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Abstract. We consider the following machine scheduling game. Jobs,
controlled by selfish players, are to be assigned to unrelated machines. A
player cares only about the finishing time of his job(s), while disregarding
the welfare of other players. The outcome of such games is measured by
the makespan. Our goal is to design coordination mechanisms to schedule
the jobs so as to minimize the price of anarchy.

We introduce oligopolistic players. Each such player controls a set of
jobs, with the aim of minimizing the sum of the completion times of his
jobs. Our model of oligopolistic players is a natural generalization of the
conventional model, where each player controls only a single job.

In our setting, previous mechanisms designed for players with single jobs
are inadequate, e.g., having large price of anarchy, or not guaranteeing
pure Nash equilibria. To meet this challenge, we design three mecha-
nisms that are adapted/generalized from Caragiannis’ ACOORD. All
our mechanisms induce pure Nash equilibria while guaranteeing rela-
tively small price of anarchy.

Keywords: Unrelated Machine Scheduling, Coordination Mechanisms, Price
of Anarchy.



1 Introduction

We consider the game-theoretic version of the following machine scheduling prob-
lem. A set Z of jobs and a set M of machines are given. A job i € Z has size
pi; on machine j € M. Jobs are to be assigned to machines and the goal is
to minimize the makespan. This is the classical unrelated machine scheduling
problem with the makespan objective [21].

A natural question from the angle of game theory is what happens if the
jobs are controlled by selfish players. The strategy space of a player is the set
of machines. A player cares only about the finishing time of his job while disre-
garding the welfare of other players. In such games, researchers especially focus
on the Nash equilibrium [22], a stable situation where no player can unilaterally
change his strategy to strictly improve the finishing time of his job. In case that
all players use pure strategies only, the Nash equilibrium resulted is called the
pure Nash equilibrium (PNE). In this paper, we consider only pure strategies
and PNEs.

A central question in algorithm game theory is the quality of equilibria. In
particular, people analyze the price of anarchy (PoA) [20], which in our context
is defined as the worst ratio between the makespan of a PNE against that of the
optimal solution.

The PoA is obviously determined by the rules of the game. Here the “rules”
mean the scheduling policies of the machines. In the literature, the rules are
formally called the coordination mechanisms [8]. Ideally, we would like to have
good coordination mechanisms so as to minimize the PoA.

The design space of coordination mechanism depends on a number of pa-
rameters, e.g., whether preemption is allowed, whether jobs have unique IDs
and so on. However, the following two conditions on coordination mechanisms
are (implicitly) assumed by all previous works (and the current one).

1. Physical Feasibility. Suppose that a set of jobs Z C T are assigned to
machine j. At any point of time ¢, if a subset of jobs Z” C 7’ are finished by
machine j, then », 7, p; <t.

2. Locality of Scheduling Decision. A machine decides its schedule based
only on the information of the incoming jobs, while, where the other jobs go
to, and how the other machines schedule them is irrelevant.

The first condition is self-evident; the second condition is motivated by the
fact that in a fluid environment, such as the Internet, a machine may not be
able to coordinate with other machines in a timely manner. Azar, Jain, and
Mirrokni [5] differentiate two classes of mechanisms: a mechanism is local if a
machine schedules its job based only on the information of the incoming jobs
(but notice that a machine is allowed to look at the sizes of its jobs on other
machines); a mechanism is strongly local if a machine schedules its jobs only
based on the sizes of the incoming job on it. It is known that the PoAs of
strongly local mechanisms and of local mechanisms can be significantly different
when preemption is disallowed [5, 15].



Oligopolistic Players. All previous works assume that a player controls
a single job. A natural and more realistic extension is to assume a player can
control multiple jobs and we refer to such players as oligopolistic players. A
question that arises in our model is: what would be the local objective of an
oligopolistic player? This is a non-issue when a player controls a single job.
However, when he has multiple jobs, several objectives are possible. For instance,
it could be his makespan (the latest finishing time of his jobs), or it could be the
sum of completion times of his jobs.

In this work, we assume that each player aims to minimize the sum of the
completion times of his jobs. This assumption is motivated by the observation
that a player would care about the collective welfare of his jobs. If moving a job
from one machine to another machine decreases the finishing time of that job,
the controlling player would have incentive to do so—even if the latest finishing
time of his jobs is not really decreased.

To evaluate the overall system performance, there can be two natural candi-
dates: makespan (the latest finishing time of a job), or the weighted completion
times of the jobs (jobs are given weights and the cost is computed as the weighted
sum of their completion times.) In a companion paper of this work [1], we use
the weighted completion times of the jobs to measure the system performance.
In this work, we instead consider the makespan.

In general, in terms of PoA, it is harder to design mechanisms when the
global objective is the makespan than when it is the weighted sum of completion
times of all jobs. In the original model where each player controls a single job,
with weighted sum global objective, Cole et al. [11] show several mechanisms
achieving constant PoA; on the other hand, when the global objective is the
makespan, it is known [2, 5, 15] that constant PoA is impossible. As our model is
a generalization of the single-job player model, we also cannot hope to achieve
constant PoA.

We observe that previous mechanisms designed for players with single jobs
are inadequate in our model of oligopolistic players. In some cases
(ACOORD/BCOORD/CCOORD), the PoA becomes significantly worse; in some
cases, they no longer guarantee PNEs (ShortestFirst/AJM-2/CCOORD/BALANCE).
See Table 1 for a summary of the properties of the known mechanisms in our
new model. Our challenge here is to design coordination mechanisms that simul-
taneously guarantee the existence of PNEs and still maintain small PoA.

1.1 Owur Contribution

We propose three mechanisms, A;-COORD, A>-COORD, and A3-COORD, which
are presented in Sections 4-6. These mechanisms make use of preemption and
assume that players and jobs are not anonymous, namely, each player and each
job has a unique ID. When a job is assigned to a machine, the machine can make
schedule decisions based on this job’s ID and the ID of its owner.

