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Generalized Hoare logic (GHL) is a formal logical system for proving invariance
properties of programs. It was first introduced by Lamport to reason about simple
concurrent programs with shared variables. It was generalized by Lamport and
Schneider who noticed that the inference rules for each language construct
(enabling invariance properties of statements to be derived from invariance
properties of their components) can be viewed as special cases of simple logical
meta-rules. We give a rigorous definition of GHL, based upon an abstract formal-
ization of the syntax and semantics of programs so as to provide an interpretation
for formulas of GHL which is independent of the specific instructions of the
programming language used. We prove that the proof system of GHL is sound and
relatively complete under hypotheses, which we formulate independently of any
programming language; these are simple conditions which relate the axiom
schemata for atomic actions and the axiom schemata, which define the control flow
semantics, to the semantics of programs. € 1989 Academic Press, Inc.

1. INTRODUCTION

Lamport (1980) introduced the “Hoare Logic” of concurrent programs.
We understand it as a Hoare-style logical system which essentially for-
malizes Ashcroft’s (1975) method for proving invariance properties of
parallel processes with shared variables (Ashcroft’s method was originally
introduced in the style of Floyd (1967)). Moreover, Lamport introduced
predicates for reasoning about program locations (replacing Ashcroft’s
(1975) explicit use of program location counters).

The logic was generalized by Lamport and Schneider (1984) who noticed
that the inference rules for non-atomic language constructs (which enable
invariance properties of statements to be derived from invariance proper-
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ties of their components) can be viewed as special cases of simple logical
meta-rules that apply to all programming constructs. This, in particular,
provides a uniform way to compare a variety of invariance proof methods
which were designed for different programming constructs.

We propose a formalization of the syntax and semantics of programs
(Section 2) which is abstract enough so as to allow a rigorous definition of
GHL (Section 3) and its interpretation (Section 4) in a language indepen-
dent way. We prove that the proof system of GHL is sound (Section 5) and
relatively complete (Section 6) under conditions on the semantics of
programs and axiom schemata for atomic actions and definition of the con-
trol flow semantics which we formulate independently of any particular
programming language.

2. PROGRAMMING LANGUAGES

2.1. Abstract Syntax

A programming language P is a non-empty set of programs. A program is
made up of declarations (which we ignore but for the fact that for some
programming languages they are used to define the set of states of the
program and the meaning of the program variables with respect to these
states) and an executable program fragment ITe P< L.

A program fragment ne L consists of a non-empty finite set y[n] of
smaller program fragments or else is an atomic action (in which case
y[n] = &). Hence a program fragment can be understood as a tree with
program subfragments as nodes and atomic actions as leaves.

The set of subfragments that make up program fragment n is denoted
y*[n]. More precisely, the subfragments of a program fragment = are n
itself as well as the subfragments of all the fragments n'ey[n] of n. In
particular, the only subfragment of an atomic action is that atomic action
itself.

The set of atomic actions that make up program fragment = is denoted
afn].

For example, the structure of program n={(x:=1; y:=2)|(x:=2
y :=1) can be depicted by the tree

(x:=Ly:=2)|(x:=2;y:=1)



ON THE SOUNDNESS AND COMPLETENESS OF GHL 167

so that,

yrl={(x:=1y:=2), (x:=2;y:=1)}
x:=Ly=2)={x=1y:=
y[x —2y—1)]]—{x =2;y:=1}
ylx =1]=yly:=2]=y[x:=2]=y[y =1]=0

Pl ={m (x:=Ly:=2),(x:=2y:=1), x:=1, y:=2, x:=2,

y=1}
afn] ={x:=1,y:=2 x:=2,y:=1}.

[

(The program structure is usually described more precisely using
abstract operations (such as ; or |) between programming constructs. This
is not necessary since we are only interested in the set of subfragments of a
program fragment.)

More formally, we make the following

HYPOTHESES. (1) Let L be a non-empty set (of program fragments).
(2) Let P< L be a non-empty set (of programs).

(3) Let Y be a non-empty set {of types or sorts} and V, be a set (of
program variables) such that Y, V, and L are disjoint. Let Ae(V,—T) be
a type assignment (assigning a type A(v) to each program variable ve V).

(4) Let ye (L —2"%) be such that:

(a) Vmel,vy[n] is finite,

(b) There is no infinite chain ny, Ty, .., T;, ... in L such that for all
i20, m; eyln],

(c) If there are chains n,, ..., 7, and ng, ..., n, in L such that for all
0<i<m, n,, ey[n,], for all 0<i<n, n;,,ey[n]], mo=ms,
and n,, =7, then m=n and for all ie [, n], n,=m,.

(y[=] is the set of immediate components of program fragment ne L. This
set is finite (a). No program fragment can be indefinitely decomposed
into smaller fragments (b). Subfragments of a program fragment are all

different {(c).)

DErFINITIONS.  (5) y*e(L-> (2*— ). y*=in-{x'|3In,, ., n,€ L.
(m=mn)AMiel[l,n[ -n,, eyln]) A (n,=7")}. (y*[x] is the set of all
subfragments composing program fragment ne L.)

(6) ae(L->(2"—@)), a=Ain-{aey*[n]|yla]l =F}. (a[n] is the

set of all atomic actions composing program fragment e L.)
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2.2. Operational Semantics

Programs can be viewed as defining a rransition relation on states (see
(7) and (8) below).

More precisely, execution of a program 7 e P is started from some initial
state s,€ S[II] and goes on from one state s, S[/T] to another state
s;+1€SUI] by execution of an atomic action aea[IT]. Execution never
terminates or stops when reaching a state with no possible successor.

Execution of an atomic action aea[l]] always terminates and is
indivisible (so that it cannot pass through any visible intermediate states).
Hence a program step t[IT](s;, s,,,) can be understood as a transition
tla](s;, s;,,) between states corresponding to indivisible execution of
atomic action “a” of I, (9).

The states s; include control information to determine which atomic
action (or which actions for non-deterministic programs) can occur next.
Following Lamport (1980), we write at[n] when control resides at an entry
point of program fragment ney*[/I]; in[n] when control resides
somewhere in 7, including at its entry points and after[z] when control
resides at a point immediately foliowing 7, but not in[n]. Notice that the
starting points of  are considered to be in © but the points at which = may
terminate have to be considered to be outside, but not independent, of =
(10), (12), (13), (14}, (15).

The meaning (hence, in particular, the states) of a program fragment =’
cannot be understood independently of its context. More precisely, if
program fragment 7" is part of a larger fragment = then all states of n for
which control resides in or after =’ are states relevant to n’ (16).

If = is an atomic action, so that there are no places in n at which control
can reside except at its starting point (11), the execution of n is possible
only when control is at[zx]. When execution of an atomic action =
terminates, control is after[=n], (17).

