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1 . INTRODUCTION AND NOTATIONS

Let  L (s ,1 , r ,L1 , [1 )  be  a  non-empty  conp le te  La t l i ce  w: - th  par t ia l  o tde-

rtnq =, Least upper. bounrl" t.l, gneatest Lodev, i>ound n. The inlimun t

of L is [1L, the supremum r of L is Ut.  Let F be a monotone operator
l.r

f r o m  L " ( E , r , r , l l , l l )  i n t o  i t s e f f  ( i . e .  v X , Y e L n ,  { x c Y }  -  { F ( x ) s F ( Y ) } ) .

Ta rsk i fT - l r s  t heo ren r  s ta le : r  t ha t  t he  se t  o f  f i r ed  po in t s  o f  f  ( so lu t i ons

t o  t h e  e q u a t i o n  X = F ( X ) )  i s  a  n o n - e m p t y  c o m p l e t e  l a t t i c e  w i t h  o r d e r i n g  E .

Let  u be the smal lest  o l ' , ' l i  na l  such that  l -he <: lass {  0 :  6e u }  has a

cand ina i - i t y  g rea te r  t han  the  ca rd ina l i t y  o f  l , n .  Couso t l 3 ]  de f i nes

c o r r s ' r u c t i v e l y  t h e  f i x e d  n o i n t s  o f  F  b y  m e a n s  o f  t h e  f o l l o w i n g

! - t e rmed  t rans f i n i t e  sequences  :

The I  terat ' ion sequonce f i , t :  I  s tar t ing u i tLt  o e Ln is  the l r - termecl
A

secuence  <u  r  0€ l - l >  o f  e fe rnen ts  o f  Ln  deF ined  by  t r ans f i n i t e  recu rs ion

r n  i l r e  l o I L o w : n g  w a y  :

I
I
I
t
I
I
I
1'
t'
t'
I-

-  r . 0  -  n

A  A -  I
-  I  =  F (L "  )  f o r  c ' \ ' e r y

, t ^
- L 

" = t_l R- for every
c < 6

successo r  o rd ina l  6ep

l imi t  ord i "nal  6e p

u r l e  s r y  t h a t  t h e  s e q u e n c e  i s  s t a t i o n a r y  i f f  { g e  , - u  :  { V B e  u ,

l g z e ) = { u e = g B } } }  i n  w h i c h  c a s e  t h e  L i m i t  o f  t h e  s e q u e n c e  d e n o t e d  b y
_ ej z s ( i  ) ( l J l  ] - S  d e t l n e d  t o  . D e  l J  .

A  su i t i c i en t  cond i t i on  f o r  t he  i t e ra t i on  sequence  fo r  F  s ta r t i ng  w i t h

D  t o  b e  s t a t i o n a r y  i s  t h a t  D  i s  a  p r e f i x e d  p o i n t  o f  F  ( D s f ( D ) ) .  I n  t h i s
t

c a s e  < B " , 6 e u >  i s  a n  i n c r e a s i n g  c h a i n ,  i t s  l i m i t  L i s G ) ( n )  l s  t h e  f e a s t

c f  t he  f i xed  po in t s  o f  F  g rea te r "  t han  D .  I t  i s  a l so  g r "ea te r  t han  any

i . i . : o r t  n n r ' n r  n €  t r  | s s s  t h a n  D  ( i f  s u c h  f i x e d  p o i n t s  e x i s t ) ,  ( C o u s o t [ 3 ] ) .

I n  p rac t i ce  we  a re  o f t en  i n tenes ted  by  t he  l - eas t  f i xed  po in t  o f  F  wh i ch

t s  , ' z s ( f  J ( r l .

We  now cons ide r  t he  case  when  the  f i xed  po in t  equa t i on  X=F(X)  i s

cf  the form :

F . ( X )  =  F . ( X , . . - - - x  )- 1 ' " '  - i " - I ' - " t " n /

is  a f ixed monotone funct ion of  Ln in to L.

