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Linear discrimination

separate two sets of points {z1,...,xn}, {y1,...,ynm} by a hyperplane:

alx;, +b>0, i=1,..., N, aly, +b<0, i=1,....M

homogeneous in a, b, hence equivalent to
T - T -
axr;+b>1, 1=1,..., N, ay;+b< -1, +=1,..., M
a set of linear inequalities in a, b
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Robust linear discrimination

(Euclidean) distance between hyperplanes

Hi = {z|a'lz+b=1}
Ho = {z|a'z4+b=—-1}

is dist(H1, Ha) = 2/||a||2

to separate two sets of points by maximum margin,
minimize  (1/2)|lal|2
subjectto alz;+b>1, i=1,...,N (1)
aly, +b< -1, i=1,....M

(after squaring objective) a QP in a, b
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Lagrange dual of maximum margin separation problem

maximize 11X+ 11y
<1

subject to 2 HZL ANi; — Zf\il HiYi
2
1" =1"pu, X>=0, pu>=0

from duality, optimal value is inverse of maximum margin of separation

interpretation

= change variables to 0; = \; /17X, v, = p; /11, t = 1/(1T X+ 11 p)

= invert objective to minimize 1/(11X +11u) =1t

minimize t
<t

subject to ||Z£V:1 0;x; — Zf\il YilYi
2
0=0, 116=1, ~=0, 11y=1

optimal value is distance between convex hulls
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Approximate linear separation of non-separable sets

minimize 17w+ 170

subject to a’x; +b>1—-w;, i=1,....N
aly, +b< —-14v;, i=1,....M
u>=0, v>=0

manLPina, b, u, v
= at optimum, u; = max{0,1 — al'z; — b}, v; = max{0,1 + al'y; + b}

m can be interpreted as a heuristic for minimizing #misclassified points
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Support vector classifier

minimize  |lall2 + (17 u + 11v)

subjectto alz;+b>1—w;, i=1,...,N
aly, +b< —-14v;, i=1,....M
u=0, v>=0

produces point on trade-off curve between inverse of margin 2/||a||2 and
classification error, measured by total slack 17w + 17w

same example as previous page, with
v = 0.1:
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Support Vector Machines: Duality

Given m data points x; € R™ with labels y; € {—1,1}.

m The maximum margin classification problem can be written

minimize  i|jw||3 + C172
subject to y;(wlz;) >1—2, i=1,....m
z>0
in the variables w, z € R™, with parameter C' > 0.

s We can set w = (w, 1) and increase the problem dimension by 1. So we can
assume w.l.0.g. b =0 in the classifier w’z; + b.

m The Lagrangian is written

1 ™m
L(w, z,a) = §Hw|\% +C1tz + Z oi(1 — 2z — yyw’ ;)
i=1

with dual variable o € ]R:[L.
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Support Vector Machines: Duality

m The Lagrangian can be rewritten

2
L(w, z, a) Z YT Uil +(C1—-a)lz+ 1"
with dual variable o € R
= Minimizing in (w, z) we form the dual problem
- m 2
maximize —3 ||>°" auyizll, + 17 a

subjectto 0<a<(C

m At the optimum, we must have

w = Zaiyixi and o; =Cif z; >0
i=1

(this is the representer theorem).
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Support Vector Machines: the kernel trick

m If we write X the data matrix with columns z;, the dual can be rewritten

maximize —zal diag(y)XTX diag(y)a + 17«

subjectto 0<a<C

m This means that the data only appears in the dual through the gram matrix
K=X'X

which is called the kernel matrix.

m In particular, the original dimension n does not appear in the dual. SVM
complexity only grows with the number of samples.

m In particular, the x; are allowed to be infinite dimensional.

m The only requirement on K is that K > 0.
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Parametric distribution estimation

= distribution estimation problem: estimate probability density p(y) of a random
variable from observed values

m parametric distribution estimation: choose from a family of densities p.(y),
indexed by a parameter x

maximum likelihood estimation

maximize (over x) log p.(y)

m ¥y is observed value
m [(z) =logp.(y) is called log-likelihood function
= can add constraints x € C explicitly, or define p,.(y) =0 for x ¢ C

= a convex optimization problem if log p..(y) is concave in x for fixed y
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Linear measurements with |ID noise

linear measurement model

T .
Yi=a; r+v, t=1,...,m

m r € R" is vector of unknown parameters

= v; is [ID measurement noise, with density p(z)

= y; is measurement: y € R™ has density p.(y) = [[\~, p(y; — a} x)

maximum likelihood estimate: any solution x of
maximize I(z) =" logp(y; — ai x)

(y is observed value)
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examples

= Gaussian noise N'(0,02): p(z) = (2mo2)~1/2e=%"/(207),

m

1 m
l(x) = 2log (2m0?) —Q—EZ:CL T — y;)?

