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Yesterday:
» “Germ-grain” coverage models in stochastic geometry,
» SINR (or shot-noise) coverage model,
» Palm and stationary coverage characteristics.
Today:
» Poisson-Dirichlet processes,
» Relations to SINR coverage.




Poisson-Dirichlet processes
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We say (P, ) is invariant with respect to SBP (ISBP) if

(P,) =dgistr. (Prn). Clearly (P,,) needs to be a random.

Also, (P,) is ISBP for any (P,).

ISBP is a notion of stochastic equilibrium. Appears naturally in models of
genetic populations that evolve under the influence of mutation and random
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Consider the following “stick braking” (SB) model, also
called residual allocation model:

P1:U1, Pn:(l—Ul)...(l—Un_l)Un, n>2,

for some independent U, Us,, ... € (0,1). Note {P,} Is a
distribution.
Again, such constructions appear naturally in population models.
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When (for what distribution of (U,)) (P,) I1s ISBP?




THM Consider SB model (P, ) with independent, identically
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Poisson-Dirichlet PD(0, ) point process.
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independent of {V; = Z?Yj}'

s For PD(e,0), ), Y; has a stable law (LT of the form
e~ T(A=-2)%) and it is a deterministic function of

Indeed, >~ Y; = L=/, where L is P, o-almost surely
existing limit
— 13 8
L := nli}ngon (n)

with V(1) > V() > ... order statistics of {V;}.
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Consequently, Y(z'_fn — Y(Z_)“ are iid exponential variables
with mean « and thus by the LLN a.s.
limg, o0 Y(;)a/n = lim, 1/n Z?:l(Y(i_fU - Y(Z_)a) = .

Finally, : \
3. Y —a o (Y.Y;)"°
a _ j~J . n , . jJ
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Pitman, Yor (1997).

Eao[f({Vi})] = Ca0Eao LY *f({Vi})],

where
Ca,0 = 1/Ea,0[L9/a] =TI'(1 — a)e/aI‘(H +1)/T(O0/x + 1).




SINR and Poisson-Dirichlet processes
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7. . Si /(| X]) _ Y;
T Wy S (X)) T WS, L Y,
» Recall ® = {Y;} is Poisson pp of intensity

2a/Bt~1=2/B dt, on (0, c0), equal (modulo irrelevant in
this context constant 2a/3) to this of ®,, with a = 2/8.
Recall, ®, gives rise to PD(«, 0) via similar (to SINR)

ints’ normalization V; = <.
points’ normalization V; Sy,

» Recall SINR process ¥ := {Z;} can be easy related to

Y; : Z;
STINR process ¥’ := {Z] := W+2jyj} via Z; = 175

» Consequently, in case of no noise (W = 0),
STIR ¥/ is PD(0,a = 2/03).
Many distributional characteristics of PD(0, o) are



Denote by Zfl) > Zfz) > ... the ordered points of the
STINR process ¥’.
FACT For the STINR process ¥’ (W > 0), the random

variables
Z!. Y.
R, = (z,+1) _ (z+1)’ i>1
Z(f,:) Y(i)
have, respectively, Beta(2i/3, 1) distributions. Moreover,
{R;} are mutually independent.

BB, Keeler (2014) using Pitman, Yor (1997)
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cf. Zhang, Haenggi (2013).




Denoteforz =1,2,...

/
Zopt ot Zey Yot +Ye

Ais = 1)
Z(it1) Y(it1)
.. — (z+1)+Z(7’+2)+'°'_Yv(i-l—l)_l'yv(i-l—Z)_l"" ,
o Z! = V. (2)
i ()

Observe that = *corresponds to SIR with
successive-interference cancellation in case W = 0.;

cf. Zhang, Haenggi (2013).

Similarly,

(14 Ai—1)/% = (Ya) + -+ Y5) /(Yig1) + Yo + )
corresponds to SIR with signal combination in case W = 0.;

cf. BB, Keeler (2015).
L p




For~ > 0 let
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For~ > 0 let

Pp(7) := 2 / h e 1T 2/P gy, (3)
B J1
Y(v) =T —2/8)v*P + ¢s(7). (4)

FACT Consider the STINR process ¥/ (W > 0). Then A;_4
Is distributed as the sum of ¢ — 1 independent copies of Aq,
with the characteristic function E[e=74i-1] = (¢5(7))*1; %
Is distributed as the sum of ¢ independent copies of 34, with
the characteristic function E[e~7*i] = (¢5(~)) ™% and A;_1
and X; are independent.

using Pitman, Yor (1997)



FACT The inverse of the kth strongest STIR (W = 0) value,

1 /ng), has the Laplace transform
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using Pitman, Yor (1997)
cf BB, Karray, Keeler (2013).