Our mechanisms are adapted/generalized from Caragiannis” ACOORD (hence
the naming). See Table 2 for a summary of their properties. All of them induce
PNEs. Under A;-COORD and A5-COORD, such PNEs can be computed in



Mechanisms PoA PNE
c=1 C>1 c=1|C>1
ShortestFirst [19] e(m) 2(m) Yes | Nox
LongestFirst [19]| Unbounded Unbounded No | No
Makespan [19] Unbounded Unbounded Yes | Nox
RANDOM [19] o(m) Q(m) No | No
EQUI [9] O(m) 2(m) Yes | Yes
AJM-1 [5] O(logm) 2(log m) No | No
AJM-2 [5] O(log?m) (log® m) Yes | Nox
BALANCE [10] O(logm) N2(logm) Yes | Nox
ACOORD [7] O(p-m*/P) Q(CT=9CF Dy /12) Yes | Yes
BCOORD [7] |O(p-m'/?/logp) Q(CU=9H Dy /52) No | Nox
CCOORD [7] O@p* - m'?) |(CT=9®+ 0 /p?) when p = 1| Yes | Nox

Table 1. Summary of the properties of known mechanisms in our model. m = | M| is
the number of machines, and C' is the largest number of jobs controlled by a player. The
results marked by % are proved in the appendix. For the last three mechanisms, p > 1,
and e is some small constant where € > 0. If p = ©(logm) and C = 1, then the PoAs
for ACOORD, BCOORD, and CCOORD are ©(logm), 9(101;{%), and O(log? m)
respectively.

polynomial time; furthermore, each player can compute his own optimal strat-
egy in polynomial time.

Mechanisms PoA PNE Note

A:;-COORD O(C‘”lmq%) for any ¢ > 0 Yes Local

A2-COORD O(C%m#) forany 0 < ¢ <1, 1/q € Z| Yes Local

A5-COORD|O(min{W y/m, min, ez, {m 2 + W}}),| Yes |Strongly local
O(logm +log W) when C' =1

Table 2. Summary of our mechanisms. m = |M] is the number of machines,
and C is the largest number of jobs controlled by a player. In A3-COORD, W =
%ﬁiw In A;-COORD and A;-COORD, PNEs can be computed in poly-
nomial time.

In terms of PoA, our three mechanisms perform differently depending on the
situation. Let m = |M]| be the number of machines and C' be the largest number
of jobs controlled by a player. A;-COORD achieves the PoA of O(C‘”lmﬁll ), for
any chosen ¢ > 0. A;-COORD is better suited for the situation when C' is some
bounded constant (in this case we can get a PoA of O(m*)). When C is relatively

large, A2-COORD is a better mechanism, with the PoA of O(C’q%mﬁ), for



any chosen ¢, 0 < ¢ < 1 so that 1/q is an integer. For example, if m is bounded
by a constant and C' is very large, then we can get a PoA of O(C*).
Our third mechanism, A3-COORD, has the PoA independent of C' and, in
some cases, is superior to the previous two. Let W = —rUeLmueMPi e | the
i€z MINje M Pij
largest ratio of sizes of two jobs when they are both assigned to the most efficient
machines. Then A3-COORD guarantees the PoA of O(min{W/m,

minwezx{m%1 + W7}}). Unlike the previous two mechanisms that are local,
A3-COORD is strongly local, thus more “frugal” in terms of the information it
needs. Additionally, when C' = 1, (i.e., the original model), A3-COORD achieves
the PoA of O(logm +log W). Previously, Cohen, Diirr, and Thang [9] raised the
question whether it is possible to design a strongly local mechanism that achieves
the PoA of O(polylog(m)). Here we give a partial positive answer—as long as
W = O(mpolylog(m))'

How our mechanisms guarantee PNEs is similar to the original ACOORD?,
using a simple idea: the finishing times of the jobs of the k-th player is dependent
only on the strategies of the first £ — 1 players and the k-th player himself. This
idea also ensures the game converges to PNEs in polynomial steps. The main
technical challenge of this work is in the analysis of PoA. To prove that our
mechanisms have the claimed PoAs, we introduce several non-trivial extensions
of Caragiannis’ ideas in the analysis of his ACOORD.

2 Related Work

The design of coordination mechanisms for machine scheduling has been inten-
sively studied in recent years [2,4,5,7,9,11,13,19]. All these works focus on the
setting where a player controls a single job.

Our three mechanisms are adapted from ACOORD mechanism [7]. This
mechanism uses a global ordering of the jobs according to their distinct IDs.
The finishing time of a job is the total load of the jobs preceding it and itself,
modified by a certain inefficiency parameter. The game induced by this mech-
anism is a potential game which guarantees the existence of a PNE. Moreover,
the convergence to a PNE is fast. Our three mechanisms are generalized from
ACOORD by fine tuning the inefficiency parameter.

Though so far not directly considered in the machine scheduling context, the
notion of “oligopolistic players” has in fact been studied in different settings.
For instance, in a version of selfish routing [23]|, an atomic player controls a
splittable flow. Such a player can be regarded as an oligopolistic player. See [6,
12] and the references therein for an overview of such games. Another example
of an oligopolistic player is a coalition of players. In [3, 14], a partition equilib-
rium, where the agents are partitioned into coalitions, and only deviations by
the prescribed coalitions are considered, is proved to exist in resource selection
games. In [16, 18], the authors assume that once a set of players form a coali-
tion, they care only about their collective welfare while disregarding their own

1 We note that when ¢ =1, A;-COORD and A-COORD reduce to ACOORD.



outcomes (thus there is no backstabbing or double-crossing). A coalition, under
such assumptions, is equivalent to an oligopolistic player.

Table 1 summarizes the performance of various known mechanisms in our
setting. As mentioned before, the difficulty is to guarantee both the existence
of PNEs and a small PoA. Only ACOORD and EQUI guarantee PNEs in our
model. To ensure that ACOORD has a PNE, we just need to index jobs in
such a way that all jobs belonging to the same player have consecutive indices.
EQUI was originally designed to guarantee a strong Nash equilibrium, when
players control single jobs. Interestingly, in our model, it can be shown that it
still induces a potential game (thus guaranteeing PNEs). We leave it as an open
question regarding its real PoA when C > 1.