ML estimate is LS solution

= Laplacian noise: p(z) = (1/(2a))e~ 1?1/,

1 m
[(x) = —mlog(2a) — - Z lalx — y;l

i=1
ML estimate is £1-norm solution

= uniform noise on [—a, a:

— 00 otherwise

- Ty — ] < ) —
l(a:) = { mlog(2a) ’az € y1| <a, 1=1,...

ML estimate is any = with |alz — y;| < a
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Logistic regression

random variable y € {0, 1} with distribution

exp(alu + b)
b rob(y = 1) 1 4+ exp(a’u +b)

m a, b are parameters; u € R™ are (observable) explanatory variables
y

m estimation problem: estimate a, b from m observations (u;, y;)

log-likelihood function (for y1 = - - =y =1, ypo1 =+ = ypm = 0):

k m

exp(alu; + b) 1
[(a,b) = 1
(a,b) 6 H 1 4 exp(alu; + b) H L exp(a’u; + D)

1=1 1=k-+

= > (au;+b) =) log(1 + exp(a’u; + b))

concave in a, b
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example (n = 1, m = 50 measurements)
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m circles show 50 points (u;, y;)

= solid curve is ML estimate of p = exp(au + b)/(1 + exp(au + b))
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Experiment design

m linear measurements y; = alx +w;, i = 1,...,m of unknown z € R”

= measurement errors w; are 1D A(0, 1)

s ML (least-squares) estimate is

m —1 m
. T
xr = E a;a; E Y;a;
m error e = I — x has zero mean and covariance
m —1
E=Eee! = E a;a;
i=1

confidence ellipsoids are given by {z | (x — )Y E~ (2 — %) < B}

experiment design: choose a; € {v1,...,v,} (a set of possible test vectors) to
make E ‘small’
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vector optimization formulation

minimize (w.r.t. S7) E = (>%_, mkvkvg)_l

subject to mr >0, mi—+---+my,=m
my € Z

= variables are my (# vectors a; equal to vy)

m difficult in general, due to integer constraint

relaxed experiment design

assume m > p, use Ay = my/m as (continuous) real variable

minimize (w.r.t. S7) E
A

(1/m) (Yh_y Mevio]) ™
subject to 0,

- 1T\ =1

m common scalarizations: minimize logdet F/, Tr F, Apnax(FE), . . .

= can add other convex constraints, e.g., bound experiment cost ¢!\ < B
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Experiment design

D-optimal design

minimize logdet( izl Akvkv?)_l

subjectto A >0, 1'A=1

interpretation: minimizes volume of confidence ellipsoids

dual problem
maximize logdet W + nlogn

subject to v{Wuwvr <1, k=1,...,p

interpretation: {z | z? Wz < 1} is minimum volume ellipsoid centered at origin,
that includes all test vectors vy

complementary slackness: for A\, W primal and dual optimal
Me(l—viWor) =0, k=1,....p

optimal experiment uses vectors v on boundary of ellipsoid defined by W
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Experiment design

example (p = 20)

A1 = 0.5
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design uses two vectors, on boundary of ellipse defined by optimal W
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Experiment design

Derivation of dual.

first reformulate primal problem with new variable X

minimize  logdet X!
subject to X =Y 7P_ Mugvi, A =0, 1'A=1

p
L(X,\ Z,z,v) =logdet X' +Tr (Z (X — Z)\M]M),{)) — 2P 4+t a=1)
k=1

= minimize over X by setting gradient to zero: — X' + 7 =0

= minimum over )\ is —oo unless —vi Zv — 2 + v =0

Dual problem
maximize n + logdetZ — v

subject to v} Zvy <v, k=1,...,p
change variable W = Z/v, and optimize over v to get dual of page 17.
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