When discussing Hoare-style logics, program variables are usually easy
to interpret since states are functions assigning to each variable a value
from some domain (Apt, 1981). We do not adopt this naive point of view
which, for example, is not powerful enough to describe precisely the
execution stack in Pascal. On the contrary, we will understand a program
variable as a function which given a program state returns the value of the
variable in that state. This value may be undefined and special constants
may be used to denote the undefined value of uninitialized variables.
Moreover, since states have a control component, the meaning of a
program variable may be different at different program places so that scope
1ssues can be taken into account (18}, (19).

This intuitive understanding of the operational semantics of programs is
made precise by the following:
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HYPOTHESES. For all I1€ P, an operational semantics is a tuple (S, t, at,
in, after, v) such that for all ney*[II], aea[n] we have

(7) Slx] is a non-empty set (of program states relevant to fragment n
of program II).

(8) t[n] e ((S[r] x S[=])— {t, ff}) (the transition relation for r, i.e.,
a function from pairs of states to truth values (tt is true and ff is false)
describing execution of an elementary step of n).

(9) t[n] =V ,carng tal (it is assumed that execution of an elementary
step of program fragment T corresponds to execution of one of the con-
stituent atomic actions of w).

(10) at[z], in[=n], after[n]e(S[n]— {1, ff}) (are functions from
states to truth values which respectively characterize those program states for
which control resides at, in, and after program fragment n).

(11) at[a] =in[a] (the only control points inside an atomic action are
its entry points).

(12) at[n] =in[n] (the starting points of n are considered to be
inside ).

(13) if n'ey*[n] then in[n'] = in[x] (if control resides somewhere in
a subfragment nt" of program fragment n then control also resides in ).

(14} after (=] = in{n] (the points at which program fragment =
terminates are considered to be outside m).

(15) if n'ey*[n] then after[n’]= (in[n] v after[n]) (if control
resides after a subfragment n' of program fragment n then control resides in
7 or after ).

(16) Vn'ey*[n]. S[n']= {seS[al|in][n'](s) v after[n'](s)} (ir is
assumed that the program states relevant to subfragment n' of program
Jragment © are those states of n for which control resides in or after n').

(17) Vs, s'e S[a]. t[a](s, s')=> (at[a](s) A after[a](s')) (it is possible
to execute an atomic action “a” only if control resides at an entry point of
“a.” Moreover, after execution of “a,” control must reside after “a,” that is,
at one of the exit points of “a”).

(18) For every sort s in Y,v(s) is a non-empty set (of values of
program variables of type s).

(19) For every program variable xeV, of type A(x),v[x] is a
Sfunction S[IT] - v(4(x)).

(The meaning of variable x in state s is v{x](s)).

From these hypotheses we derive the following theorem which will be
very useful later on:
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THEOREM. (20) Vs, 5" € S[n]. t[xn](s, s') = [in[xn](s) A (n[a](s’) v
after[n](s'))]. (Execution of an elementary program step inside 7z is only
possible when control resides in n. Afterwards, control remains in n or
resides at a point immediately {ollowing =.)

Proof. i[%](s,s')="" (3aealn], t[al(s,s))=""" 3aca[n], at[a](s)
A afterfa](s’)) =""Jaeafn], infa](s) A after [[a]l(s’)) =© (Jaey*[n],
in[a](s) A after[a](s')) ="'* " in[n](s) A (in [z](s) v after[z](s'))). 1

3. THE Locic GHL

3.1. The Language of GHL

As usual for Hoare-style program logics (Apt, 1981, 1982) the formulas
of GHL include assertions (or predicates on the values of the program
variables and program locations) and asserted programs of the form
{P} n{Q} having the following interpretation (which differs from Hoare’s
P{n} Q): if execution is begun anywhere in n with the assertion P true,
then executing = will leave P true while control resides inside n and will
make @ true if and when S terminates.

3.1.1. Assertions

Let 4 be a (maybe infinitary) many-sorted first-order logic, (Feferman,
1974).

More precisely, we consider a collection of symbols falling into the
following disjoint classes:

(21) A non-empty set, the elements of which are called sorts, which
contains b (the sort of truth values), I (the sorts of program variables).

(22) A set of finitary sorted relation symbols (each relation symbol r
is equipped with some sort r:s; x --- xs,,—b). In particular, true, false,
and for all ITe P, ney*([xn], at[n], in[n] and after[n] are 0-ary symbols of
sort —b.

(23) A set of finitary sorted function symbols (each function symbol f
is equipped with some sort s, x -« xs,,—s), 0-ary function symbols are
called individual constants.

(24) A set V/ of free variables which is partitioned into a set V) of
logical free variables (which may appear in proofs but not in programs)
and a set ¥, <V, of program free variables (which may appear both in
proofs and programs) The sort of free variable x e V¥ is 4(x).

(25) A set V” of bound variables partitioned into V¢ and Vo< V,,.
The sort of bound variable xe ¥* is 4(x).
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(26) The symbols = for identity, v (maybe infinitary) for dis-
junctions, A (maybe infinitary) for conjonction, 1 for negation, = for
implication, 3 existential quantifier, ¥V universal quantifier.

In order to define the class of assertions we introduce as usual:

(27) The class of terms of sort s is the least class containing the free
variables and individual constants of sort s and the expressions of the form
f(ty, .., t,), where n=#f>0, f:s;x --- xs,—s, and the ¢, are terms of
sort s,.

(28) The atomic assertions are expressions of the form r(zy, .., t,),
where the ¢, are terms of sort s, ris; x --- xs, = b, and n= #r, or of the
form ¢, =t,, where ¢, and ¢, have the same sort.

We take for granted the notion of substitution: ¢(w/x) denotes the result
of substituting w for x at each occurrence of the free variable x in ¢.

(29) The class of assertions is the least class 4 such that:

¢ A contains all atomic assertions,

* Acontains P, P=Q, P=Q, v 0, A6 whenever P, Qe 4 and
6 < A 1s a set with altogether finitely many free variables occur-
ring in the formulas in 6,

e A contains 3w - P(w/x) and Vw - P(w/x) whenever x is a variable
actually occurring as a free variable in Pe 4, w is a bound
variable not occurring in P and x and w have the same sort
A(x)=A(w).

In the following we will usually suppress our distinction between free and
bound variables so that we refer to 3x.4, x being a free variable in ¢, mean-
ing Iw.g(w/x). (However, the distinction between logical and program
variables is essential since they have different interpretations.)

3.1.2. Asserted Programs

Formulas of GHL are either assertions of 4 or are asserted programs of
the form {P}n{Q}, where P, Q are assertions and = is a program
fragment;

(30) F={{P}n{Q}|P,QeA, ATeP. ney*[IT]}.

3.2, The Formal System of GHL

The basic proof system of GHL consists of a formal system 7 concerning
assertions of 4 (31) and a formal system H concerning asserted programs
of F.