3 Preliminary

We first introduce some necessary notations to facilitate our discussion. Through-
out the paper, we use N to denote an assignment and O the optimal assign-
ment. N;(resp. O,) is the set of jobs assigned to machine j in N(resp. O).
L(N;) = ZZENJ_ pi; is the total load of jobs assigned to j in assignment N. For
each job 4, let p; min be its smallest size, p; min = minjeapq pij, and ¢;; its inef-
ficiency on machine j, defined as ppﬁ Note that only local mechanisms can
make use of the inefficiencies of the jobs in scheduling, while strongly local mech-
anisms cannot. We assume that the set P of players are indexed consecutively,
from 1, 2, ---, up to |P|. Given job i € Z, 7(i) denotes the player controlling it.

Proposition 1. [7] For an assignment N and any p > 1,
1 1
maxjem L(N;) < (EjeM L(N;)P)» < mP maxjen L(N;).
Proposition 2. Let a;,b; >0, p > 1, and let f(x) be a convex function.
— Minkowski’s inequality: (35, (a; +b;)P)Y/P < (3o, a?)V/P + (35, bE)V/P.
— Jensen’s inequality: >_;_, f(a;) > sf(@)
The next proposition is an easy consequence of Minkowski’s inequality.

Proposition 3. Let p > 1 be some integer. Then a'/P 4+ b'/P > (a4 b)1/P.

Proof. By re-writing a/? as ((a'/P)P)'/P and b'/P as ((b'/?)P)'/P, we can apply
Minkowski’s inequality

((al/p)p)l/p + ((bl/P):D)l/p > ((al/p + bl/p)p)l/p
p—1
=la+b+ Z (12) (al/p)t(bl/p)p—t]l/p > (a+ b)1/p_

t=1



Proposition 4. [7] Suppose thatp > 1, A >0, and B; >0 fori=1, ---, s.
Then >0, ((A+ B;)P — AP) < (A+ 3.7 | B;)P — AP.

The following proposition is slightly modified from Caragiannis [7]. Specifi-
cally, we replace the constrain on the exponent p > 1 with p > 0 so as to design
a larger set of mechanisms. The proof is entirely the same as in [7].

Proposition 5. [7] For any zo > 0, a > 0, and p > 0, the following holds.
(p+1)azb < (20 + )Pt — 227 < (p+1)a(z0 + a)P.

Proof. If a = 0, the lemma holds trivially. If & > 0, the lemma holds by observing

that the function zP*! is convex for any p > 0. Therefore, the slope of the line
crossing (20, 257") and (20 4 @, (20 + a)Pt!) is between its derivatives at points
zp and zg + a. O

Proposition 6. Let A>0, B; >0 for1<i<s, andp>0. Then

(A+) B)'"™P— AP < (14p)s" > Bi(A+ B;)".

i=1 =1

Proof. Observe that the function g(x) = z(A + x)P is convex when z > 0, since
g"(x) = p(A+ z)P~2(2A + zp + z) > 0. Therefore,

S BAA+B) = g(B) sg(i=1 By _ S B4+ y)p’

: S :
i=1 =1

where the inequality follows from the convexity of g(x) and Jensen’s inequality.
Using the above inequality, we have

(1 +p)5pi3i(A+Bi)p
> (1) Y Bi(A+ y)p
=
=(1 +p)§;Bi(As+t_i1Bt)p
> (1 —&-p)ZS:Bi(A—&—Zs;Bt)p
—a +p><éBi><A+§;Bz—>p

> (A + ZBZ_)Ier _ A1+p’
i=1



where the last inequality follows from Proposition 5 by setting Y., B; = a,
and zg = A. The proof follows. ad

4 A;-COORD

In this and the next section, let N f denote the set of jobs assigned to j belonging
to the first k players, for any & € P. Observe that NJ‘-P‘ = N; and N]O = 0.

Finally, let L(NF) = > _iin(i)<h,icN, Pij» the total load of jobs belonging to the
first k£ players on machine j in N.

A1-COORD: Let N be the assignment. Suppose that job ¢ € N;. Then
the completion of job i is set as P(i, N;) = C(qﬁij)%(L(N;r(z)_l) + pij),
for some g > 0.

As in the original ACOORD, the term ((b”)% is used to encourage a player to

assign his job to a more efficient machine. The term L(N;r(l)_l) is the total load
of jobs belonging to the first 7(i) — 1 players on machine j. So a job’s completion
time is unaffected by jobs belonging to players with indices larger than (7).
This property will be used when we argue that A;-COORD has a PNE.

The important idea behind our mechanism is that the jobs belonging to
the same player, even if they are assigned to the same machine j, would have
their completion times independent of each other. This follows from the simple
observation that the sum L(N =1y 4 p;; does not include other jobs belonging
to the player (7). This property is a key part in our analysis of PoA; also it
allows each player to compute his own optimal strategy in polynomial time (see
Theorem 1). Finally, the multiplicative factor C' is introduced to make sure that
A1-COORD produces feasible schedules.

Lemma 1. The schedule decided by A1-COORD 1is feasible.

Proof. Recall that to prove a schedule is feasible, we need to show that at time
f,if aset ' C Nj of jobs are finished, then ), 7, p;; < f. It is easy to see that
we only need to consider those times f where some job i € N; are finished.

Now suppose that in assignment N player k puts jobs iy, i2, -, iz<c On
machine j, where the jobs are indexed by their non-decreasing completion times.
We argue that the completion time P(i,, N;) of job 4, y < z, is at least as large
as the total load of jobs finishing no later than i,. In the case that multiple jobs
among 41, %2, -, lgz<c finish at the same time as i,, w.lL.o.g., we can assume
that 7, has the largest index. Consider two possibilities.

1. Suppose that none of the jobs belonging to players in P\{1,2,--- , k} finishes
earlier than 4,. Since jobs ¢1,- - -, 4,1 finish no later than i,, (¢¢tj)1/q(L(NJk_l)+

Pirj) < (03, )YUL(NFTY) + pij), for 1 <t <y—1. As a result,



P(iy, N;) = C(i,) /(LN + piyy) >
Y Y
> (@i )VULINE) 4 pig) = LINFTY + > pivs,
t=1 t=1

which is no less than the total load of jobs finishing as early as i,.
2. Suppose that some players in P\{1,2,--- ,k} have jobs on machine j that
finish earlier than ¢,. Let player k + s be such player with the largest index.

