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9. PROOF CHARTS

The ldea o f  p resent ing  program proofs  by  d iagrams was in t roduced by

Lampor t [77 ]  and la te r  deve lop .ed  by  Owiek i  &  Lampor t [82 ]  and

lv lanna & Pnue l i l82 ] .  However  because o f  a  number  o f  res t r i c t ions  (sueh as

imposs ib i l i t y  o f  mak ing  in f in i te  induc t ionsJ  the  method was no t

semant ica l l y  comple te .

Tb is  mot lva tes  -o [ r  genera l i za t ion  wh ieh  can be  ln t roduced by  the

se l f -exp lanatory  i

Eranple 9-1

The "d  la  Burs ta l l "  to ta l  cor rec tness  proo f  o f  p rogran 2-1  cons idered

at  paragraph 5 .2  can be  presented  as  fo lLows fwe wr i te  a t  L  as  a  shor thand

f o r  [ c - L ]  I  r

P r o o o s i t i o n  1  :

S t a r t  A  n 2 0 n  n = n

a t L o o p  n  n > 0 A n - n n  p = 1

?
lLanna 0
Y

L o o p  n  p = g n p = 2 !

I
F i n i s h  ^  p = f

a f

A I

Lemma 0 :

a t Loop n  n>0 n  n=n 4 Y Y

a t  Loop
I+

e ' f  I  n n n- "  L Y Y H

n  n > 0  A  n a A  p ?

A !>0 n 1=11-1 n p=2xp

a t Loop A  n = 0  A  n = n  A  p = p

l r * * "0 ,  o(n<n
+ -

at  Lqqp A n=0 n  p=p* /

n
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A  p r o o f  c h a r t  f o r  a  t r a n s i t i o n  s y s t e m  ( S , t J  w i l l  b e  f o r m a L i z e d  u s i n g

a  f i n i t e  s e t  o f  f i n i t e  w e l l - s t r u c t u r e d  s i n g l e - e n t r y  s i n g l e - e x i t  l a b e 1 1 e d

graphs .  We wr i te  1e-* ->  Io  to  denote  such a  graph w i th  a  uh ique en t ry

v e r t e x  l a b e l l e d  I E  a n d  a  u n i q u e  e x i t  v e r t e x  l a b e l l e d  I o '

The se t  o f  admiss ib le  g raphs  w i l l  be  de f ined by  a  g raph grammar .

Elementary graphs are of the form I  -------+J where T is the entry vertex,

i s  the  ex i t  ver tex  and there  is  a  s ing le  edge f rom ver tex  I  to  ver tex  J '

There  are  d l f fe ren t  types  o f  edges  (d rawn by  d i f fe ren t  a r rows)  some o f

w h i e h  c a n  b e  ] a b e l l e d  ( t h e  l a b e l  i s  t h e n  w r i t t e n  o n  t h e  c o r r e s p o n d i n g  a r c o w ) .

compos i te  g raphs  are  ob ta ined us ing  the  fo l low ing  graph compos i t ion

ooera t ions  I

. T f  r  >

T -- .*> J *.*> L denotes the graph such that the entry vertex K is ident i f  ied

wi th  the  ex i t  ver t " "  J ,  there  are  no  o ther  mix tu res  o f  the  ver t i ces  o f  the

or ig ina l  g raphs  and the  en t ry  ( respec t ive ly  ex i tJ  ver tex  o f  the  compos i te

g r a p h  i s  t h e  v e r t e x  l a b e l l e d  I  ( r e s p e c t i v e l y  L ) .

. I f  I  >

I  : : : :B  3  denotes  the  compos i te  g raph where  the  en t ry  I respeet ive ly  ex l t )

v e r t i c e s  o f  t h e  o r i g i n a l  g r a p h s  h a v e  b e e n  l d e n t i f i e d '

. I f  T  >

I -^ : - -eJ  i s  the  compos i te  g raph w i th  en t ry  ver tex  T  ident i f ied  w i th  K ,  w i th, . r y _ * ) l

t_;
ex i t  ver tex  J  and w i th  a  new arc  f rom ver tex  L  to  en t ry  ver tex  f .