7 must contain axiom schemata specifying the control flow semantics of
program fragments. In Lamport (1980), examples of such axiom schemata
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are given which specify the relation between the predicates loc[n] (where
loc[n] denotes any one of the predicates at[z], in[xn], and after[n] ) for the
entire program fragment n and predicates loc[n'] for its component sub-
fragments n’ € y*[n]. An extension to language independent general axiom
schemata would be very useful, but we have found no sound and complete
one. (For example, one can attempt to reduce control predicates to more
elementary control predicates upon control locations of atomic actions.
Then a general axiom schema of the form in[z] =\/,. .., at[n] would be
correct for sequential programs but does not work for concurrent programs
with muitiple program counters). Therefore we have to assume that GHL
includes for each non-atomic program fragment, a specification of its
loc predicates, which serve to define its control flow semantics
(32), (33), (34).

In the same way, it is hopeless to look for a language independent
specification of the effect of atomic actions in H. One can only make very
general hypotheses upon the form of such specifications, (37).

Apart from these language dependent axiom schemata, GHL can be
defined by simple language independent meta-rules (35), (36), (38),..., (43).

3.2.1. The Formal System 1 for Assertions of A

(31) 7 is an Hilbert-style formal system for assertions of 4 augmen-
ted with the following axiom schemata (specifying the control flow
semantics of program fragments):

(32) For all He P, acu[M],
at[a] = in[al.
For all Te P, ne (y*[1] —o[M]),
at[n] = AT[n](loc[n'] |7 e y[n] v mey[n']) A in[x].
(33) For all ITe P, aealH],

nfa]l = A\ in[n].

aey*[=]

For all Te P, ne (y*[IT] —a[IT]),

in[n] = IN[n](loc[n'l|n e y[n] v mey[x']) A A in[n'].

ney*[n]

(34) Forall HeP, aca[ll],

after[a] = "inla] . /\ (in[n] v after[n]).

aey*[nl
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For all e P, ne (y*[II] —a[IT]),
after[n] = AFTER[x](loc[n']|n e y[n] v mey[n']) A Tin[x]

A N (in[n'] v after[n']).

ney*[n[

(The control predicates of a program fragment n (ie., at[=], in[n],
after[n]) are defined by an assertion of A (AT[x], IN[=], AFTER[x=])
which only depends upon the control predicates of the immediate com-
ponents n’ of = or upon the control predicates of the program fragments
n' which have n as immediate component (ie, {loc[r']|n'ey[n] v
ney[n']}))

3.2.2. The Formal System H for Asserted Programs of F

3.2.2.1. Axiom schemata of H. For all [Ie€ P, ney*[Il], aca[x], P, Q,

R IcA n>1, P, ., P,0Q,, . 0,€A

(35) {in[=]} n{true}

(36) {true} n{after[n]}

(37a) {PRE[a](Q)} a{Q}, where PRE[a] € (4 — A). (PRE[a](Q) is
a (preferably the weakest) pre-condition on those values of the program
variables corresponding to a state for which control resides at an entry
point of atomic action “a” such that in the successor state after activation

and termination of “a,” the values of the program variables corresponding
to that successor state satisfy Q.)

(37b) {P}a{POST[a](P)}, where POST[a]e(4—- 4). (POST
[a](P) is (preferably the strongest) post-condition corresponding to pre-
condition P.)

3.2.2.2. Rules of inference of H.
(38) (Decomposition principle)
{1} n'{I} for all n' € y[n]
{1} n{1}

(39) (Locality rule)

{in[n] A P} n{after[n] A Q}
{P}n{Q} '

(40) (Conjunction rule)

{Pi}n{@i}s {Pa} 7{Q,)}
N PR =N @) 7

nz1.
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(41) (Right consequence rule)

{Pyn{Q}), Q=R
{Py={R}

(42) (Left identity rule)

R=P, {P}n{Q)
{Ry={Q}

(43) (Left consequence rule)

R=P, {P} a{Q}
{R} a{Q}

(As noticed by Lamport (1980) and contrary to Hoare’s logic, this
derivation does not hold for non-atomic actions. For a counterexample we
have {x20}x:=x+1;x:=x+2 {rrue} and ((x=0)=(x=0)), but in
GHL we do not have {x=0} x :=x+1; x :=x+2 {true}, since assuming
x=0at x:=x+1 we have x#0 after x :=x+1.)

3.3. Proofs in GHL

(44) A proof of formula @ from a set 4 of formulas in a formal
system = is a finite sequence of formulas ¥,, .., ¥, with ¥,= & each of
which is either an axiom of =, a member of A or else follows from earlier
¥, by one of the rules of inference of =. If there is a proof of & from 4 in =
we say that @ is provable from A4 in = and write

Ar—c- .

In particular, when 4 is empty we write

—z .

3.4. Examples of Proofs in GHL

We give a number of very simple (meta-) proofs which will be useful
later. We leave implicit the fact that they use tautologies, equality axioms,
modus ponens,... of t:

45) (a) {P}n{Q}r— u{inln] A P} n{after[n] A Q}.
Proof.
(b) {inln]} n{true}, by (35);
(c) {true} n{after[n]}, by (36);
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(d) {P A in[a] A true} n{Q A true A after[n]}, by (a), (b),
(c), (40);

(e) P Ain[n] A true=in[rn] A P, by definition of t;

() {in[n] A P} n{Q A true A after[n]}, by (e), (d), (42);

(g) Q A true A after[n] = after[n] A Q, by 1;

(h) {in[x] A P} n{afterTn] A Q}, by (1) (g), (41). &

46) (a) {P}n{Q}+—. y {in[n] =P A after[n] =Q} n{in[z] =
P A after[n] = Q}.
Proof.

(b) {in[x] A P} n{after[x] A Q}, by (a), (45);

(c) after[n] = —in[x], by (34), 1;

(d) in[n] = —after[n], by (c), 1;

(¢) in[n] A P=in[zn] A (in[n] = P A after[n] = Q), by (d), 1;

(f) {in[n] A (in[r]) = P A after[n] = Q)} = {after[n] A @},
by (e), (b), (42);

(g) after[n] A Q = after[n] A (in[r] = P A after[n] = Q), by
(c), 7

(h) {in[rn] A (in[=] = P A after[n] = Q)} n{after[n] A
(in[n] = P A after[n] = Q)}, by (g), (f), (41);

(i) {i[n] = P Aafter[n] = Q} n{in[n] = P A after[r] = Q},
by (h), (39). §

(47) (a) {im[r]=P A after[n] = Q} n{in[n] =P A after[n] =Q}
o {P}r{Q}.
Proof.