Suppose further that player k + s has jobs ¢, i3, ---, 45 finish as early as
i, on machine j. W.L.O.G., assume that ¢} is the job with the largest size
among the jobs i}, 5, -+, ¢5. Then

P(iy,N;) > P(i},N;) = C(iz ;)1 (LINFT 1) + pigj) >
(i) VULINTT ) £ pirg) = LINGT T 4 Y pisy,
t=1 t=1
which is no less than the total load of jobs finishing as early as i,. The proof

follows. o

Lemma 2. Suppose that N is a PNE under A;- COORD Then
maxjeien, Pi, Nj) < Cl( e LIN;)IT) T + maxjep L(O;)].

Proof. Let ¢* be the job with the largest completion time in assignment N.
Suppose that it is assigned to j; in assignment N and has an inefficiency 1 on
machine jo (j2 could be the same as j;). Either jo # j;, then the player m(i*)
controlling ¢* has no incentive to move ¢* to jo; or jo = j1. In both cases, we
have

P(i*,Nj,) < C(LINL) ™) 4 piey) <

C(L(NJQ) + Dix ]2 < C Z L q+l)q+1 “!‘CH’I&XL(O )
JjeEM

where the last inequality follows from Proposition 1 and the fact that in the
optimal, one machine would have load at least p;«j,. The proof follows. a

Lemma 3. Suppose that N is a PNE under A;-COORD. Then

Z L(N;)* )7 < 4(q + 1)Cqu1+1 max L(O;).
jem JEM

Proof. Suppose that job i is assigned to machine j; in assignment N and machine
Jo in the optimal assignment O. As N is a PNE, C’((Z)ijl)l/q(L(Nle(l)*l) +pijy) <



C’(¢ij2)1/q(L(Nj”2(i)_1) + pij,). Canceling C, raising both sides to the power of
¢, and multiplying them by p; min, we have

Pijy (LINTO ™) i) < piu (LINED ) 4 pijy ) (1)

Define z;; = 1(0) if job ¢ is (not) assigned to machine j in assignment N;
similarly define y;; = 1(0) if job 4 is (not) assigned to machine j in the optimal
O. Then the above inequality can be re-written as

w(i)—1 7(1)—1
S wipi (LNTO™) +pi)? <3 yipi (LINTO ™) + yigpij)?
JEM JEM

< Z YijPij (L(N) + yijpij) !
jeM

Summing the above inequality over all jobs i € Z, we have

g+ 1) wipi (LINTO ™) + iy )

i€ET jJEM
< Z Z (a4 1)yijpi (LIN;) + yijpis)?
€L jJeEM
<3N L) A+ 2y506) " = (LNG) + wigpig
i€ jEM
< Y ILING) + 2yipi) T = (LN
jJEM €T
< D LN 42 wipi) T = (LN,
jEM €T
<[ LN)T T 4203 L(0)" ) FT|7 — 3T LN, (2)
JEM JEM JEM

where the second inequality follows from Proposition 5 by setting o = v;;ps;
and zo = L(N;) + yi;pi;, and p = ¢; the fourth inequality from Proposition 4
by setting A = L(N;), B; = 2y;;pi; and p = 1 + ¢; and the fifth inequality from
Minkowski’s inequality.

We next bound 3, v L(N;)9! by writing it as a telescopic sum:

10



D L

JjEM

P

= Y S e e

JEME=1
|P|
=Y > L > oyttt - Ly
jeM =1 zn(i):k,ieNj
|P|
<Y Y (U +gl{ilr() = ki € N}y (LN ) + piy)*

JEM k=1 i:n(i)=k,i€N;
P

Z Z Z (14 q)Cpi (LINF™) + pij)*

JEM k=1i:m(i)=k,iEN;

=(1+q)C Z Z ijpij (L - )+ wipig) (3)

i€ jeEM

< O[3 LN 7T 203 L(O) T Tt = 3T L(N,) T Y4)

JjEM JEM jeEM

IN

where the first inequality follows from Proposition 6 by setting A = L(N ]k_l),
B; = p;; and p = ¢; the second inequality from the fact that a player has at
most C' jobs on machine j in assignment N; the third equality from a double
counting argument; and the last inequality from (2).

Rearranging terms in Inequality (4), we have

L 2AT e LOO)TTY T 2T 0y LO)) T T
L(N; a+1y 77 < J ! Jj
O T (e oyt

2T maxepm L(O;)
" (g + )eETET 1

where the second inequality follows from Proposition 1.
Observe that as C > 1, C? > 1. Then by calculus, /e < 2 < (% +1) <e

Thus, the term (3_;c g L(Nj)q‘*‘l)ﬁ can be further upper-bounded as follows,

Z L(N, )y 2mq711 max;em L(O;) 2mq+1 maxJeM L(0;j)
= S (& oo 1 e 1
<4 1)C4mait L(O;
< 4(g+1)Cm e max L(O;),

where the last inequality holds because of the well-known inequality that e*—1 >
z. Hence the proof. O

11



Theorem 1. A;-COORD guarantees a PNE. Such a PNE can be computed in
polynomial time and each player can compute his optimal strategy in polynomial

time. Moreover, for any fived ¢ > 0, it guarantees that PoA of O(C‘I+1qulr1).

Proof. For the first part, we can construct a PNE as follows. Let all players 1,
2, -+, |P|, in this order, choose their optimal strategies one at a time. For any
player k, his strategy under A;-COORD is only dependent on the strategies of
previous players. No matter how the later players choose their strategies, player
k has no reason to deviate. Therefore, the outcome is a PNE.

To see that each player can compute his optimal strategy in polynomial time
and the aforementioned PNE can be constructed in polynomial time, observe
that under A;-COORD, each of his jobs has completion time independent of his
other jobs. Therefore, he can simply assign each of his jobs to the machine that
causes the least finishing time of that job. The outcome of such assignment is
clearly his optimal strategy and can be computed in polynomial time.

The last part of the theorem follows from Lemmas 2 and 3. a

5 A,-COORD

In this section we modify A;-COORD so as to achieve better PoA when C' is
relatively large compared to m.