W e  w r i t e  I ( s o , s , B , s J  ( r e s p e c t i v e l y  I ( s o , s , B . i , s J  a n d  I I s s , s , s )  t o

mean tha t  the  labe l  I  a t tached to  a  g raph ver tex  be longs  to

( s x S x S m x S + { t t , f f } J  w h e r e  m = n  I r e s p e c t i v e l y  m = n + 1 ,  f f i = O )  i s  t h e

e n c l o s i n g  l o o p s .  I n f o r m a l l y  s s  i s  t h e  v a L u e  o f  t h e  s t a t e  o n  p r o g r a m  e n t r y ,

s  [ r e s p e c t i v e l y  B r ]  i =  t h e  v a l u e  o f  t h e  s t a t e  c o r r e s p o n d i n g  t o  t h e  e n t r y  o f

t h e  g r a p h  I r e s p e c t i v e l y  t o  t h e  e n t r y  o f  t h e  i - t h  e n c l o s i n g  l o o p  i n  t h e

g r a p h J  a n d  s  i s  t h e  v a l u e  o f  t h e  c u m e n t  s t a t e .
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D E F I N I T I O N  S _ 2 (Proof charts)

A proof  ehar t  fo r  (S , tJ  i s  a  pa i r  (4 ,  F

s u c h  t h a t  [ 4 ,  F  ]  i s  a  f i n i t e  w e l l - f o u n d e d  s e t

a l l  .Q,eA ,  f  n€(s2  * tnJuJ  ,  Wf (WL,<n )  and G,  1s  a

r f i l ( s o , s , s J  >

J  (  so ,  s ,B ,  s  )  - - *>  L I  so ,  s ,3 ,  s  J  - - - ->  K I  so ,  s ,3 ,  s  J

K ( s 9 , s , 3 , s 1

) ,  { [ G u ,  ( f [ , I n l [ , < u  ) ) :  n e A ] l

[o f  g raph names)  and fo r

we l l - fo rmed char t

fo l low ing  graph grammar  :

J  ( s 9 , s , B , s )  - - - * >  K ( s o , s , B , s  J

J ( s o , s , 3 , s J  +  K ( s o , s , 3 , s J

when  Vs  0  ,  s  ,  s€S ,Be  Sn .  I  J  I  s  o  ,  s ,B ,  s  ] :>  [  ] s ' e  S  .  t  I  s ,  s '  J  n

V s ' e S .  ( t ( s , s '  J  : >  K I s 6 , s , B , s '  J J J  I

J I s o , s ,3, s ) l*v-{-'--* , K-( s 6 ; s ,3; s )

w h e n  . 0 f  l - . 1 ,  n  Y s 0 r s , s € S , 3 e S n . [ ; t s 0 , s , B , s ] : > t i l , A  ( s 0 , s , s J  n

vs '  ;  .  f i | ; , ,  (ss,s ,  s '  J  -> K(s6,s ,d]s '  l l l  l

J ( s o , s , B , r ;  @  K ( s o , s , B , s )

w h e n  Y s s , s , s e S , 3 e S n . I J ( s 6 , s , B , s J + ( f l [ = 0 , = )  < g  f U ( s 0 , s J  A

r f l f  s 0 , s , s )  n  Y s ' e S .  f  f [ 1 , 1 s 0 , s , s ' J = )  K ' [ s 0 , s , 3 , s ' ] l J l

J  I s 6 , s , ? , s ]  - - >  K ( s s , s , B , s  J

, n - " n  V = s , s , s € S , 3 . S n  J J ( s o , s , B , s J  : >  K ( s n , s , B , s )  J

w h e n  V s s , s , s € S , 3 e S n . f , J ( s o , B , 3 , s l  : >  
i ? r l l ( s o , s , 3 , s J  l

] f  e ^  .  t  o ' lu \ u u r ! t 4 t 4 )
/'

L I s e ,  s , 3 . 3 ,  s )
- + r y

, W ,  < J

w h e n  f e ( S 3  + W )  n  l f f ( W , <  J  n  Y s s , s , s , i e S , 3 e S n .  I

I  J  I s  o ,  s ,  3 ,  s  ] : > t K  ( s  o ,  s , 3 ,  s  J  v  L I  s  o ,  s , B .  s ,  s  J J  ]
l -

[ t " l  t s  0 ,  s , 3 . 3 ,  s  J : > (  [ t (  s  o ,  s ,  s  )  <  f  ( s  0 ,  s ,  3 )  n  L  ( s  o ,  s , 3 . s ,  s  J

v K ( s o , s , i , s J J  ] J
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(Observe  tha t  p roo f -char ts  a re  reduc ibLe graphs  whence couLd aLso be

f o r m a l i z e d  u s i n g  a  w e l l - s t r u c t u r e d  l o g i c a l  l a n g u a g e ) .