(b) {in[=] A (in[=] = P A after[n] = Q)}n {after[n] A
(in[n] = P A after[n] = Q)}, by (a), (45);

(c) in[n] A (in[n] = P A after[n] = Q)=in[n] A P, by (34), t;

(d) {in[n] A P} n{after[n] A (in[n] = P A after[n] = Q)},
by (c), (b), (42);

(e) (after[n] A (in[n] = P A after[n] = Q)) = (after[x] A Q).
by (34), 7;

(f) {in[=] A P} n {after[r] A @}, by (d), (e), (41);
(g) {P}n{Q}, by (39). 1

48) fied,nzl, n,, ., n,ey*[a],afn] <7, alz,] then

{Iyr {1}, (I} 2, {1} —y {1} ={T}.
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(Contrary to Lamport and Schneider’s (1984) decomposition principle,
we do not only require that the atomic actions of = are just the atomic
actions of the =, together. We also require that the m; be subfragments of n.
Otherwise the inference could be incorrect as shown by the following coun-
terexample, where Jis a=0, n,is y:=1,7m,is y:=0;a:=yand nis y :=0;
y:=1; a:=y so that af[n] =alr,] valn,], {I} n,{I} and {I} n,{I} are
true but {/} n{/} is not).

Proof. Let us inductively build a (syntactic) tree of 7 as follows:

» Initially, 7 is the root of the tree.

» At each step, add to all leaves n’ of the tree which are not among
T, .., T, their immediate descendants y[n'].

By hypotheses (4a), (4b), and Koening’s lemma the resulting tree is
finite.

We now prove that all leaves in this tree are among =, ..., 7, SO as to be
able to later prove (48) by induction using a traversal of the tree in
postfixed order.

To prove that all leaves in the tree are among =,,.., 7, we proceed by
reductio ad absurdum. Assuming that =’ is a leave not in n,, .., 7, we
construct two different chains =, n}, .., n),_,, n" and =n, n{, .., 7, _, 7" In
contradiction with hypothesis (4c).

To define the first chain, observe that by the construction process
ney*[z] and y[r']=C so that by (6), 7 eafn]. Since
a[n] =", «[n;], we have n'ea[n,] for some i€ [1, n]. Since n’ e afn ]
and m;ey*[xn], there is by definitions (5) and (6) a chain of the form
T=7g, .., Ty =7;, .., T,=n' such that k <p (since otherwise n,=7") and
such that n;e y[n;, ] for j=0,.., p— 1. To define the second chain, observe
that by the tree construction process there is a chain of the form
n=mng, .. Ty=n such that n,#n} for j=0, .., m (since otherwise by the
construction process 7, =mn; and again m,=n') and =] ey[n;, ] for
j=0,..,m—1. The fact that the two chains n, n},.,n,_,n and =,
n), .., mn_., n are different (since n, belongs to the first and does not
appear in the second) is contrary to hypothesis (4c) so that by reductio ad
absurdum we have proved that all leaves in the tree are in @, ..., 7,.

We can now built the proof of {I} n{I} as follows: Initially we have
{I} n,{I} for i=1,..,m and treated all leaves of the tree. At each step we
treat a node 7’ such that its sons n”ey[n’] have already been treated.
Unless we are done (n’ = m) this choice is always possible because we have
a finite tree and so each node has a finite number of sons. Hence from
(I} n"{I} for all =" ey[n'] and (38) we derive {I} n'{I}. This algorithm
terminates because the tree is finite so that at the root we have proved

{Iyn{1}. 4
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Let us give two additional proofs in GHL, about sequential and parallel
composition, which show how to extend GHL to particular programming
constructs:

(49)

Proof.

Sequential composition. Assume ITe P, y[n,; n,] ey*[IT] and
y[my; =] = {n,, n,} then

(a)
(b)
(c)
(d)
(e)
(f)
(g)

(h)
(i)
(iz)
(i3)
(is)
(is)
(i)

(1)
(J2)
(i3)
(4
(Js)
(Jo)
(i)
(Js)
(Jo)
(le)
(1)

(k)

at[n,; m,] = at[n,]

after[n,] = at[n,]

in[ny; a = (inln,] v in[n,]) A T (in[n,] A in[n,])
after[n,; n,] = after[n,]

{P}n,{Q}

{R} m,{U}

O nat[n,] = R—, y{in[n]=>PAin[n,]=R}n,;n,{U}.

{in[n,] A P} m, {after[m,] A @}, by (e), (45);
in[n,] = in[r,;n,], by (33) and =, e y[n,;n,];
in[m,] = 7infn,], by (i;), (c), 7;

in[n,; n,] = after[n,; n,], by (34), 7;
Tafter[n,; n,] = Tafter[n,], by (d), 1;

inn,] = 7after[n,], by (i),), (i), (ia), T

in[m,] A P=in[rn,] A (in[r,]=P A in[n,] =R A
after[n,] = U), by (i,), (i), ©;

after[n,] = —in[n,], by (34), 7;

after[n,] A Q=at[n,] A Q, by (b), 73

at[n,] A Q=at[n,] A R, by (g), 1;

at[n,] A~ R=in[n,] A R, by (32), 7;

in[n,] A R= (in[n,] = R), by 1;

after[n,] A Q= (in[n,] = R), by (j1), . (js), T
after[n,] = at[=,], by (b), 7;

at[n,] = in[n,] by (32), 1;

in[m,] = —after[n,], by (34), 1;

after[n,] = Tafter[n,], by (j;), (), (is), T
after[n,] A Q= after[n,] A (in[r,] = P Ain[n,] =
R A gfter[n,] = U), by (j1), (Js), (jr0)s T

{in[n,] = P A in[n,] =R A after[n,] = U} n,{in[n,] =

P A i”[[”z]] :R A after[[nz]] = U}5 by (h)’ (1), (42)a (J)s
(41), (39);
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(p)

(q,)
(9,)

(qs)

(q)
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{in[n,] A R} ny{after[n,] A U}, by (f), (45);

in[r,] = =1in[x,], by (i), 7;

in[n,] = "after[=n,], by (34), 1;

in[n,] A R=in[n,] A (in[n,] = P A in[n,] =

R A afterﬂ:n?_]] = U)v by (ml)s (mZ)s T,

after[n,] = "in[n,], by (i5), 7;

after[n,] = "in[n,], by (34), t;

after[n,]] A U= after[n,] A (in[n,] = P A in[n,] =

R A after[n,] = U), by (n,), (n,), 1;

{in[n,] = P A in[n,] = R A after[n,] = U}n,

{in[r,] =P A in[n,] = R A after[n,] = U}, by (1), (m),
(42), (n), (41), (39);

{in[r,; 7] A (in[m,] =P A in[n,] =R A

after[m,] = U)} 5,

{after[n,; n,] A (in[n,] =P A in[n,] =R A

after[n,] = U)}, by (k), (1), (38), (45);

in[n,; n,] = Tafter[n,], by (i1), (i4), T

in[n,;n,] A (in[n,] = P A in[n,] = R A after[n,] = U)
=in[n,;n,] A (in[n,] =P A in[n,] = R), by (q,), 7;
after[n,; n,] A (in[n,] = P A in[n,] =

R A after[n,] = U)= after[n,;n,] A U, by (d), t;
{in[m,] =P A in[n,] :R} ny; 1 {U}, by (p), (q2), (42),
(q3), (41), (39).