As-COORD: Let N be the assignment. Suppose that job ¢ € N;. Then
the completion of job i is set as P(i, Nj) = (qﬁij)%(L(N;(z)_l) + Cpij),
for some 0 < ¢ < 1 and 1/q¢ is an integer.

Lemma 4. The schedule decided by As-COORD is feasible.

Proof. Suppose that in assignment N player k puts jobs i1, 2, -+, iz<c on
machine j, where the jobs are indexed by their non-decreasing completion times.
We need to argue that the completion time P(i,, N;) of job i, y < z, is at least
as large as the total load of jobs finishing no later than 7,. In the case that
multiple jobs among i1, i, -+ -, iz<c finish at the same time as i,, W.L.O.G.,
we can assume that 7, has the largest index. Consider two possibilities.

1. Suppose that none of the jobs belonging to player P\{1,2,--- ,k} finishes
as early as i,. Let i, be the heaviest job among iy, 42, ---, iy. Then as
P(iy, N;) > P(i., N;),

P(iy, Nj) = (¢iyj)l/q(L(Nf_l) + Cpi,j) >

Y
(¢1.5) " U(LING™Y) + Cpig) = LINSTH) + ) pis-
t=1

Observe that the last term in the inequality is at least as large as the total
load of the jobs finishing no later than %,.

12



2. Suppose that some players in P\{1,2,---,k} have jobs on machine j that
are finished as early as 4,. Let player k + s be such player with the largest

index. Suppose further that player k+ s has jobs i3, 5, - - -, i% finish as early
as i, on machine j. W.L.O.G., assume that ¢] is the job with the largest size
among the jobs i7, 45, - -, 7. Then

P(iy, Nj) > P(i1,N;) = (¢sz)VI(LINFT71) + Cpizjy) >
L(Ners_l)JFZpi;j,
t=1

which is no less than the total load of jobs finishing as early as ¢,. The proof
follows. a

Lemma 5. Suppose that N is a PNE under Ao-COORD. Then
) T
maxjem,ien; P, Nj) < (3 em L(N;)*1) e + C'maxjem L(O;)

Proof. Let i* be the job with the largest completion time. Suppose that it is
assigned to j; in assignment N and has inefficiency 1 on machine j5 (jo could
be the same as ji). Either jo # ji, then the player m(i*) controlling i* has no
incentive to move i* to jo; or jo = j1. In both cases, we have

P(i*,N;,) < LINEY)™Y) 4 Cpiegy < LINy,) + Opiejy <

(3 LIN)™H T + Cmax L(0;),

JjEM
where the last inequality follows from Proposition 1 and the fact that in the
optimal, one machine would have load at least p;«;,. The proof follows. a

Lemma 6. Suppose that N is a PNE under As-COORD. Then

1y [<3q+2>02q1*mﬁ
E L(N; har < max L(Oy).
(jeM S (1—gq/2)aT jem (©3)

Proof. Suppose that job i is assigned to machine j; in assignment N and machine

Jjo in the optimal assignment 0. As N is a PNE, (¢ij1)1/q(L(N;T(l )—l—C'pm) <

(¢ijn) Y 9(L (N; W( 4+ Cpij,)- Raising both sides by the power of ¢, and multi-
plying them by Di,min, We have
LINTO™Y) 4 Opigy ) < pija (LINED ™) + Oy,
pljl( ( ) + pl]l) —= plh( ( J2 ) + pw'z)
Using the above inequality, we derive

Pijy (LINTO ™) 4 i )® < pigy (LINTO ) 4 Oy )7 <

Pij, (L(NJW(Z ) + Cpl]z) < Pij, (L(sz) + Cpi]é)q'
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Define x;; = 1(0) if job i is (not) assigned to machine j in assignment N;
similarly define y;; = 1(0) if job 7 is (not) assigned to machine j in the optimal
O. Then the above inequality, if summed over all jobs, can be expressed as

w(i)—1
SN wpi(LINTOT i)

i€ jeM
< Z Z yz]pm + Cyszz])
€L jeEM
< Z Z yszz] 4 YijPij (yszzjc)
i€ jeM
SHOPETD oINS S o
JEM 1:1€0; JEM 1:1€0;
< Y L(N))L(O;) + Y CUL(0;)'
JjEM JEM
1+ 1 1+
SZ(1/q,_1)L j)' 9+ 2C9L(0;)' 1 + 557 L(N;) ‘1+Zch it
: 1/¢+1
JEM JEM
)1+q 1+ 2 l1—g¢q
— L q q
220q1+1/q)+ O )+ ) )

where the second inequality follows from Proposition 3 by setting p = 1/g,
a = L( (@)= 1) and b = Cy;;pi;; the third inequality from Proposition 4 by
setting A =0, B; = pj;j andp = 1+4q (sothat > , ;.o pzlfq < Xiieo, pij)' =
L(0O;)'T9); and the fourth one from the arithmetic-geometric mean inequality
(of 1/q + 1 terms).

We now bound the term 3\ L(N;)**.

D LN < (90N wipi (LN + wypiy)?

JEM €L jeM

o Sgent L) 2, l-g
<+ 90 ST+ T nyrihat el

=q/2 ) LIN)"™ 4+ (C*((1 +q) +2q) + CU(1—q)) Y L(O;)"*

+ L(0;) 09 (1 +

JEM JEM
< /2 L(N;)'™9 4+ C* (3¢ +2) Y L(0;)',
JEM JEM

where the first inequality follows from the same derivation as in (3); the second
from (5); the third from the fact that C9(1 — q) < C?%4.

Rearranging terms in the above inequality, and raising both sides to the
power of 1/(1 4+ q),
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(1—gq/2)7 (Y LN < (C*(3q+2) ™ (Y L(0;) )™ <
JEM JEM
(C*(3¢ +2)) Fim ™ max L(0),
JEM
where the second inequality follows from Proposition 1. The proof follows. 0O

Theorem 2. A;-COORD guarantees a PNE. Such a PNE can be computed in
polynomial time and each player can compute his optimal strategy in polynomial
time. Moreover, for any fized q, 0 < g < 1 so that 1/q is an integer, it guarantees

the PoA of O(C%mqlﬁ).