We can prove the  inev i tab l l i t y  o f  tp  fo r  (S , t ,0 )  by  showing tha t  !

( 1 4

t
J  T h e r e  e x i s t s  a  p r o o f  c h a r t  t f f l l s s , s , s )

.0e  [4 ,  l -  J  and ne  0  such tha t  . :

Y s g , s , s e S . ( I e n ( s o , s , s J  =  f s 0 = s n  Q ( s ) 1  n'tl f l n ( = o , s , s )  =  [ s o = s  A  U I s , s J ]  J
i l -

"A  La  F1oyd"  inev i tab i l i t y  p roo fs  can a lso  be  presented  us ing  proo f

char ts  as  shown by  the  fo l low ing  2

Eaunple 9-3 :

An "d  la  F1oyd"  to ta l  cor rec tness  proo f  o f  p rogram 2-1  can a lso  be

presented  as  fo l lows I

a t  S tar t  n  n>0 A n in

at  LooP A !>0 A n=P n p=' [

9<n<fr

l iZn>0 n P=

n>n20  A  P=

z!-n n ;';;

z!-n n n=fr-1a t  L o o p

at  Loop A n2n=0 A p=4

.  - : t l

a t  r l . n ] - sn  A  p= r

I

9 - 4

:> ttz)

(Sowtdness of' proof chayts )

, with ne(lt ->1v'd))

THEOREM
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Proof :

L e t  ( 4 ,  F  l , { t c n , ( f n , W n , { n J J , s e n } J  b e  a  p r o o f  c h a r t .  S i n c e  W f l w ^ , - < n )  w e
x, v- x, x, )L )L

can assume wi thout  loss  o f  genera l i t y  tha t  W 
Ue1r ,d  

and -<n  =< [o therw ise  we

c a n  u s e  r a n k - f u n c t l o n s J .  S i n c e  A  i s  f i n i t e  w e  c a n  a l s o  a s s u m e  t h a t  A e t l  a n d

F  = . .  S i n c e  e a c h  g r a p h  G n  i s  f i n i t e  w e  c a n  s u p p o s e  t h a t  i t s  v e r t i c e s  a r e

named by  e lements  o f  some f ln j - f , s  eo i  N l  l -ho  'on fs ;4  named j  be ing  labe l led" " " . . 1 , , v | | U w U r

1  0 t  1 t

b y  J ; e ( S x S x S ' ' J ' x S *  { t t , f F } )  w h e r e  e ( j )  i s  t h e  n u m b e r  o f  l o o p s  e n c l o s i n g

ver tJx  3 .  We le t  eg  and o [  be  the  respec t ive  names o f  the  un ique en t ry  and

e x i t  v e r t i c e s  o f  G U .

F o r  e a c h  l e A  w e  c o n s i d e r  t h e  s e t  T q .  o f  t u p l e s  ( i , s 0 , s , B , s >  s u e h  t h a t

. i e N - ,  s n , s , s e s ,  B e S e ( j l  - n o  - l i t =  +  :  '
-  y ,  g . - 0 , s , 5 , s )  h o l d s .  T h e  b i n a r y  r e l a t i o n  < < U

o n  T U  i s  d e f i n e d  
? . U  

a i ' , s ' 6 , C , 8 , s ' )  < < l  ( j , s 6 , s , B , s >  i f  a n d  o n l y  i f

e i t h e r  . l j  - - > . : j '  A  s ' 0  = s 0  A  s ' = s n } , = 3 n  t ( s , s ' Jv, v,