(50) Parallel composition. Assume [1eP, = |n,ey*[lI] and
yn ln,] = {751, 7'62} then

(a)
(b)

(c)
(d)
(e)
)
(g)
(h)
(1)

at[m, | n,] = at[m,] A at[n,]

in[n,[|n,] = (in[m,] v after[n,]) A (in[n,] v
after[n,]) A Tafter[n,| ;]

after[n, || n,] = after[n,] ~ after{n,]
{I} m {1}

I, A after(n,]=Q

{L} ny{1}

I, A after[n,] = Q

{(in[n,] v after[n;]) A L1} ny{I,}
{(in[n,] v after[n,]) A I} mo{l } — i
{I, A L} my||m,{ Q)
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Proof.

(j1) {inlm] A 1} m {after[n,] A I}, by (d), (45);

(3,) i[r] A I =in[n,] A (in[r,] v after[n,]) A I, by 1;

() {inlm,] A (inl,] v after[m D) A 1) m afterln,d A 1),
by (i1), (j2), (42);

(ja) {(n[n,] v after[n,]) A I} n,{I,}, by (j5), (39);

(jy {Gnl= ] v after[m,]) Ay A (in[rs] v after[m,]) A L}
m {1y A L}, by (ja), (h), (40);

(k) {(in[m,] v after[m Q) A 1y A (inn,] v after[n,]) A L}
n:{I; A I}, by (f), (45), 1, (42), (39), (i), (40);

() {in[m, 7] A (in[r,] v after[m,J) AL A (in]7,] v
after[n,]) A 12} |y {after[m, | m,] A I A Iz}a
by (j). (k), (38);

(m) in[m, |7, A (in[r,] v after[n,]) A I A (in[n,] v
after[n,]) AL, = in[n||n,] AT, A L, by (b), 15

(n) {in[r; 7] AL, A L}y 7y {after[m |l mo] A 1A L}, by
(m), (1), (42);

(0) after[n lIn,] A1y A Ly=after[n, | 7] A Q, by (c), (e),
(8

() {1 A L} mllm> {Q), by (0), (41), (39). 1

The above processes can communicate only using shared variables. In
order to consider CSP-like programs, we must also consider sending
actions L< L (such as P,!e in CSP) and receiving actions Le L. Some
sending and receiving actions match to perform channel communications
LelxicL

Since sending and receiving actions of a parallel program =, ||z, cannot
be executed separately they are not considered as subfragments of 7, || .
To do so they have to be grouped into matching pairs performing channel
communications. Therefore,

P m] =G m] oyl -L-L
UL [(*[r,] o y*m]) n Lx (*[x ] uy*[r.]) n L1
Applying the decomposition principle we can prove {/} n,||n,{I} by first
considering the concurrent program without any communication over

channels (or equivalently consider operations of Lu L as “halts™):

va'e(y*[nJuy*n.])-L—-L {1} {I}
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and then, considering channel communications in a cooperation proof,

va'e La[iy*[m ] uy*n]) o Lx (y*[n,] uy*[r,])n L] {ry='{1}.

4. INTERPRETATION OF GHL

So far the formulas of GHL are simply finite strings of symbols. We now
assign a meaning to formulas of GHL. This is done by defining a satisfac-
tion relation | ,¢ between interpretations I of logical symbols and
programs on the one hand and formulas ¢ of GHL on the other.

An interpretation 7 of GHL for a program I7Te P is a pair (M, S) where:

(51) M is a set-theoretic structure of 4 (which assigns an appropriate
meaning to the logical symbols of A).

(52) S=<S,t at, in, after, v)> is an operational semantics of
program I7 (satisfying hypotheses (7) to (19)).

4.1. Interpretation of Assertions

4.1.1. Set-Theoretic Structure for A
A set-theoretic structure for 4 is a function M with domain A such that:

(53) For each sort s in A4, M(s) is a non-empty set (of values for
objects of sort s). In particular,

» For the sort b of truth values, M(b)= {11, ff },

» For the sorts se I' of program variables, we have M(s)=v(s)
(therefore the set of possible values of program variables of type
s is the same in the logic and in the program semantics, see

(18)).

(54) For every relation symbol ri(s;x ---xs,,—b) in A4,
M(r)ye (M(s;)x --- x M(s ,,)— {1, ff}). In particular M(true)=1 and
M( false) = ff. Moreover, for all ney*[II], M(at[n]) = at[=n],
M(in[=])=m[xn] and M(after[n])= after[rn].

(55) For every function symbol f:(s;x --- xs,,—s), we have
M(f)e(M(s;)x --- x M(s ,;) = M(s)). In particular, if ¢ is an individual
constant of sort s, M(c)e M(s).

4.1.2. Interpretation of Terms

(56) An assigment 5 in M assigns a meaning 6(x) belonging to the set
M(A4(x)) to each free logical variable x e V7 of sort 4(x).
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We can now define, by induction on the complexity of terms, the inter-
pretation of a term ¢ of sort s as a function /(z) which maps assignments
(giving a meaning to logical free variables) and states (giving a meaning to
control assertions and program variables) to elements of M(s). More
precisely,

(57) For every term te A of sort s, assignment J, and state s e S[/T],
we define the interpretation I(¢)[4, s] as follows:
« If re V) is a logical free variable then 1(¢)[4, s]=04(1),
« If re V7 is a program free variable then [(1)[d, s1=v(¢)(s),
» If ¢ is an individual constant then I(¢)[J, s1= M(r),
» Ifrisaterm f(¢,, .., t,) where fis an n-ary function symbol then
IS (g, s ta))[6, s1= M()U(2))0, 5], ... 1(1,)[ 0, 51)-

4.1.3. Interpretation of Assertions

We now define the satisfaction relation:
B, PLd, 5]
(read: the assignment & and state s satisfy assertion P in I) for all

assignments &, states s e S[I7], and assertions P 4 as follows:

Atomic Assertions (t,, .., t, are terms; r, a relational symbol):

(58) B[ty =1,)[6, s]iff I(1,)[6, s1=1(2,)[0, 5]
(59) (..., 1,00, s] It M(r)(I(¢;)[6, 51, L(2,)[8, 8]) 1s tt
(60) |k, at[r][0, s] iff at[n](s) is ¢
(61) =, in[n]l[d, s] iff in[n](s) is ¢t
(62) =, after[n] [, s] iff after[n](s) is 2.
Assertions (P, Q€ A, 0c A4, weV}, xeV],ueV:, yel’).
(63) E,P[6,s] iff not | ,P[J, 5]
(64) E,(A0)0,s]iff =,P[d,s] for all P of §
(65) EAvO)[0,s]iff =,P[J,s] for some P of §

(66) = (P=Q)[J,s] iff either not = ,P[4,s] or else =,0[3, s]
(67) E,(P=Q)[0,s]iff =,(P=0Q)[4,s]and = (Q=P)[J,s]
(In the following we use 8! for the assignment o' which agrees with

except that é'(x)=v.)
(68) |=,(3w.P(w/x))[3,s] iff there is a veM(4(x)) such that
=/PLoY, 5]
(69) k= AYw.P(w/x))[9, s] iff for all ve M(4(x)), &=,P[d2, s].
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(In the following when s, s'eS[II] we write s'xs\y iff for all
(e(V,—{y}), vI{I(s")=v[{](s), and for all mey*[II] we have
at[n](s’) = at{n](s) and in[n](s") =in[n](s) and after[zn](s’) =
after[n](s).)