Proof. The existence of the PNE, and the poly-time computability of such PNEs
and of a player’s optimal strategy follow the same arguments as in the proof of
Theorem 1. The last part of the theorem is due to Lemmas 5 and 6. O

6 A3;-COORD

In this section, we assume that jobs are indexed in such a way that each player
controls jobs with consecutive indices. Precisely, let ¢, be the number of jobs
controlled by player k. Then his jobs are indexed as 1 + Zf;ll cey 2+ Zfz_ll Cty

R Zi:ll ¢¢. Unlike the previous two sections, here N} denotes the set of
jobs with index at most ¢ that are assigned to machine j in IN. Accordingly,

. . ; max;cz minj; i
L(N7}) is their total load: L(N}) =3 . <; yen, Pirj- Let W = an:x;j
We assume that all job sizes are rescaled so that min;ez minjeca¢ ps; = 1. Then
pij > 1 for all 4, 7.
We now introduce A3-COORD.

A3-COORD: Let N be the assignment. Suppose that job ¢ € N;. Then
1

the completion of job ¢ is set as P(i, N;) = (pi;) 4 (L(N;il) +pij). When
C > 1, weset ¢g=1. When C =1, we set ¢ = (logmW).

Unlike A1-COORD and A5-COORD, here C'is absent in the completion time
P(i,N;). Also notice that we replace the inefficiency ¢,; with the size p;;, hence
A3-COORD is strongly local.

Lemma 7. The schedule decided by As-COORD is feasible.

Proof. Let i1, is, ---, i, be the set of jobs assigned to j in N, assuming that
their finishing times are non-decreasing. We argue that when job i,<, finishes,
the total load of jobs i, ¥’ < y, is no larger than P(i,, N;). W.L.O.G., if
multiple jobs finish at the same time with %,, then 7, is the one with the largest
index.

Suppose that all jobs i,/, ¥ < y, have indices smaller than i,, then P(i,, N;) =

(piyj)l/q(L(N;yfl) +pi,i) > L(N;y), which is at least as large as the total load

15



of jobs i, for all 4’ <y. On the other hand, suppose that a job i/, ¢y’ <y, has
index larger than i,,. W.L.O.G., let 4, be such job with the largest index. Then

P(iy, Nj) > P(iy, Nj) > L(N; N ,) > Y | pi,; and the proof follows. O

Lemma 8. Suppose that N is a PNE under As-COORD. Suppose that ¢ = 1
(thus C > 1). Then given any v € ZT,

P(i,N;) < min W(\/m+maxje/\/[ L(0y)),

. nax il = 2t
JEM,IEN; ﬁ( ZjeM L(N;)?)™~ (W—|— )maneM L(O;j).

Suppose that ¢ = O(logmW) (thus C =1). Then

P < WYY L(N;)It)a L
jemax, PN, %:4 ¥ + max L(0;)].

Proof. Let i* be the job with the largest completion time in assignment N.
Suppose that it is controlled by player m(i*), is assigned to j; in assignment NN,
and has the least size on machine js (j2 could be the same as j;). Below we only
prove the case of ¢ = 1. See the appendix for the case of ¢ = @(logmW).

Let I, denote the union of job ¢* and the set of jobs controlled by player
7(1*) that are assigned to jo in N. First assume that jo # j1. As player 7 (i*)
has no incentive to move ¢* to jo,

P(i*aNj1) + Z P(ilvN]é) < pi*j2(L(N;;_1) +pi*j2)
el \{i*}
+ >, PN+ Y [P Np)+ pigapiog):

Ve, i <i* i EX, i >0

Notice that the RHS of the inequality is the sum of the costs of the jobs
in set I, if ©* moved to j,. Observe that the above inequality holds as well
when js = ji. Canceling the term ;¢ ; \ ;.3 P(¢, Nj,) from both sides of the
inequality, we obtain

P(i, le) < Pivja (L(N;2_1) + Z pi'jz)

V€L, i >i*
< Pixj, (L(sz) +pi*j2) < WL( ]2) + w2, (6)

We can further bound the expression WL(N;,) + W? in two different ways.
First, note that

WL(Nj,) +W? <W( | > LIN)2+W)<W( | > L(N; +maxL(O))
JEM JEM
(7)
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where the first inequality follows from Proposition 1 and the second by the fact
that one machine would have load at least W in the optimal. A second way to
bound WL(Nj,) + W? is as follows.

Wt 4+ 50 (B(Ng,) 7 )

) 2 2
WL(N;,) + W?* < ) + W
v Nt wo
:7[1 N v
poa (N;,) +(W+7+1)W
< ([ )y v+ X max1(0y), ®)
T y+1 i ¥ JEM

where the first inequality follows from the arithmetic-geometric mean inequality
(of v+ 1 terms), and the second inequality from the same reason as in (7). The
inequalities (6), (7), and (8) together give the first part of lemma.

When ¢ = ©(logmW), either jo # j1, then the player w(i*) controlling ¢*
has no incentive to move ¢* to jo; or jo = j1. In both cases,

P(i*,Nj,) < (pieg)VUL(NL 7Y + piejy) < WYI(L(Ng,) + W) <
Wl/q[(z L(Nj)q""l) s +jrr€1aXL(Oj)],
JjEM

where the last inequality follows from the same reason as in (7). The last part
of the lemma follows. O

In the next two lemmas, we show how to bound the term (3_ ;. ¢ L(V; )q“)T
when ¢ = 1 and when ¢ = ©(logmW), separately.

Lemma 9. Suppose that N is a PNE under As-COORD and q =1 (thus C >
1). Then

> L(N;)? F - max ax L(O;).

JEM

Proof. Let z;; = 1(0) if job ¢ is (not) assigned to machine j in assignment N.
Caragiannis 7, Theorem 7] showed the following inequality.

