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Thirty years ago ...

Problem: min f(x), convex f, ||[Vf(x)—Vf(y)|<Ll|x—y].

xeRn
Gradient method: xp € R", X1 = x — 1 VF(x), k> 0.

Result: f(x) —f* < LB k> 0.

Complexity theory (Nemirovsky&Yudin, 1977): f(xx) —f* > (kalz)Q.
Optimal methods with exact search (2D — 1D).

Fast gradient method (N.1984): x; € R”,
Vi = Xk + 5 (X — Xk—1), X1 = Yk — 1 VF(yi), k > 0.

Result: f(x,) — f* < 285, k> 1. (Optimal)

Compare: Heavy ball method (B.Polyak, 1964)

Xk+1 = Xk + ak(xk — kal) — ﬁka(Xk), k> 0.
(Convergence analysis for QP)

Applications (1983-2003): Nothing ...



Twenty years later ...

Problem: mig f(x), fis convex, Q is convex, and
x€

IVF(x) = VE(y)ll« < Lllx -y

Prox-function: strongly convex d(x), x € Q.

Fast gradient method (N.03): v, =x € Q CR",

.= argmig {d() + T B21F0) + (VFx -l

Yk = Wkg,vk + %ka, Xk+1 = arg mi”{<Vf()/k)aY> + %Hy — x|’}

Result: f(x)—f* < k%;fﬁi) k=1

Applications (2003 - 2015(?)): Smooth approximations of nonsmooth
functions.



Smoothing technique

Problem: min f(x), diam Q = D;.

x€EQ
Model: f(x) = max{(Ax, u) — ¢(u)}.
uel
Smoothing: f,(x) = Téag{(Ax, u) — ¢(u) — pda(u)},
where d, is strongly convex on U, diam U = D;.
Then [[V£.(x) = VE(Y) Il < AP - [Ix =yl x,y € R", 1> 0,

where [|Al| = max{(Ax, u) : [|x|| <1, lul| < 1}.

Complexity: Choose p = O(e).
Then we get e-solution in O(2[|A||D,D,) iterations.

NB: Subgradient schemes need O(%||A|?D3D3) iteratons.



Ten years later ...

Huge-scale problems = Coordinate descent methods
Problem: ngglgn f(x), with objective satisfying conditions
|v;f(X—|— he,-) — V,f(X)| < L,‘h|, Vx,h e R". (NB L; < va.)
Hence: f(x)—f (xf %V,-f(x)e,-) > L (Vif(x)% i=1:n.

Consequences [N.12]: Denote S, = Z LY, o €]0,1].
> Choose i with probability m; = 2-L;.  Then
E(Ff(x) < F(x) = 55 IVF(X)fy = € (F()) — £+ < =2
n AN\ 2 a ( (i) 2
(it = 5507 6O, Tl = 351 (69"

» Choose i with probability m; = % Then
E(F(x1) < F() = HIVFIZ, = E(F(x) — F) < 2.



Fast Coordinate Descent

Random generator: For 3 € [0,1], get j = R(L) € {1: n} with
probabilities 75[i] = Prob(j = i) < = LB ie{l:n}.
2Lma><R2

> [N.12] B =0: E(f(xi)) — F* < 2(k+1) o1

> [Lee, Sidford 13] 6 =1: E(f(x)) — F* < 2% Rey.

> [N., Stich 15; Richtarik et all. 16] (= %:

* Sl 2
E(F(xk)) — F* <2 (H/l) R2).

Fast CD: Choose vp = xp € R". Set Ag =0
1) Choose active coordinate ir = Ry /2(L).
2) Solve a$+1512/2 = At + dt+1- Set At+1 At + d¢+1, O = el .

At
3) Set yr = (1 — )X + Qeve, Xep1 = V f(yt)ei,
Vil = Ve — ﬂf/t:[l,t]v (Yt)el:

NB: Each iteration needs O(n) a.o. = Not for Huge Scale.
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Complexity

S1/2R[q < "Lng[OI
S gz

For getting e-accuracy we need =455 iterations
Main question: When CD-oracle is n times cheaper?

NB: For FGM, complexity oracle/method is often unbalanced.

Model:  f(x) = F(Ax,x), where F(s,x): R™" — R.
Main assumption: F(s,x) can be computed in O(m + n) a.o.
(And VF € R™" tool)
Consequences: Let A= (Ay,...,An).
> After coordinate move, product Ax can be updated in O(m) a.o.

> If Ax is known, single V;f(x) = (A;, VsF) 4+ V,,F can be computed
in O(m) a.o.