FACT The inverse of the kth strongest STIR (W = 0) value,
1/Z(k), has the Laplace transform

Ele™/%00] = e~ (9(1)* " (s (1) 7"

using Pitman, Yor (1997)
cf BB, Karray, Keeler (2013).

Observe, 1/Z(k) <1/t (t <1)Isequivalentto Z(k) > t, and

further equivalentto Zy > t/(1 — t) (relation between

STINR and SINR). Consequently, the above result gives
alternative approach to calculate the stationary SIR (W = 0)
k-coverage probabilities p, with - =1/1 — t¢.



FACT For the STINR process (W > 0),
—1
W/I = (Z;’; Zgi)) —1,and W + I = (L/a)~5/2, with

L :=lim;_, oo i(Zzi))z/ B existing almost surely.

Thus, (theoretically) one can recover the values of the
received powers and the noise from the SINR
measurements.

using Pitman, Yor (1997)




“Introducing W > 0 to Poisson-Dirichlet”
from STIR to STINR




Very much as for EIN™] = E[Y 1,20 cqanxn 1(0 € N; Ci)],

distinct

M (.., t) = E[ > ﬁ 1z} > t;)]

(24,...,Z2)e(@)xXn j=1
distinct
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distinct

VR A ::E[ > H]l(z;>t;)]

z!,..., zZIH)e@HxXn =1
\We have Y distinet

MMt
i (T2 2 W0 3ot
=1

when Y7 ¢/ < 1and M'(™(¢,,...t ) = 0 otherwise,

where t; = £;(th,...,t)) := f

Observe factorization of the noise contribution.
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Very simple thanks to SB (stick-braking) representation!

Indeed, for the fist moment measure Mpp(dt),

/01 f(¢) Mpp(dt) := E[Z f(VT,:)}

:E[Z‘f(v‘f)w}

E [f(‘;_jl)} where {V;} SBP of {V;}

hence Mpp(dt) = 1/t x Fy, (dt) and and we know that

~

V; =U; ~Beta(l — a,0 +1 X a).




Similarly, by the induction, using ISBP representation of PD,

the density ,u(”) (t1,...,t,) Of the nth factorial moment
measure of the PD(«, 0) process can be easily shown to be

. n 2n/8—1
MéD) (t15+-+stn) = Cn2/8,0 (H(t' (2/B—|—1)) (1—Z(t;)) ;
71=1

1=1

where

@ +1+(G—-1)a)
c“ae_g I'(1— a)T(6 +ia)

(related to the Beta distributions of independent {U, } in SB
model of PD).
Handa (2009).




For Y0 . t! < 1, the density of the n th factorial moment
measure of the STINR process Is

oM™ (t],...t)
oty ...ot,
= Zns(W)a P2 gt (8], ., 1))

(.t = (1)

where Z,, g(z) = F-2%).




Expansions of general characteristics ¢ of the STINR
process

E[p(T)] = ¢(0) + > /(O Bty W (E oo 8]) ], .. dt]
n=1

1)
where
b = ({t;}) — B(0)
b, = 5 (9t 851) — 6U{BY) — B({£4)) + 6(0))
Bttt =~ DD S B[yt D).
" k=0

/ /
th et

z%Jlistinct § BB (1995)




Numerical examples




PH) (1)

PH (1)

SINR k-coverage probability




B=5
The increase of the coverage probability when two strongest
sighals are combined (SC) or the second strongest signal is
canceled from the interference (IC).




» We have seen a Poisson-Dirichlet process in some
wireless communication model, where it describes
“fractions” of the SINR spectrum. But Poisson-Dirichlet

processes appear in several apparently different
contexts.




» We have seen a Poisson-Dirichlet process in some
wireless communication model, where it describes
“fractions” of the SINR spectrum. But Poisson-Dirichlet

processes appear in several apparently different
contexts.

» “Two-parameter” family of Poisson-Dirichlet processes
appear naturally in genetic population models in
equilibrium ans well as in math/economic models (where
It represents e.g. factions of the market owned by
different companies).




s In math/physics “our” PD(«, 0) process appears as the
thermodynamic (large system) limit in the low
temperature regime of Derrida’s random energy model
(REM). It is also a key component of the so-called Ruelle
probabllity cascades, which are used to represent the
thermodynamic limit of the Sherrington-Kirkpatrick
model for spin glasses (types of disordered magnets).




Relations to the PD processes give some universality to the
SINR model, initially motivated by wireless communications.
This may hopefully attract some further interest to this

model.

thank you
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