Z < Z Z :)Smp” ) + ngpm) (9)

7 i€l jeM

The RHS of the inequality is exactly the sum of costs of all players in P in
assignment N. Therefore,

Z Z xijpij( NZ 1 +l‘z]ng Z Z P(iaNj)' (10)

i€ jeEM kEP i:mw(i)=k,j:i€N;

17



Consider player £ € P. He has no incentive to re-assign his jobs to the
machines where they belong to in the optimal. Therefore,

> P(i, N;) <

i:m(i)=k,j:i€EN;

(Ciin(iy=hico, Pii)” + Xin(iy=h.ico, Wij
ST LNy + TR0 S OShIE0s )

YUY puLNp+( Y py),

JEM i (i)=k,i€O; i (i)=k,i€0;

JEM i (i)=k,i€O;

where the first inequality is derived by assuming (pessimistically) that all jobs
of player k£ in O; have indices larger than the jobs of all other players in N;.
Summing the above inequality over all players,

Z Z P(i,N;) < Z [L(O;)L(N;) + Z( Z pij)’]

kEP i:m(i)=k,j:i€N; JjEM kEP i:m(i)=k,i€O;
< Y L(Oj)L(N;) + L(0;)*
JjEM
<D (LN)) + L(05)* = Y L(N;)®
JEM JEM
S( D0 LIND2+ [ L(0)?)% = Y L(N;)*(11)
JEM JEM JEM

where the second inequality follows from Proposition 4 (by setting A = 0 and
p = 1), and the last inequality from Minkowski inequality. By (9), (10), (11),
and re-arranging terms, we have

V32-1) [T L) < [T L(0,)? < Vmmax L(O,),

jeEM JEM jeM
where the last inequality follows from Proposition 1. The proof follows. ad

Lemma 10. Suppose that N is a PNE under As-COORD and q = ©(logmW)
(thus C =1). Then

(Y L) T < e(g + 1)maT max L(0;).

: JEM
JjeEM

Proof. Let x;; = 1(0) if job 4 is (not) assigned to machine j in assignment N;
similarly let y;; = 1(0) if job ¢ is (not) assigned to machine j in the optimal O.
We make the following claim.
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Z Z xijpij( Nl 1 +‘r1jptj < Z Z yupu +yupu) . (12)

€T jeM €T jeM

By our index scheme and the fact that C' = 1, job ¢ is controlled by player 3.
Suppose job 7 is in j; in N and in jy in O. As player ¢ has no incentive to move
his job from j; to ja,

(Pis ) ULNITY) 4 piy) < (ige) VY ULINE ) + pigy) < (0iga)VU(L(NG,) + pigy)-

Raising the above inequality to the power of ¢ and summing it over all players,
we have

Yo D Py (LN +pi) < Y0 D i (LIN) +pig)?,

JEMIEN; JEM €O,

and Inequality (12) follows.
The rest of the analysis is completely the same as Caragiannis [7, Theorem
7). He showed the following two inequalities:

6—1 q+1 Z Zyl]p” +y”pu) =

€L jeM

Z L(N. q+1 P +¢( Z L(O q+1 q+1 Z L(N q+1 (13)

JEM JEM JEM

(e =1 LIN;)™ < Wa+1) Y > wigpis (LN +2igpig)? (14)

JjEM i€ jEM
Combining (12), (13), and (14), we have
(Y LNy AT < —— (3 L(0)™) 7T < e(q+ 1)meT max L(O;),
jeM et —1 iy jeM

where the second inequality is due to the inequality e* —1 > z and Proposition 1.
The proof follows. a

Theorem 3. A3-COORD guarantees a PNE. Moreover, by setting q = 1, it

guarantees the PoA of O(min{W/m, InirLyEzZl{mW?;;1 + W7}}). In case that
C =1, by setting g = 0(logmW), it guarantees the PoA of O(logm + log W).

Proof. The existence of PNE follows the same argument as in the proof of The-
orem 1. The second part of the theorem follows from Lemmas 8, 9, and 10. O
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Unfortunately, under A3-COORD, it is NP-hard to decide the optimal strat-
egy for a player. So we cannot use the same procedure as in the previous two
mechanisms to build a PNE in polynomial time. The NP-hardness follows from
the observation that when ¢ = 1, a player controls all the jobs, and only two
identical machines are given, finding an optimal strategy is equivalent to min-
imizing the weighted sum of completion times of jobs. (The latter problem is
NP-hard by a reduction from the PARTITION problem [17].)
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A Counter-examples and Lower Bounds for Known
Mechanisms

A.1 PNE Existence for ShortestFirst, AJM-2, and BALANCE

Theorem 4. ShortestFirst, AJM-2, and BALANCE do not induce PNE even
for two identical machines.

Proof. Consider the instance of two identical machines and two players. Player
1 controls a job of size 1 and a job of size 3. Player 2 controls a job of size 2
and a job of size 4. It is easy to verify that this instance has no PNE when
using ShortestFirst. The theorem holds for AJM-2 as well because it is exactly
equivalent to ShortestFirst in the case of two identical machines. The same
example can be used as an evidence that BALANCE does not induce PNE. O

A.2 PNE Existence for Makespan, BCOORD, and CCOORD

Theorem 5. Makespan, BCOORD when p=1, and CCOORD when p=1, do
not induce PNE even for two identical machines.

Proof. Consider the instance of two identical machines and two players. Player
1 controls a job of size 1. Player 2 controls a job of size 2, a job of size 1, and a
job of size 1/10. It is easy to verify that this instance has no PNE when using
the Makespan policy. Notice that when p=1, both BCOORD and CCOORD are
equivalent to Makespan in identical machines. a

A.3 PoA for ACOORD, BCOORD, and CCOORD

In the following, if we do not specify the size p;; of job ¢ on machine j, we
implicitly assume it is infinity. We first present a simple construction where each
player controls just two jobs.

Theorem 6. For all values of p > 1, when C = 2, ACOORD and BCOORD
have PoA of at least 2(m). The same bound holds for CCOORD when p=1.
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Proof. Consider an instance of m machines and n = m — 1 players. Player k, for
1 < k < n, controls two jobs, i and i}, both of which can be processed only on
machine 0 and machine k. Job ig has size 1 on machine 0, and size 2 on machine
k. Job Z;lc has size § on machine 0, and size § - n? on machine k, for some small
0 > 0 where 6 << 1/nP.