J i  ^^  - - .q- - - - - - *JJ A s 'e  =so  ̂  s ,19n?=3  ̂  Jo9:9:  (ss,s ,s ,J

J i  @ J i '  A s 'o  =so  ̂  s ' ig  n ? =3 n ,ouu[so,  s ,  s '  J

o r

o r

or tt.rN :=> ;N'tvf-r/o+> t/ ' fvf. l/ >----- 'e-+ .lf l l)n =,0=so ^g:gn B'=f A 5,=g

or . tN o:> . ] f ,  A s 'o =so n s l ie n ? =B.s A s '=s

or else ;N t--------te=+>-l/' n s'o=s' A s'=s n B=|'.s A s'=s

A s s u m e  t h a t  < < j k , s 0 k , s k , 3 k , = k > :  k > 0 >  i s  a n  i n f i n i t e  d e c r e a s i n g  s e q u e n c e

f o r  < < g .  I t  f o l l o w s  t h a t  < j p : k > 0 >  i s  a n  i n f i n i t e  p a t h  i n  t h e  f i n i t e  g r a p h

Gg, ,  hence a  cyc le .  There fore  there  is  some ver tex  j  o f  GU [o f  type

. } /  > - - - * o J  s u c h  t h a t  t h e  s e q u e n c e  ( ( j , s 0 i k , g i k , A i k , B i t  . 3 i k , = i k t :  k > 0 >

o f  e l e m e n t s  o f  < < j ; 1 , s 0 6 , s g , B k , s k ) : k ) 0 >  s u c h  t h a t  j g = j  i s  i n f i n i t e .  T h i s  1 s

i n  c o n t r a d i c t i o n  w i t h  V k > 0 . f ( s o i * , g l k , = i k )  f I s o 1 a , s 1 k , g i k J ,  f e I S 3  + h / ]  a n d

Wf tW,-<  ) .  By  reduc t io  ad  absurdum,  we have Wf(T  L ,<< i l ,

W e  c h o o s e  I ,  e 2 U ( s o , = l = J i l ( s o , s , s J ,  0 z U ( s 6 , s , s ) = J o L L t s s , s , s ) ,
* r  o . , .1 , 2  =  S u p '  { r , k M  U ,  ) :  l , e A }  ,  f  ,  L ( : q : r  ) = r ' k ( . W  r , -  L ) l  f  U ( s o , s  ) ) �  n L = y k ( T g , < < [  J  + 1 ,

T t 2 = ' r ,  I r l ( = 0 ,  s , s J  =  E j e  r u u , B . S " t J '  . , r i [ = 0 , s , 8 , s  J  n  i = r k I  r  L , . .  L  X < j ,  s 6 , s , B , s > ; J J , l

w h e n  I - < n u  a n d  T 2 l n , = o , s , s l  = J \ L ( s 6 , s , s ) .

I
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( S emarttic eompl etene s s of ptoof eharts)

n a n  h e  n n e q e n t e d  h v  t h c  n r n n f  n h a r t

i s  t h e  f o l l o w i n g  c h a r t  !

A  p r o o f  b y  { 2 )

where  each GU,  9"e l t

( G l ,  I f [  , 0 r d , < J J ,  . Q , e  A

e g ( s 6 , s l  A  s = g

I " ' l (  o , s , s J
L -

.  1 .  - i - .
t J l € n 0 . I I t s 0

n - i 0 U I s g r s r s

, s , s J  n V k e n ' .

J  n  s = d )

,  s ,  s  J=+k< i  ]I-T

.ll,

I r "o

[ ] i e  n ^ . I ; I s o , s , s )
L L

n  s = 3  A  f s ' < S . t [ s , s

l j . i . r [ t s o , s , s ' J ] J

n  V k e n " .  t I [ [ s o , s , s  ] = + k < i
)L X,

J  n  V s ' e S .  [ t  I  s ,  s '  J = ,

t J i e n u . t i [ = 0 , = , =
n  s= i  ̂  l r j  <9 .  [ e  ̂ .. x :
l j . i . r l t s e , s , s ' ) J

L _

k

J  n V k e n . . [ I ^ ' I s s , s
L L

I s s , s J n  V s ' e S . [ 0 ^ ,- v '

l )