(70) = (Ju.P(u/y))[d, s] iff there is an s"€ S[IT] such that s'xs\y
and ,P[4,s"]

(71)  EAYuP(u/y))4, s] iff for all s"e S[IT] such that s'>s\y we
have =, P[0, s'].

We make a distinction between logical and program variables: logical
variables are understood with respect to logical assignments whereas
program variables are understood with respect to program states. Contrary
to Apt (1981) we do not identify assignments and states because the mean-
ing of logical variables is always static whereas the meaning of program
variables may be dynamic, that is, depends upon the control part of the
states.

4.2. Interpretation of Asserted Programs

For all P, Qe 4, ney*[II] and assignment & we define the satisfaction
relation:

(712) E{P}n{Q}[s] iff
(a) Vs, s’ eS[x]-(F,P[d,s] A tn](s, )

= ((in[7](s') A k=, P[4, 5']) v (after[n](s") A |=,Q[6,5'1)).
{P} n{Q} means that if control is anywhere in 7 (see (20))
and P holds, then executing one step in 7 will either leave con-
trol in 7 with P true or leave control at an exit point of 7 with
Q true. This also holds when considering any number of steps
as shown by the following:

(73) THEOREM. |=,{P}n{Q}[8]iff

(b) Vs, s'eS[r]-(k=,P[6, 5] Ainlal(s) A t[r]*(s, 5'))
= ((in[=n](s") A F,P[8,5']) v (after[n](s") A |=,Q[0,s']))
Proof. By definition:
(74) t[n]*=V,50 ![%]", where
(75) t[n]%s, ') =(s=5")
(76) ¢[n]"+ (s, 5}y = (35" € S[xn] - (¢t[n])"(s, s”) A t[n](s", 5'))).
Therefore for n=1, (b) obviously implies (a). Reciprocally, according to
(74) we just have to prove (by induction on n) that (a) implies

(c) Vs, s'eS[a]- (P[4, s] Ainfn](s) A t[r]"(s, s")) =
((in[n](s") A k=, P[S,s']) v (after[n](s") A E,Q[0, 5'])).
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The basis n =0 obviously follows from (75). For the induction
step, assuming (s, s’ are universally quantified over S[n]),

(d) E,PL6,s] Ain[xr](s) A t[r]"* (s, s'); we derive

(e) 3s"eS[rn].l=,P[6,s] A in[n](s) A t[x]"(s, s") A in[m](s") A
t[r](s", s'), by (d), (76), (20);

() 3s"eS[n] ((in[=x](s") A =,P[b,5"]) v (after[z](s") A |,
0[4, s"1)) A in[a](s”) A t[x](s", s’), by induction hypothesis;

(g) 3s"€S[r].,PL6,5"] A t[=](s", "), by (f), (14), (20);

(h) ((in[n](s") A =,PL6,5']) v (after[=](s") A &=,Q[0,5'])), by
(g), (a). 1

In particular when P=Q =1, {I}n{l} means that a step, hence any
number of steps of n leaves 7 invariant.

(77) TueoreM. |=,{I} ={I}[8] iff
Vs, s'e S[x] - (=, 1[0, s]1 A tnl(s, s"))= 1[4, s'].
Proof. (72), (20). |
(78) THEOREM. |=,{I} =n{I}[8] iff
Vs, s'e S[n] - (1[0, s] A t[n]*(s, 8'))= k1[4, 5'].
Proof. One essentially has to prove by induction on n>0 that
Vs, s'e S[n] - (=116, s] A t[n]"(s, s"))= E,1[6,5']. |}

Remark. Instead of choosing (72) as definition of the interpretation of
asserted programs in GHL, we could equivalently and following Lamport
and Schneider (1984) have chosen (77). Then {P}n{Q} would have been
understood as an abbreviation for {in[n] = P A after[n] = Q} n{in[n] =
P A after[n] = Q} (see (46) and (47)) from which (72) hence (73) would be
easy to derive.

(79) When Pe A, we define =,P as =, P[4, s] for all assignments ¢
and states se Sn].

(80) When 4 < A4, we define =,4 as |=,P for all Pe A.
(81) When ¢ e F, we define |=,¢ as |=,¢[d] for all assignments J.

(82) When A< A4 and g€ F, we define Af=,4 as (F,4 = & ,9).
5. SOUNDNESS
Let I be an interpretation of GHL for a program I7 e P. The purpose of

this paragraph is to show that no provable formula of GHL is incorrect
with respect to I.

643/80/2-7
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Since we have left T partly unspecified and given a meta-formal system
for GHL, this correctness condition can only be proved under the
assumption that the unspecified part of ¢ is sound and that the particular
instances of the meta-axiom schemata are valid.

HYPOTHESES.
(83) The unspecified part of t is sound. For all me (y*[IT] —a[IT]),
assignment 6 and se S[IT],
(84) | ,AT[r](loc[n'] |7’ €y[n] v mey[n'])[9, s] only if at[a](s)
(85) k=, IN[n](loc[n']|n"ey[n] v mey[n'])[5, s] only if in[n](s)
(86) k=, AFTER[xn](loc[n']|n" ey[n] v mey[n')d.s] only if
after[n](s).

(87) With these hypotheses the classical soundness proof for T can be
easily adapted to handle assignments and states which play similar roles.
Moreover, the soundness of (32) follows from (11), (84), (12); the
soundness of (33) follows from (13), (85); the soundness of (34) follows
from (14), (15), (86).

We now consider the soundness of proof system H. We need hypotheses
about the meta-axiom schemata (37).

HYPOTHESES. For all ney*[I1] and aca[n] we assume
(88a) Either (37a)e H and for all Q € A and assignments 9,

Vse S[al - (=, PRE[al(Q)[9, s] = (Vs" e S[a].t[al(s, s") = k= ,Q[4, 51))
(88b) or (37b)e H and for all Pe A and assignments 0,
Vs e S[a] -((3se S[a] - (=, P[d,s] A tla](s,s')))=|= ,POST[al(P)[J, s']).

The soundness of H can be proved independently of the soundness of t
provided all assertions of 4 which appear in the proof are assumed to be
valid:

(89) Soundness of H:
YAS A, P, QeA.  A—~{P}n{Q}=AF,{P}n{0Q}.
Proof. One_ proves, by induction on » that if ¥,, .., ¥, is a proof of
{P}n{Q} from A in H then |=,{P} n{Q}. This amounts to the proof that

the axiom schemata of H are valid and that the inference rules preserve the
truth under 7 of the asserted programs. Hence by case analysis, we have

(90) = {inln]} n{true}
< V5. = {in[n] Y n{true}[8], by (81)
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<« V0, Vs, s’ e S[x]. (|, in[n][6, s] A t[x](s, s'))
= ((in[=](s') A =, in[n][4, 5"])
v (after[n](s') A E truel 4, s'1)), by (72)
< V5, Vs, s’ e S[r], (in[n](s) A t[=](s, s")) = (in[=] (s") v
after[n](s")), by (61}, (59), (54)
<« (20).