We first focus on ACOORD. Let the total order of all jobs be as follows
i9,i},49,43, -+ ;30 il. Let N be the following assignment. Each player k assigns
job ig to machine 0 and job z,lC to machine k. To see that N is a PNE, consider

player k, whose current cost is k + § - n?. He has three other possible strategies:

1. Assign both of his jobs to machine 0. Then his cost is k + k + 0.
2. Assign both of his jobs to machine k. Then his cost is 2-21/? 4 (24§ -nP) - n.
3. Assign i to machine k and i}, to machine 0. Then his cost is k— 14+642-21/7,

All these three strategies incur higher costs, so player k has no reason to
deviate. Thus, N is a PNE with makespan of m — 1, while OPT is 2.

Next we consider BCOORD (and notice that CCOORD is the same as BCO-
ORD when p=1). We claim that the same assignment N is also a PNE. Consider
player k, whose current cost is n 4 § - n?. He has three other possible strategies:

1. Assign both of his jobs to machine 0. Then his cost is 2n + 24.

2. Assign both of his jobs to machine k. Then his cost is (2 4+ § - n?) - 21/P +
(246 -nP) - n.

3. Assign i) to machine k and i}, to machine 0. Then his cost is n—1+4§-+2-21/7.

All these three strategies incur higher costs, so player k has no reason to
deviate. Thus, N is a PNE with makespan of m — 1, while OPT is 2.
O

We next expand on the same idea to show that the PoA of
ACOORD/BCOORD/CCOORD can be much higher when C is large.

Theorem 7. For all values of p > 1, ACOORD and BCOORD have PoA of
at least 2(CA=)PHN i /p2) | for some small € > 0. The same bound holds for
CCOORD when p=1.

Proof. Consider an instance of m = (n + 1) - (p? + 7 + 1) machines, where 7 is
some positive integer (the larger the 7, the smaller the € in the lower bound).
Let m.,, represent a machine for some u, v, where 0 < u < (p? +7), 0 < v < n.
Let kg denote a player for some s,t, where 0 < s < (p2 +7),1 <t<n We
next specify the jobs controlled by each player and their sizes on the machines.
Below we assume § to be some small constant and § << 1/ (nC)6p2.

1. For player ko;, 1 <t < n, he controls two jobs iJ,, iy,. Job i, has size 1 on

machine mqg, and size 2 on machine mq; job i, has size § on machine mqy,
and size J - n? on machine my;.
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2. For player kg, with s > 0, 1 <t < n, he controls C + 1 jobs, i%,,4%,,--- 5.
Job i%, has size 1 on machine m;, and size C2a=1 ?/(P+*1)" on machine myp;
job 7%, for 1 < b < O, has size § on machine m(s—1)0, and size (5(nC)2p2 on

machine mg;.

We first focus on ACOORD. Let the total order for all the jobs be as follows:

0 1 0 1 0 ;1 0 41 C 0 ;1 C 0 .1 C
Z81, 015 %025 02> " 2 WOono Yono Y11y 11y alllazlzallzca' : ‘0711%7 cee ahgahgn : '1' » Uno
12150215 11215222, %22, " 5122y s lapy tony 5 lans 03150315 1 131,032,032,
Y { S S { C AR 1 31 e g 0 31
32 » Y3ns “3no » Y3ns ) (p2+7')1’ (p2+7')17 ) (p2+7-)1u (p2+7')2’ (p2+7')27 )
i¢ .. 40 il e g

(p2+7)2° VU (pPT)n? N(pPHT)n? VH(p2tT)n’

Let N be the following assignment. Each player k; assigns job i, to machine
mso and the remaining job(s) to mg;. To see that N is a PNE, consider player
kot, 1 <t < n. We can use the same argument as in the previous theorem to
show that he has no reason to deviate. Next consider player kg, with s > 0,
1 <t < n, whose current cost is ¢ - C((p+1)/p) 3oa—y (p/(p+1))" 4 d, where d is the
sum of the cost the jobs i, 3%, - - ,i%, thus d << 1. He has three other possible
strategies:

1. Assign job %, to machine my and at least one of the remaining jobs to
machine m,_1yo. Then his cost is at least ¢ - C(et1)/p) Xamy /(041" 4y .
OS2t /(1)

2. Assign job %, and at least one of the remaining jobs to machine mg; . Then
his cost is at least 1+ (1 + §(nC)2") - (nC)2P.

3. Assign job %, to machine my and the remaining jobs to machine M(s—1)0-

Then his cost is at least 1+n-C1+2Za21 (#/(P+1)" = 1 4. C((P+D)/p) Z5sy (/ (p+1)"

All these three strategies incur higher costs, so he has no reason to de-

viate. Thus, N is a PNE with makespan of n - C((pﬂ)/p)sz’:;rﬂ ®/(p+1)* =
Q(CO=9@+m /p?), for some small e > 0, while OPT is 2.

Next we consider BCOORD (and notice that CCOORD is the same as BCO-
ORD when p=1). We claim that the same assignment N is also a PNE. Consider
player ko:, 1 <t < n. We can use the same argument as in the previous theorem
to show that he has no reason to deviate. Next consider player kg, with s > 0,
1 <t < n, whose current cost is n - C((P+1/P) 30y 0/ (P+1)" 4 g where d is the
sum of the cost the jobs i, i2,, -+ ,i, thus d << 1. He has three other possible
strategies:

1. Assign job Y, to machine mgsy and at least one of the remaining jobs to
machine m,_1)o. Then his cost is at least n - Cp+D)/p) Xamn (0/(PH1)* 4y
a2 /(1)

2. Assign job i, and at least one of the remaining jobs to machine mg; . Then
his cost is at least 1 + e(nC’)Qp2 +(1+ 5(nC)2p2) - (nC)?r.

3. Assign job %, to machine mg and the remaining jobs to machine M(s—1)0-

Then his cost is at least 1+n-C1+2a21 (#/(P+1)* = 1 4. C((P+D/P)+351, (p/ (p+1)"
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All these three strategies incur higher costs, so he has no reason to de-

p2 T a
viate. Thus, N is a PNE with makespan of n - Cp+1)/p) ST 0/ (1) =
Q(CH=9@+Dm /p?), for small € > 0, while OPT is 2.
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