, s J=>k<i -l

I s o , s , s t J *

(

V
o l

G i , j e n n .  i < i n  T j ( s s , s ,
L _

m i n { j e n u  :  r N  t  s  0  r  s  r  s  I  }  <  m l n { l . n u  t  r t u f  =  s ,  s ,  3 )  }

0 ^ ( s 6 , s , s J
x , *

I
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PROVING INEVITABILITY PROPERTIES OF PARALLEL PROGRAMS

Since para11e1 programs can be  represented  by  non-determin is t i c

t rans i t ions  sys tems,  p roo f  char ts  can a lso  be  app l ied  to  inev i tab i l i t y

proo fs  o f  para11e1 programs,

EuanpLe g-6 : (TotaL eorreetness of a parallel progran)

We cons ider  an  asynchronous para l le l  vers ion  o f  p rogram 2-1  to

compute  2n  when n>0 :

N 1  :  = 0 ;  N 2  :  = N ;

I
+  4 . r .'  '  

:  p 1 t = 1
4 ? .

i f  N 1  + 1  <  N 2  t h e n
13 :  

T '1  :  =N1 - * " ,  z=2xp1 i
4  4 . .

N 1 : = T 1 ;
4 t r .' J  '  go to  12 ;

1 6 :

t l
t l

P 2 z = 1  :

i f  N 1  + 1  <  N 2  t h e n

f 2 : = N 2 - 1 i  P 2 t = 2 x P 7 i

N 2  :  - T 2 ;

soto 22:
t l i

2 6 2
ll .
I t

P := i -F N 1 + 1 = N 2  t h e n  2 x F 1 x P 2  e l s e  P 1 x P 2  f i ;

l , r le  wr i te  a t  j  [ respec t ive ly  a t  l j ]  to  s tand fo r  c= j  [ c1= j ]  where  c

Ic i )  i s  the  program loca t ion  eounter  [o f  p rocess  i  when cont ro l  i s  in  the

p a r a l 1 e 1  c o m m a n d J .  h l e  w r i t e  i n E  f o r  v { a t  , Q , :  . Q , e E ] ,  t P : > Q l R l  i s  t h e

a b b r e v i a t i o n  o f  ( ( e n  q 1 v f t P n  R J J  w h e r e a s  i f  P  h o L d s  t h e n  [ P + a l b J  d e n o t e s

v a l u e  a  e l s e  v a l u e  b .  T n  p a r t i c u l a r  m i n [ a , b ]  =  ( a < b + a l b l .

P P
I
I+

w i l l  b e  s h o r t e n e d  t o  (  R

Q R

4 .

2 .

2 1 :

2 2 2

23:

1 4 .

2 t r , .

? .

& ,
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I n  t h e  t o t a l  c o r r e e t n e s s  p r o o f  c h a r t  P : [ a t 1  A n o 2 0  >

we d is t ingu ish  two cases  :

.  T h e  c a s e  n 6 ( 1  i s  h a n d l e d  b y  l e m m a  Z } z ( a t 1  n  0 < n 6 < 1  >

lemma can be  proved by  hand-s i rnu la t ion  and the  cor respond ing  char t  i s  le f t

to  the  reader .

.  T h e  m a i n  c a s e  n 6 > 1  i s  h a n d l e d  b y  l e m m a  L : [ A t l o o p n n l = { n n 2 = f l r r n 1 + 1 < E

n I n v  >

A t l o o p  s t a n d s  f o r  ( l a t 1 2  n  i n { z t  ,  - . , 2 5 } 1 v t i n { 1  1 , . . . , 1 5 }  n  a t 2 2 l l  a n d  f n v  i s  t h e

fo l low ing  invar ian t  :

f n v  =  t ( a t 1 1 : >  n ' l = 0 1 p 1  = 2 n 1 x t a t 1 4  + 2 1 L ) l n ( a t 1  4 : > t 1 = n 1 + 1 )

n(a t21 :>  n2=n0 |p2=2no 
-n2x ta t }4  

+Z|  j JJn  (a t24 :> , tT=n2-1) )

The proo f  char t  P  is  the  fo lLowing  :

