw

k
1

such
thaty

=
X

w

�
S

u�cient
condition

on
X

and
(k;n;p)

for
p

erfect
recovery:

{
R

estricted
isom

etry
prop

erty
(all

sm
all

subm
atrices

of
X

>
X

m
ust

b
e

w
ell-conditioned)

{
S

uch
m

atrices
are

hard
to

com
e

up
w

ith
determ

inistically,
bu

t
random

ones
are

O
K

w
ithk

log
p

=
O

(n
)

�
R

andom
X

for
m

achine
learning?



W
hy

use
sparse

m
etho

ds?

�
S

parsity
as

a
proxy

to
interpretability

{
S

tructured
sparsity

�
S

parse
m

etho
ds

are
not

lim
ited

to
least-squares

regression

�
F

aster
training/testing

�
B

etter
predictive

p
erform

ance?

{
P

roblem
s

are
sparse

if
you

lo
ok

at
them

the
right

w
ay

{
P

roblem
s

are
sparse

if
you

m
ake

them
sparse



C
onclusion

-
Interesting

questions/issues

�
Im

plicit
vs.

explicit
features

{
C

an
w

e
algorithm

ically
achievelog

p
=

O
(n

)
w

ith
explicit

unstructured
features?

�
N

orm
design

{
W

hat
typ

e
of

b
ehavior

m
ay

b
e

obtained
w

ith
sparsity-inducin

g
norm

s?

�
O

ver�tting
convexity

{
D

o
w

e
actually

need
convexity

for
m

atrix
factorization

prob
lem

s?
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esearch
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ouncilproject
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S
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achine

learning

�
P

hD
p

ositions

�
1-year

and
2-year

p
ostdo

ctoralp
ositions

�
M

achine
learning

(theory
and

algorithm
s),

com
puter

vision
,

audio
pro

cessing,
signalpro

cessing

�
Lo

cated
in

dow
ntow

n
P

aris
(E

cole
N

orm
ale

S
up�erieure

-
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R
IA

)

�
http://w

w
w
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~ fbach/sierra/
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