I "

I-
l x i =
t : t ,

I
[ ]

w h e r e  e a c h  F . ,  i = 1 . . n
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t
bee ing  l t ' s (F  ) (D ) .  Ye t  t l i i r ;  p roo f  was  base<1  on  the  add i t i ona l  assump-

.:
t i o r r s  t ha t  F  i s  con t i nuou .s  ( f o r  any  i nc reas ing  cha in  <C ' r i eE>  we  have

'  ^ - L \  - ' C ' )  a n d  L h a t  t h e  ) e n g t h  o f  t h e  p e r i o d s  o f . J 0 r 6 e p >  w a st (  r i  L  )  
-  

i  l | .

i .  I :  i  I
u r , i f o r n r l y  b o u n d e d  { g m e o  :  { Y 6 e u ,  V i e { 1 r . . . , r } ,  g o e u  :  ( 6 < o < 6 + m )  a n d
/  '  - 0  r  r  r( i . " 1 -  ) j j .  A l s o  i n  t h e  m o d e l  o f  c h a o t i c  i t e r a t i o n s  a l f  c o m p o n e n t s

A A I r
. , u  , u  \  . , u - IX :  ( i r J - )  a r e  e v a l u a t e d  i n  t e n m  o f  t h e  p r e v i o u s  i t e r a t e  X  

-  
a n d  t h i s

mr rs l  h r .  done  h r r  -  ^ - ' - ^ - r  r t i on  n rocess  on  h r r  s t r ve r : l  s r rn r -h ron i -u f u r r  u ( :  u u r l s  u y  q  D l r r y , ! u  r  u i l t P u L q L r u t r  p l v \ s r s -  v t  D J  D q v s r o l  o y r 1 9 l

zed  Dara l l e l  p rocesses .

The  pu rpose  o f  t h i s  pape r  i s  t o  e l im ina te  t he  p rev ious  res t r i c t i ons

and  ma in l y  t o  accoun t  f o r  t he  pa ra l l e l  imp lemen ta t i on  o f  i t e ra t i ve

methods on a muf t iprocessor  computen system wi thout  synchronizat ion

be t ' n i een  coope ra t i ng  p rocesses .

A n  i m p o r t a n t  d o m a i n  o f  p o s s i b l e  a p p l i c a t i o n  o f  t h e  r e s u l t s

conla ined in th is  paper is  the one of  g lobal  program analys is  ,and

op t - im iza t i on  t echn iques .  Mos t  o f t en  t hese  conp i l i ng  t echn iques

cons i s t  i n  so l v i ng  a  f i xed  po in t  sys tem o f  mono tone  equa t i ons  i n  a

comp ie te  l a t t i ce .  Show ing  tha t  such  sys tems  o f  equa t i ons  can  be  so l ved

by asynchronous i terat ive methods impl ies that  a l l  c lass ical  program

analys is  methods which are based on sequent i , r l  i terat ive a lgor i thms

are  amenab le  t o  a  pa ra I I e l  imp lemen ta t i on  on  a  mu l t i p rocesso r  sys tem

without  synchronizat ion between cooperat ing processes.  This enables the

compi ler  wr" i t ters to fo l low the evol -ut ion of  the hardware technology

w j - t hou t  ma jo r  rev i s i on  o f  t he  known  techn iques .

2 .

2 . 1

ASYIICHRONOUS ITERATIONS

D E F  I N  I T  i O N

t
t
I
t
T I

l t

I
t
t"
t'
t"
I
t'
l ,

I
I
l-
. l

A
L e t  < J - , 6 e O r d >  b e

such that :

( , r )  { V 6 e O r d , V j € { 1

A
L e t  < S - , 6 e O r d >  b e

+ L - +

( b )  { v i € { 1 , . . . , n }

an Ord- termed sequence of

, . . . r n ) :  f , o ) 6  :  i e J * ]

an Ord- termed sequence of

A

.  V 6 e O r d .  S : < 6 ]
a

s u b s e t s  o f  { 1 r . . . r n ] I

I

elements of  Ord^ '  such
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, s i
of X: consisted in neading the value X1 of the memory X1 at time

, t ' A
s i : . . . ,  in-neading Xn at  t ime Si ,  in  appry ing the operator  Ft  to

-o ^6 
r r  '  

o6 .65 r s - , c b l b
, ,  r  . ,  n
A I  : . . .  ' A n  a n q  w r i t i n g  t h e  v a . I u e  X l = f r ( X 1  , . . .  r * r t )  a t  t i m e  6  i n  X t '

rA

The components X. of X for which jdJ" ane nrt modified at time 6 .