The same way one can prove
(91) =, {true}n{after[n] }
(92a) =, {PRE[4a](Q)} a{Q}
< V4, Vs, s’ e S[a] - (E, PRE[a](Q)[4, s] A tlal(s, s'))
= ((in[a](s") A =, PRE[a](Q)[4, s']) v (after[a](s")
A QLS s'1)), by (81), (72)
< V4, VYse S[a],k=, PRE[a](Q)[9, s] = (3s’ € S[a].t[al(s, s")
= =,0[6,5']), by (17), (14)
< (88a)
(92b) |, {P} a{POST[a](P)}
< Y0,Vse S[a] -(3s' € S[a] - (P[4, s] A tla](s, s'))
= =, POST[a](P)[4, s']), by (81), (72), (17), (14)
<= (88b).

(93) Decomposition principle:

(Va'ey[n] - AL} n'{I})
< (Vn'ey[n], V5, Vs, s’ e S[n'] - (E L[, s] A t[n'](s,s'))= = ,I[6,5']),
by (81), (77)-
< (Vn'ey[n], ¥4, Vs, s’ e S[n'], Vaea[rn'] -
(B 106, s1 A t[al(s, ")) = =116, 5'1), by (9)
< (Yn' ey[=], ¥, Vs, s’ e S[n'], Vaea[n'] -
(115, s]1 A in[a](s) A t[al(s, s') A [in[a](s")
v after[a](s’)])= = ,I[0, s']), by (20)
< (Vr'ey[n], V8, Vaea[n'], Vs, s’ € {se S[n'] | in[al(s)
v after[a](s)-
(F 109, s1 A in[a](s) A t[al(s, 5"y A [in[a](s")
v after[afi(s")])=>E,1[d,5'])
< (Vn'ey[n], Vo, Vaea[n'], Vs, s € Sa] -
(E 1[0, s1 A in[a](s) A t[a](s, s') A~ [in[a](s’)
v after[a](s')]) = k= ,I[4, s']), by (16)
< (Vaea[n], Vo, Vs, s’ € S[q] -
(E /1[0, s) A in[a](s) A tlal(s, s") A [in[a](s")
v after[all(s')}) = = ,I[4. 5']).
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Because a[n] = U, e, 2[7] by (4), (5), (6),
<> (Vd, Vaea[[n], Vs, s' € {se S[n] |in[a](s) v after[a](s)} -

(116, 51 A in[a](s) A t[al(s, s") A [in[a](s’)

v after[a](s')]) = k= ,I[8, s']), by (16), (6)
<> (Vd,Vaea[r], Vs, s'e S[xn] -

(116, s1) A in[a](s) A t[a](s, s') A [in[a](s")

v after[a(s')]) = =,1[4, 5])
< (¥, Vaea[rn], Vs, s'e S[n] - (&= ,I[9, s) A t[a](s, s'))

= |=,1[4, 5']), by (20)
< (V0,Vs,s'e S[x] - ([0, s) A t[n](s, 5'))

== ,1[0,s']), by (9)

=, {T}n{I}, by (77), (80).

(94) Locality rule:
(}=,{in[7t]] A P} n{after[n] A Q})

< (Vo, Vs, s eS[[n]] (|, (infr] A P)[8, 5] A t[n](s, s))

= ((in[n](s") A =, (in[n] A P)[4,5'])
v (after[n](s") A |, (after[n] A Q)[J, s]))), by (81), (72)

<> (V4, Vs, s’ e S[n] - (E,P[9, s] A t[n](s, s"))

= ((in[n](s') A =,P[J,s']) v (after[n](s')

A E,006,5'1))), by (64), (61), (62), (20)
(k.{P} 7{Q}), by (72), (81)

(95) Conjunction rule:

{Vie[1,n], E,{P:} n{Q;}
< (Vie[1,n],V0,Vs,s" e S[n] - (P[4, s] A t[n](s, s"))
= ((in[7](s') A E, P[0, s]) v (after[n](s")
A E,0:06,5'1))), by (81), (72)
=Vie[l,n],Vd,Vs,s'eS[n]-

(( (/\ ) 06,51 A 11716, ) infrd (s )= FP15.51)

A ((Fo( A #) 1857 8 ami(e ) 4 aferll(s)) = 10,1

by (14), (64)
<V, Vs, s’ e S[n] -

(G (/"\ )[fssJAt[[n]](ss)Am[[n]](s)) =+ (A P)r.1)

j=1 i=1
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A ((}:, (/:\1 Pj) [8,s] A t[=](s,5') A after[[n]](s’))

- %(/\ 0.) 10,51, by (64)

< V0o, Vs, s'eS[n] -
<}=,</n\ Pj) [0, 5] A t[n](s, s’))

:((in[[n]](s') A }:,(/n\ P,-) [6, s’]) v (after[[n]](s’)

i=1

A #(A 0.)16.51)). by (14)

n

- }:,{/\ P,} . {/=\l Q,}, by (72), (81).

i-1
(96) Right consequence rule:

(AP} n{Q} A (@Q=R)e4)
= (=,{P} n{Q} A E,(Q=R)), since |=,4 by hypothesis and (80)
< (V6,Vs,s'eS[n] - (=,P[4,s] A t[rn](s, s'))
= ((in[r](s') A k=, P[5, 5']) v (after[n] A |=,0[4, 5'1)))

~ (Vo,Vse S[], (F,0[9, s])=(F, R[J, s])),

by (81), (72), (79), (66), (16)

= (V0, Vs, s’ e S[n] - (=, P[4, s]1 A t[xn](s, 5"))

= ((in[#](s') A =,P[8,5']) v (after[=] A |=,R[J,s"])))
< (F.{P} {R}). by (81), (72)

(97) Left identity rule: The soundness proof is similar to the above
one (using (67) instead of (66)).

(98) Left consequence rule:

(R=P)eA nr =,{P}a{Q})
= (E/(R=P) A E,{P}a{Q}), since |=,;4 by hypothesis and (80)
< (¥9,Vse S[] - (= R[5, s]1) = (=, P[4, 5]))
A (Y0, Vs, s"e S[a] - (= ,PL[9, s] A t[a](s, s))
= ((in[a](s') A |=,P[6, s]) v (after[a](s") A k=,0Q[8,5']))),
by (79), (66), (72)
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< (V8,Vse S[T] - (R[S, s1) = (1=, P[0, s1))
A (V8,Ys, s e S[al. (F,PL6, s) A td](s, s))
= (after[a] (s') A =,0[8, 5'1)), by (17), (14)
=V90, Vs, s'e S[a] - (&,R[d,s] A ta](s, s))
= (after[a](s') A E=,0[0,s'])
< V0, Vs, s'e STa] - (=, R[4, s] A t[a](s, s'))
= ((ina](s") A =, R0, 5]) v (after[a](s') A =,Q[4, s'])),
by (17), (14)

< E{R}n{Q}, by (72), (81). 1

6. RELATIVE COMPLETENESS

Let 7 be an interpretation of GHL for a program ITe P, ney*[IT], and
P, Qe A. Assume we have |=,{P}n{Q} We would like to have this
provable in tU H, ie., . x{P} n{Q}.