P

a t 1  A  n o ) 0

a t 1  n  0 < n 6 < 1
F

^ + 4

at2

n  n s > 1
I

I
A n'1 =0

I
I

Y

A  n 2 = n o > 1

a t 1 ' l  n  a t 2 1  x  n 1 = 0  n  n 2 = n o > 1

a t 1 2  n a t21  n  n1=g
h ? * n o  > 1

*
I
l L
t
at26  n  0<n1 <n2<m

a t 1 1  n a t22  A n1=O
n 2 * n o  > 1

ZO

a t 1 6  n i n I n 1 + 1 , n 0 ] P2=2no-n2

I
at3  A 0<n13n2<min(n1 '+1 ,n0  J  A  p1=Zn1 n  p2=2no-n2

I
I

Y

at4 n p=zno



- 5 1  -

The proo f  o f  lemma L  is  by  induc t ion  on  n2-n1 wh ich  is  s t r i c t l y

decreased a f te r  one i te ra t ion  ln  the  loop o f  one o f  the  two processes .  Th is

i t e r a t i o n  i s  d e s c r i b e d  b y  l e m m a  I : ( A t l o o p n n l = n 1  r , , n Z = f l n 4 * t . n Z A l p v  - - - - 2

A t l o o p  n  0 < n 2 - n 1 . n 2 - ! ! A  n 1 < n 1  A  n 2 < n 2  A  n 1 + 1 < n 2  n  I n v  A  I n 1 = n 2  : >  a t 1 5  v  a t 2 5 ] 1 .

When execut ion  is  about  to  leave the  loops  we have n13n2<n1+1.  The case

n 1 = n 2  i s  h a n d l e d  b y  l e m m a  E : ( i n { 1 2 , 1 5 , 1 A } n i n { 2 2 , 2 5 , 2 6 } n n 1 = n 1 _ n p 1 = p 1  A n 2 = n 2

^  p2-pZA n1+12n2 dd^^> a t16  n  a t26  n  n1=n1^  p1=! .1  r t  n2=9np2=p2) .  The proo f  i s

t r i v ia l  by  hand-s imu la t ion  and the  cor respond ing  char t  i s  le f t  to  the

r e a d e r .  T h e  c a s e  n 2 = n 1  + 1  i s  h a n d l e d  b y  l e m m a  B :  [ A t l o o p  n  n 1  = n l  A  n 1  + 1  = n 2 = 9

n f n v  >

proof  char t  L  i s  the  fo l low ins  :

a t16  n  a t26  n  n1Sn1<n23min In l  +1  ,n2)  n  p1=2n1 A p2=2n0-n2

There  is  no  d l f f i cu l ty  about  the  proo fs  o f  lemmas I  and B wh ich  can

e n t i r e l y  b e  d o n e  b y  h a n d  s i m u l a t i o n .

W e  l e t  T n v '  b e  T n v n  n 1 + 1 < n 2  i n  t h e  p r o o f  c h a r t  f  :

L

At loop n  n1  =n1 A n2=n2 n  I1* t  <M n  fnv

I

A t l o o p  n  0 < n 2 - n l  < n 2 - n 1  A  n 1 < n 1  x  n 2 < n 2
n I  n1  =n2 : )  a t1  5  v  a t25  ) -^  Inv

L t a t 2 2  n  a t 2 5 J v ( a t 1 5  n  a t 1 2 J  l
A  n 1 < n 1  = n 2 < n 2  n  I n v

A t l o o p  ̂  n 1 < n 1  n
n 1  + 1 = n 2 < E  A  T n v

0<n2-n '1  <n2 -n1  ̂ n1<n1
n n2<n2nTtT6op-l-
n1+1<n2  A  Inv
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At l ooP , r  n ' l - n1  n  n2=n2  A  I nv '