Notice that the reading of every value ,li """U in the computation" ) ^ 6 ^ 6

A  - 6  
> l  - - o r

of X] necessani ly takes place before the value x!=rrtxr '  ,  "  ' ,Xr. ,n) is
I

w r - i t t e n  i n  X . .  T h i s  j u s t i f i e s  c o n d i t i o n  2 . 1 - . ( b ) .

Acconding to def ini t ion 2.1 no synchnonizat ion between the coope-

rat ing pnocesses is needed, and the schedut ing pol icy (specify ing

which processors evaluate which components) is lef t  opened. However

the scheduring poJ-icy must be fair  so that condit ion 2'1 '(a) imposes

that no component can be abandoned foreven 
Sg S6

We a lso  assume tha t  the  eva lua t ion  o f  every  f i (X l t  r . . . r * r , t )

takes a f in i te (but not necessari ly bounded) peniod of t i rne and that

i f  a pnocesson col lapses the schedul ing pol icy wi l l  be modif ied in

onder to have its task perfonmed by the remaining processons. Thenefor"e
^ ' A

for every 6, max(6-Sl)  must be bound (but not necessari ly uni forrnly).
r - f

Consequent ly  cond i t ion  2 .1 . (c )  s ta tes  tha t  fo r  any  6  thene ex is ts  B

such that aften time B no processor can terminate a computation that

began a t  t ime 6 .
A

In pnact ive we should also nequine that the sequence <X- r6eOnd>

is stationary after a finite time e. It is immediat fnom what follows

that for example this would be the case when L satisfies the ascending

chain condit ion. Since the possible hypotheses guaranteeing the

termination of the computations ane not unique it is better from a

mathematical  point of  v iew to ignone this pract ical  l imitat ion and

consider l imit  ordinals.

The considenation of an infinite computation sequence does not

eliminate our plausible hypothesis that the elementany computations

(that is the evaluat ion of a conponent) must last a f in i te t ime. Hence

we s ta te  tha t  cond i t ion  2 .L . (d )  i s  necessany  to  take  account  o f  th is

I ]
il
il
r l
r1

t
t
L
t

t
t
I
t

t

I
L -

L
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-  X o  = D
. . 6  . . 6 - 1-  x .  =  x .

! l

A ,-  x l  =  F i ( z r , " ' , 2 ^ )

whene

{ v i e { 1 - , . . . , m } ,
-  x 6 =  L J x 0

o < 6

( In numerical  analysis a

f in i te  sequences) .  When m

d e f i n i t i o n  2 . 1 .

for every successor ordinal 6 and every

i e ( { r , . . . , n } - J " )

for" every successor ordinaL 6 and eveny

,  ̂ 6  '

Y i € { 1 , . . . , n } ,  z ] = x t " j ' i }

for every limit or.dinal- 6

simi lan def ini t ion is given in Baudet[  1]  fon

equals one def ini t ion 2.2 is equivalent to

I
t
I
I
t
t
t
I
t .
I :
I .
I :
t
I
I :
t :
I :
t :
t :
t ;

3.2  INTUITIVE EXPLANATION OF THE DEFINIT ION

Let o be the funct ion of Ln into ( trn;m such that {vXeln,

v i e  { 1 , . . . , m } ,  ( o ( X ) ) . . = x } .  L e t  F  b e  a  m o n o t o n e  o p e n a t o r  o f  ( L n ) m  i n t o

Ln. We def ine a t ixeJ point of  F to be an element of Ln such that

X : F ( X , . . . , X )  t h a t  i s  X = F ( o ( X ) ) .  S i n c e  b y  d e f i n i t i o n  o  i s  a  m o n o t o n e

function of Ln into (Ln)m and by hypothesis F is a monotone function

of (Ln)m into Ln the composit ion Foo is a monotone openaton of the

complete lat t ice Ln into i tsel f  .  Hence by Tarski l  7 - ' l ts theorem the

set of f ixed points of F which is equal to the set of  f ixed points of

Foo is a non-empty complete l -at t ice with the ordering g of Ln.