In fact, this cannot be proved in GHL without considering a particular
programming ianguage and the corresponding instances of the meta-axiom
schemata (37a) or (37b) for all atomic actions or else without assuming the
completeness of these meta-axiom schemata.

HyPOTHESES. For all ney*[Il] and a€a[n] we assume

(99a) Either (37a)e H and for all Q € A and assignments 5,

Vse Sla] - ((Vs'e S[a] - t[a](s, s') = k=,Q[8, s']) = k= ,PRE[a](Q)[4, s1)
(99b) or (37b)e H and for all Pe A and assignments 5,

Vs'e S[a] - (}=,POST[a](P)[4, s'] = (Ise S[al - =, PL9, s] A tlal(s, 5)))-

Notice that in the case of Hoare’s (1969) logic hypothesis (99a) is
satisfied (since, e.g., for assignment commands PRE is the weakest pre-
condition). However, there are two other causes of incompleteness:

(a) Because of the consequence rule, one has to rely upon t which,
by Kurt Gddel’s second incompleteness theorem, cannot be consistent,
contain arithmetic, and be complete. For this reason, the best one might
hope for would be to prove relative completeness of H, that is,

EAPIn{Q} = {Red|E R} —,{P}n{Q}.

(b) Unfortunately in the case of Hoare’s logic even this cannot be
proved. This is because the necessary intermediate assertions (more
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precisely loop invariant assertions) may not be expressible in the assertion
language A (Wand, 1978).

Fortunately this is not the case in GHL because whenever |=,{P}n{Q}
holds, P is invariant for n (72), hence P is invariant for loops in = (73).
Consequently, and contrary to Hoare’s Logic, no loop invariant assertion
(stronger than P) is needed in the relative completeness proof (which can
be carried out without assuming Cook’s expressiveness condition (Cook,
1978)):

(100) | {1} n{l} = {Re Al R} —y{I} n{l}.

Proof.

{1} ={l}
< (V0,Vs, s'e S[n] - (E 1[0, s] A t[n](s, )=k ,1[4,s']), by (77)
< (Vé,Vaea[n], Vs, s’ € {se S[n] |in[a](s) v after[a](s)} -
(E 116, s]1 A in[a](s) A t[a](s, s') A after[a](s')) = k= ,1[0,s"]),
by (9), (17), (11)
< (Vaeafr].
(B) V9,¥s,s"eS[a] - (=, I[9, s] A tlal(s, s')) = }=,I[6,5']),

by (16), (17), (11).
Either (37a)e H and then

(F) = (V0,VseS[a] - (1[0, 5] = (Vs' e S[a] - t[al(s, s )= = ,1[4,5'1)))
= (¥0, Yse S[a] - = ,1[9, s]= k=, PRE[a](I)[4, s]1), by (9%a)
< (= ,(I=PRE[a](1))), by (66), (79)
< (a) ((/=PRE[a](/))e {Re A|,R}).
Or (37b)e H and then
(B) = (V0,Vs'e€S[a] -(3se S[al - = ,1[8, s] A t[a](s, ')} => = 1[0, 5'])
= (¥4, Vs' € S[a] - POST[a](1)[d, s']1 = k=, I[d, 5']), by (99b)
< =, (POST[a](I)=I), by (66), (79)
< (b) ((POST[a](I)=1I)e {Re A||=,R}).
We can now give the relative completeness proof. a[n] is finite and for
all aeafn] we have either
(¢) {PRE[a]())} a{I}, by (37a)
(d) {I}a{1}, by (a), (c), (43)
or
() {I}a{POST[al(D)}, by (37b)
(d) {I}a{I}, by (b), (d), (41)
(f) a{[ﬂ]] = Uaeal{n]] a[[“]]’ SinCC oc[[a]] = {a}’ by (5)’ (6)
(g) {I}={I}, by (), (d), (49). 1
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(101) RELATIVE COMPLETENESS THEOREM.
E{P}n{Q}={Re Al R}, {P}n{Q}.
Proof.

EAP} {0}
<« (V4, Vs, s'e S[n] - (&=, P[d, s] A t[n](s, 5"))
= ((in[n](s") A =,P[5,5']) v (after[n](s") A = ,Q[6,5']))),
by (81), (72)
<« (Y9, Vs, s" e S[n] - (= ,((in[n] = P) A (after[n] = Q))[, 5]
A t[7](s, s))
= [ ((in[n] = P) A (after[n] = 0))[d, s']),
by (20), (14), (61), (62), (66), (64)
< k=, {((in[n] = P) A (after[n] = Q))} n{((in[n] = P)
A (after[n] = 0))} (77)
= {Re Al R} —y{((in[n] = P) A (after[n] = Q))}
n{((in[n] = P) A (after[n] = Q))}, by (100)
= {Re Al R} —4{P} n{Q}, by (47). |

One should not conclude from the fact that relative completeness (101)
has been proved without assuming an expressiveness condition 4 la Cook
that GHL is complete in a stronger sense than Hoare'’s (1969) logic. More
precisely, if using GHL we had to prove P{n}Q in the sense of Hoare, we
would have to find a program invariant I such that:

(at[rn] A P)=1
and

(i n{Q}

but now, as it is the case for Hoare’s logic, no such 7/ might belong to 4
(except when, but this is not necessary, A is expressive relative to 7 and P
in the sense of Cook (1978).

7. CONCLUSION

We have shown that GHL is a meta-formal system for proving
invariance properties of programs which (contrary to Hoare’s logic) can be
developed (to a large extent) in a programming language independent way.
This interesting property allowed us to prove soundness and relative
completeness without having to consider a particular language (as in
Apt, 1981) for Hoare’s logic).

As shown by the relative completeness proof, the central idea of GHL is
to use a single global program invariant, which has to be shown to be left
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invariant by each atomic action of the program. In most other proof
methods, this global invariant would have to be decomposed into local
invariants attached to particular program points (or particular values of
the control state). The essential difference between these other proof
methods is only that different decompositions are used (Cousot, 1980). The
advantage of GHL, as shown by Lamport and Schneider (1984), is that,
using control predicates, these local invariants can be factored into a global
invariant so that the corresponding proof method can be explained in
terms of GHL. The disadvantage of GHL is that no decomposition of the
global invariant is enforced so that no guideline is offered to the program-
mer for expressing properties of his program in a simple way.
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