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1. Introduction

We give a constructive characterization of the complete lattices
of all retractions, preclosure, quasi-closure and closure operators on
a complete lattice. Our general approach is the following: in order
to study the structure of the set I' = (L. — L) of operators p on a
complete lattice L satisfying a given axiom A, we show that p has
property A if and only if it is a fixed point of some monotone
operator F on the complete lattice (L — L) proving that I' is the
set of fixed points of F. Then using Cousot & Cousot’s constructive
version of Tarski’s lattice theoretical fixed point theorem, we
constructively characterize the infimum, supremum, union and
intersection of the complete lattice I' which are defined by means
of limits of stationary transfinite iteration sequences for F. Variants
of this argument are used when F is a clousre operator (in which
case the constructive version of Tarski’s theorem amounts to Ward’s
theorem) or when the operators with property A are the postfixed
points of F or the common fixed points of two functionals. The
reasoning is repeated when I' is characterized by means of more
than one axiom.
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2. Preliminaries

1.1. Let L(C, L, T,LI,1) be a non-empty complete lattice with
partial ordering [, least upper bound ||, greatest lower bound [7.
The infimum L of L is L, the supremum T of L is LIL.
(Birkhoff’s standard reference book [2] provides the necessary
background material).

1.2. Let 6e(L — M) be a total function from the complete lattice
L(C, L, T,L,M) to the complete lattice M(C’, L/, 77,11, I1'). 0 is
a join-morphism when (Va,y €L,0(z] |y) = 0(z)['8(y)). 0 is a complete
Join-morphism when (VS < 1,0(1JS) = [I’0(S)). The dual notions
are the ones of meet-morphism and complete meet-morphism.

1.3. Using Church[3]’s lambda notation (so that fe(L — M)
is Az.f(x)) let us recall that the set (L —1L) of all operators on
the complete lattice L(CC, L, 7,LJ,17) is a complete lattice (C’, L”,
T,5L5 1) where (') < (Vzel, f@)Ce@), L' =2z L1, 7/ =
= Az T, LI" = 2S.(62. LI{f(2):f€S)), M’ == 2S.(.M{f(x):feS)). In the
following we will omit the primes so that the distinction between
E, L, 7, LI, 1 end T 107 i Y, 7 will be 'contextuall

1.4. A retraction ¢ on L is an operator on L (i. e. pe(L — L))
which is monotone (i. e. Va, y €L, (x T y) = (p(x)C p(%))) and idempotent
(i. e. p = pop that is VaeL, p(@) = p(p(x))).

1.5. An upper preclosure operator p on L is monotone, idempotent
and sai.i.sﬁeg the upper connectivity aziom (vreL, p(zlIp(z)) = p(w)).
The dual notion is the one of lower preclosure operator (Ladegaillerie, [6,
Def. 1]).

1.6. A quasi-closure operator p on L is monotone, comparing
(i. e. VxeL, either xCp(x) or o(x)Cw) and satisfies the connectivity
axtom (VzeL, p(@[p(x)) = elallp(z)), Bernard[1, p. 6]). Notice that
monotony and connectivity axiom imply (VzeL, p(z) = p(a[Tp(@)) =
= p(xLlp(x))) and using the comparing hypothesis this in turn
implies idempotence.

1.7. An upper closure operator p on L is monotone, idempotent
and extensive (i.e. hx.zCp), (Moore[9]). Dually a lower closure
operator poe(L— L) is monotone, idempotent and reductive (ie.
o L hz.z).
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1.8. Let p be an upper closure operator on L(C,L, T,Ll,)
For all wel, the set {yep(L) :wyy is not empty and p(x) is its least
element (Monteiro & Ribeiro[8, Th. 5.2]).

1.9. Let R =L and pe(l — R) be such that for any €L,
p(z) is the least element of the set {yeR:x[y} then p is an upper
closure operator and R = p(L), (Monteiro & Ribeiro[3, Th. 5.3]).

1.10. Let p be an upper closure operator on L, then the
image p(L) of L by p is a complete lattice p(L)(C,p(L), T,AS.p(LIS),MM)
which is a complete sublattice of L if and only if p is a complete
join-morphism, (Ward[14, Th. 4.1]).

1.11. Applying the duality principle it follows that if R = L
and p, oe(li— L) are sach that for any wxel, p(x) is the least
element of the set {yeR:x C y} and p(x) is the greatest element of
the set {yeR :y C ) then R = p(L) = (L) is a complete sublattice
R(C,L, T, LJ,) of L. whereas p is a complete join-morphism
and p is a complete meet-morphism.

1.12. Let p, and p, be upper closure operators on L. Then
according to Ore[12, p. 525], p;oP, and p.ep, are upper closure operators
on L if and only if p, and p, are commuting (i. e. pyops = Peopy) I
which case pypy(L) = Paopa(L) = pa(L) M Pa(L).

1.13. Let L(C, L, T,L1, 1) be a complete lattice, p. the smallest
ordinal such that the class {3:3ep} has a cardinality greater than
the cardinality of L and fe(L. — L). The upper iteration sequence for f
starting with deL is the p-termed sequence < X°, dep.> of elements
of L defined by transfinite recursion in the following way:

—Xt=d

— X?® = f(X?%-Y) for every successor ordinal dep

— X% = || X* for every limit ordinal dep
a8

(The dual lower iteration sequence is defined by:
— X® = 1 X~ for every limit ordinal 3ey)
a8

1.14. We say that the sequence < X° dep> is stationary if
and only if (Jecep:(YRey, (e < B) = (X = XP))) in which case the