W h e n e v e n  D  i s  a  p r e f i x e d  p o i n t  o f  F o o  ( t h a t  i s  D e F ( D r . . . r D ) )  t h e

i tenat ion sequence for Foo is a stat ionary incneasing chain, i ts t imit

Lis(Foo)(D) is the l -east of  the f ixed points of F g::eater:  than D.

L is (Foo) (D)  i s  a lso  gneaten  than any  f i xed  po in t  o f  F  less  than D ( i f

such f ixed points exist  )  ,  (  Cousot[  3]  )  .

We wi l- l  show that whenever DsF(o(0)) any asynchronous i terat ion

sequence with memony conresponding to the function F and starting

wi th  D is  s ta t ionany ,  i t s  l im i t  be ing  L is ( foo  ) (D) .

Fon a practical application of this nesult assume that we have

to  eompute  L is ( f ) (D)  whene f tLn*Ln and tha t  we can f ind  some m and



uoTlcnpuT dq 1eq1 os gtTtls) (q) ' 'o-uoT+Tpuoc dq a.raqr,r . Tx=lz

T( is) !-

c1ue "''t]eTA '{ru'"''t}rf,t .(rZ_ ''_'' 
rr)tS=g

-T
= lX puE

J Jo luTod pax13:a,:d e s1 0 acurs ((c)o)T.t=T0 u"q* 
ol?T JT

TT 'iX=to ano,.rd au z{11a1+Tsuer+ dq +eq1 os

d.roueu qlrn

dq ,-it=lt

u6 ' ' ''1=1 z{.raaa JoJ uaq+ pue

9> rl

gX=oX [1 =oX=o

'0= 
^X Pue aArxaTJaJ
U

acuanbas uoT+eJalT snouolrr.{cuz{se ue Jo uor+TuTJep

PuP srsaqlod,{q r- T"-T- "^"' vr+urrpuL r\q 
I_gA= 

u qelt+ 
gl,l,.L 

j.L -

: aAPq afl

Tpurpdo Jossacans e sr 9 
6astn.raqlo

aAEq ar{ ueq+ TPurp,ro lTurrT

'^XiC aaeq aA 9>g .{.razra ,,ro3
U

sT = acuTs 0=9 ,-IoJ snorAqo

PSTgJT

+eq1 aunssv -

sr euuaT aqJ -

: 7ooa4

. <p.ro eg. gSt
1u1od paxt;e.rd p q+TA 8ur1.rels 

,r'l
acuanbas uoTle.ra+T snouo,:qcudse

t ^xfu

pue <pJO39'^l>
Y

<- r 1)).{ Jof
tu'u - '

ue JapTsuoc al'l

'pro r9A ]LLL

r- ^^,,- -^^ r\Y Peu.LJwP

<pJO )g' ^x> v

3u1no11og:

pue J

d'rouraur

aq+ ur

Vnl'i3'I

Jo0

qlTA

aTqpqrdcsap lou suotlelnduoc aql Jo

(9x)rr = ,*sI i
r= ;^l

: suor+PJe+r TPda+ETToc ofi+ a

t'l3U0lHI l3NI9U3AN03 t't

'I'Z uoT+1u1giap {q

uolllsodurocap TeJnleu p sT ricTqr4

grt-l( ox)B = r+ex I
r= ox I

q+ o+r rl:rparnlra er arr +*-L--' . -rQl

( Yc Y)r - X \ 
91\ I+9"'* 

- 
z+g'

T= ,Xt'