a t 1 2 A a t 2 5 ^ I n v '
^  n 1 . n 1  a n Z - E

a t l 2 A a t 2 1  ^ I n v '
A  n 1 . n ' 1  A n 2 - n 2

a t 1 3  ̂  a t 2 1  ̂  I n v '
n n1.n1 An2-n2

a t 1 4 n a t 2 1 n f n v '
^  n1=n1^  n2 lnz

a t 1 2 ^ a t 2 2 ^ I n v '
, r  n1 .n1  A  n2 ,n2

at11  A a l22  AInv l

n  n1-n ' l  r tn? .n2

a t 1 1 ^ a t 2 3 ^ I n v '
' r  n1=n'1 I  n2.M

a t 1 1  ̂ a t 2 4 ^ I n v '
l  n1 ' n ' 1  an2 .n2

€ t 1 5 ^ 4 t 2 2 ^ I n v '
A n1'n1 A nz 'n2

a t 1 5  ̂  a t 2 3  ̂  I n v '
n n ' lon1  t t  n2=n2

a t l 5 ^ a t 2 4 ^ I n v '
a  n 1 . n 1  n n 2 - n 2

d t 1 5 ^ a t 2 5 A f n v '
, r  n1 .n1  n  n2 -n2 -1

a t 1 3 ^ a t 2 5 ^ I n v '
A  n1 ' n1  An2 -n2

a t 1 4  ̂  a t 2 5  ̂
A  n 1 r n 1  A  n 2 s n 2

a t ' l  5 ^ a t 2 5 ^ I n v '
A  n l E n l + 1  ̂  n z - n z

t ' l 3 ^ a t 2 2 ^ I n v '
A  n ' 18n1  A  n2 -nz

a t 1 4 A a t 2 3 ^ I n v

a t 1 2 ^ a t 2 3 ^ I n v
A n1.n ' l  An2.n2

A  n 1 = n 1  A  n 2 ' n 2

A  n 1 = n 1  A n 2 - n 2 - 1

n  n 1 . n 1  t , n 2 = n 2

a t 1 5 ^ a t 2 1 A I n v '
A  n1cn l+1  An2=n2

a t 1 1  A  a t 2 5  ̂  I n v '
A  n 1 = n l  A  n 2 . n 2 - 1

a t 1 2 ^ a t 2 5 ^ I n v
A  n1=n '1  +1  A  n2 -n2

a t 1 2 A a t 2 1 ^ I n v
A  n1 .n ' 1+1  a  n2 .n2

a t 1 5 ^ a t 2 2 ^ r n v '
a  n 1 . n 1  ̂ n 2 e n 2 - 1

a t 1 4  ̂  a t 2 2  ̂ T n v '
n  n1=n l  An2=n2

a t 1 3 ^ a t 2 3 ^ I n v '
A  n1=n1  nn2 -n2

at 12  ̂  at24 ^ Tnv '

a  n1=n1  An2=nz

3 A a t 2 4 ^ I n v

a t 1 l A a t 2 2 A I n v '
r  n1 .n1  An2an2 -1

a t 1 5  ̂  a t 2 2  ̂  I n v '
A  n 1 . n 1 + 1  ̂ n 2 . n 2

a t ' 1 2 ^ a t 2 3 ^ I n v '
A  n1=n1+1  An2=n2

2  ̂  a t 25  A  I nv '
a  n 1 - n l  t r n 2 - n 2 - 1

a t l 4 a a t 2 4 n I n v '
^  n1 .n1  An2=n2

a t 1 3 A a t 2 5 ^ I n v '
A  n l=n l  An2 .n2 -1

, r  n 1 - n l  ̂ n 2 = n 2 - 1

a t 1 2 ^ a t 2 4 ^ T n v '
A  n1=n '1  +1  A  n2=n2

a t 1 5 ^ a t 2 5 ^ I n v '
A  n  1 : n 1  + 1  n  n 2 - n 2 - 1

,,,\
t / \

a t 1 4 ^ a t 2 2 ^ T n v '
^ n1egl^ n2=n2-1

a t12  n  a t25  ' r  I nv  '

A n ' f  : ;1 ' f  + l  A n2=n2-1
a t l  5 ^ a t 2 2 ^ I n v '

^  n 1 = n 1 + 1  ^  n 2 = n 2 + 1

a t 1 5 ^ a t 2 3 ^ I n v '
^  n ' l  =n1+ ' l  ̂ n2=n2

,\
, / \

" / \
a t 1 5  a  a t 2 4  n  I n v l
' r  n1=n1+1  A  n2 .n2-,,,\

, / \
',/ \

At l ooD  ̂  O3n2 -n1<n2 -n1  ^  n1<n1  ̂  n2<n2  ̂ ( n1=n2 :>  [ a t15  v  a t25JJ  ̂  Jnv '
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6 ^ I n v A
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