T= ox

uJnf uI

q}Til

sr I JoJ AJoueur

uorle,ra+T alqlssod v . (l)qn(x)B=(I.x)J araqm (()( ooJ)s?l=rc)(J)s?.t

ueql '{(X)qn(X)3=(X)J ',,T3XA} +Eq+ asoddns alduexa aog

'(a)(t)s'tt

alnduroc o+ J o+

-udsp dup esn uec

Sutpuodsa.r.roc .r{uouiaur q+T$ poq+au aAr+pJa+T snouc,.rqc

a$ uaqJ '(0)( ooJ)s'IT=(0)(J)s'17 +eq+ qans 
,rT<- ur(uT)eJ



l. I
t l
r.l
il

1 0

h y p o t h e s i s  D r = Z ]  a n d  V j e i 1 r . . . , m ) ,  D E Z J .  B y  m o n o t o n y  o f  F .  t h i s

i m p l i e s  F - ( o ( D ) ) = F . .  ( Z l  , . . . , 2 * )  s o  t h a t  b y  t r a n s i t i v i t y  w e  h a v e

3y t rans f in i te  induc t ion  we conc lude V6eOrd,  DeX6.

End of Proof.

L E I 4 M A  3 . 3 . 2 .  { V 6 e  O n d ,  X 6  =  L i s ( F o o ) ( D ) i

Proof :

-  L e t  u s  r e c a t - t -  ( c o u s o t l 3 ] )  t n a t  s i n c e  D = F ( o ( D ) ) ,  L i s ( t " o ) ( D )  e x i s t s

and is a f ixed point of  Foo greater than D. Hence the leruna is tnue

f o r  6 = 0  s i n c e  X 0 = D .

- Assume that the l_emma is true fon al l  8<6.
- I f  6 is a l imit  ordinat-  then by induct ion hypothesis {y$<d,

X '=Lds(Foo) (D) ]  so  tha t  by  de f in i t ion  o f  the  leas t  upper  bound
R A a

u x"=L is (F"o) (D) .  s ince  X"=  | . ]  Xp  we conc l -ude by  tnans i t i v i t y
8 < 6  ^  B . O
t h a t  X " e Z z s ( F o o  ) ( D ) .

-  Othenwise  6  i s  a  successor  ond ina l  and fo r  every  i=1r . . . rn  we

have :
^ 1^  A  A - r-  i f  i / J "  t h e n  X l = x Y  = ( L i s ( F o o ) ( D ) ) .

l -  ] .  
' l -

A A I-  i f  i e J -  t h e n  x ? = F i ( " ' ^ , . . , , 2 ^ )  w h e r e  v j e { 1 . . . m } ,

.  ( s 1 ) .
V i e { 1 , . . . , n } ,  r ] . = * i  I  I . n d  ( S l l r . O  s o  t h a t  V j e { 1 , . . . , i l } ,

ZJ=L is (Foo) (0)  l y  induc t ion  hypothes is .  By  monotony  we ger
n l h

x i = F i ( z ' , . . . , 2 " ' )  =  r r ( o ( L i s ( F o o ) ( D ) ) )  =  ( L i s ( F o o ) ( D ) ) i .

By t ransf in i te  induct ion we conc. tude {V6eOrd,  X6=Zis(Foo)(D)} .

End of Pz,oof.

D E F I N I T I O N  3 . 3 . 3 .  C o n d i t i o n  3 . 1 . ( a )  i m p l i e s  t h a t  f o r  e v e r : y  6 e O r d

there is an ordinal I I (6) def ined by :

[ ( 6 )  =  m i n  { o :  6 ( o  a n d  { 1 , . . . , . , } =  $ . l B }
P - v

(rntui t iveJ-y between t imes 6 and n(6)+1, al l  components have been

evaluated at least once, so that :

{ V i e {  1 , .  .  .  , n }  ,  v 6 e O r d ,  S B  :  6 < 8 < [ ( 6  )  a n d  i e  . l B ]  )

r.
L
I
I
I
l

n
I
I
I
!

I
t-
I l
I
I
I
I
I
x
I
I

I
I

t:
l.
I
b

I
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Crzse 2. Assume that 6 is a successor ordinal and that the lemma 3.3.9

is true for every 6'<6. We prove by transf ini te induct ion on $ that i t

i s  a lso  t rue  fo r  6 .

Case 2 .1 , .  I f  g=n6 where  6  i s  a  successon ond ina l  then by  de f in i t ion

3 . 3 . 5  B : l i I ( n 6 - 1 ) + t .  T h e n  v i e { 1 , . . . , D }  t h e r e  i s  a  g r e a t e s t  o n d i n a l  e

s u c h  t h a t  r ( n 6 - l ) < e < B  a n d  i e J t .  g y  d e f i n i t i o n  3 . 1  w e  h a v e

, ?  =  * ? * t - . . . - x ?  w i t h  x ? = r  i ( r r " , . " ' , 2 * ) '  S i n c e  ' > l ( n 6 - t  )  w e  h a v e

v j e { 1 , " ' , m } ,  v k e  { 1 , " ' , n } ,  n o - t < ( s l ) o ' e '  T h e r e f o r e  b y  i n d u c t i o n

A _ r  
( s : ) k  .  ( s : ) k

h y p o t h e s i "  B ;  
- = X k ' ' '  

a n d  b y  d e f i n i t i o n  3 . 1  Z i = X k ' " .  B y

tnansit iv i ty and def ini t ion of the'o:rdering = of Ln we know that

V j e { 1 r . . . , m } ,  B 6 - l q z j  s o  t h a t  b y  d e f i n i t i o n  3 . 3 . 8  a n d  m o n o t o n y  w e

ge t  n !  =  F r (o : t u - t  ) )  =  r r ( z t  , " ' , 2 ^ ' )  =  t ?  =  *? '

Fina l ty  B6-X lo .

Case 2.2. Assume that B is a successor or:dinal-  and that for every

n 6 s o . g  w e  h a v e  e 6 s x d .  w e  p r o v e  v i = 1 , . . . , n  n ! = x B r .  r f  i l J B  t h e n
A R - I R R e l m A . 6 - I F rg 9 s x 9 - ' = x l  " r = e  i e J s  a n d  x Y = F i ( z ' , . . . , 2 ^ ) .  S i n c e  B t n o t f l t r ( n o - ^  ) > l ( n o - '

w e  k n o w  t h a t  v j e { l , . . . , m } ,  v k e { 1 0 . . . , n }  w e  h a v e  n 6 - 1 < ( s : ) "  s o  t h a t
, r  

J - \ - '  
]  K

o 6 - t -  u t " j ' k  n . ,  i n r i r r r - r i n n  h r z n o t h e s i s  w h e n  6 ' = 6 - 1 .  T h e r e f o r eo k  =  ^ k  b J  r r r u u u  L a v r r  r r J y \

V j e  { 1 r . . . , m }  w e  h a v e  s 6 - I - - z j  s o  t h a t  b y  m o n o t o n y
^  A - 1  1  m .  R

u i  =  t r ( o ( t i  -  
) )  e  r r ( z '  , . . . , 2 " ' )  -  x i '

Case 2.3. Assume that B is a l imit  ondinal and that fon every
, f A o A d n B

n '<o<B we have B"EX* .  Th is  imp l ies  B"  s  U X*  s  U X*  =  X '

q 6 < a c B  c c B

By t rans f in i te  induc t ion  on  B (cases  2 .L '  2 .2 r  2 .3 )  we have proved

that i f  the lemma is true for evenv 6t<6 and 6 is a successor ordinal

then i t  i s  a lso  tnue fo r  6 .

Case 3. Assume that 6 is a

fo r  every  6 '<6 .  We prove by

R " r  Y "

C a s e  3 . 7 .  I f  g = n 6  t h e n

By induc t ion  hypothes is
- v

B" = U BI s L-J X" By
y < 6  y < 6

limit ondinal and that the Iemma is true
A

t r :ansf ini te induct ion on $ that VB>n- '

by  lemma 3 .3 .4  B  is  a lso  a  l im i t  o rd ina l .
- . Y

on 6  we have Vy<6,  B 'EX ' '  there fore

lemma 3 .3 .3  the  seguence <nYryeord> is

t
t
t
t
t
t
t
t

t

t
t
t
t :
t ,
-l

I

-I
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