> If Ax and Ay are known, A(ax + By) can be computed in O(m) a.o.



Example 1: Unconstrained quadratic minimization

Let A= AT = 0 € R"™" is dense.
Define F(s,x) = 1(s,x) — (b, x).
Then f(x) = 2(Ax,x) — (b,x). We have

Tep=0 ( /2 R[o]) < Trm=0 ( 2A%I/?§2(A) R[o])-

NB: We use inequality L; < Amax(A), i € {1: n}.

For some cases it is too weak.

Example: 0 < v, < AW <~y i j € {1:n}.
Then L; <2 and Amax(A) > ylAmaX(l,,l,T) = nvy,.

We gain O(n'/?) in the total number of operations.



Example 2: Smoothing technique

Consider function f(x) = mag{(Ax, uy — ¢(u)},
ue
where @ C R™ is closed convex and bounded.
Define f,(x) = m:g{(Ax, uy — ¢(u) — pd(u)}, > 0.
u

Main assumption: F(s) = mag{(s, uy — ¢(u) — pd(u)} is computable
ue
in O(m) operations (m > n). Then

R R
Teo =0 (78 S lAel) < Teaw = O (EEIAI).

It can be that ||Ae;

Example: 0 < v < AW < 5, e {l:m}, je{1l:n}
Then [|Aei|| < y2v/m, and ||Al| > 71||1ml]]| = y1v/mn.
We gain O(y/n) in the complexity.
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Numerical experiments
Problem: min {f,(x) = ng)# ((ai,x) — c)}, where
xeR

2
. . _ .
aI(J) €[1,2], c = Ax, XV € [-1,1], ¢(7) = 2#, !f I7] < u,
7| = ip, T >

Stopping criterion: f(X) <¢, e=pu=10"2

Choose xp = vp =0 and Lg > 0.

For t > O iterate:

1) Find the smallest such that for
atj, = ,t+1L (1 + \/W) Tty = atj:;ir’At;
Veio = (1 — 7T¢ i )Xe + Teig Ve, and Xe1 i, = Yeip — ﬁvﬂ)’t,it)
we have | f(y:;,) — f(xes1,,) > ﬁ”vﬂ}’t,i:)nz :

2) Set x¢11 = Xt+1,ips Ve+l = Ve — a: ;, VI(yei),

NB: Flexible adjustment strategy for Lipschitz constant.



Accelerated Coordinate Descent Method
Lipschitz constants: L;(f,) = [|ATel3, i =1,...,M, where
A= (a1,...,an).

ACDM | Define vg = xg =0 € RM, Ayy = Axp = —c, and Ay = 0.

For t > 0, iterate:
1) Find parameter a;; > 0 from equation afHSE, = Aty1+ ari1

a
Set At+1 = At + att1, and Tt = ﬁ

2) Define Yt = (1 - Tt)Xt -+ T V. Update A}/t = (1 - Tt)AXt + TtAVt.
3) Choose it in accordance to distribution 71/, and compute V; f(y:).

4) Update xe11 =y — - Vif(ye)ei, Axerr = Aye — - Vif (v)AT e,

V:tf(}/t)em and AVt+1 AVt V f(yt)ATe,-t.

Vi+l = Ve — 7Tl/2[’t]

Tr1/2['t]
NB: 1. Computational cost of V;f(y;) = (ATe;, Vf(y;)) is linear in
dimension.

2. We use very conservative estimates of Lipschitz constants.
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Computational results

FGM ACDM

N M IT NF | TIME (sec) || IT/M | TIME (sec)
100 50 4727 | 18916 0.547 || 2024 0.578
50 | 100 4889 | 19566 0.578 || 2305 0.672
200 | 100 11244 | 44986 4.750 3700 4.000
100 | 200 || 12859 | 51450 5.250 || 3750 4.203
400 | 200 25473 | 101902 40.234 5495 23.125
200 | 400 || 26184 | 104750 40.719 || 6345 30.157
800 | 400 || 55511 | 222056 358.234 || 8789 302.203
400 | 800 || 61994 | 247992 397.656 | 11461 245.657
1600 | 800 || 122542 | 490184 3185.953 || 13899 1652.733
800 | 1600 || 126748 | 507008 3213.156 || 19139 2360.719




Conclusion

1. Provided that T(V;f(x)) = L T(f), we get methods, which are always

more efficient than the usual FGnM.

2. Sometimes the gain reaches the factor O(y/n).

3. We get better results on a problem class, which contains many
applications of Smoothing Technique.

4. Our method is oracle/iteration balanced (O(n + m) flops for both).
Drawbacks:
» absence of version for separable constraints;

> impossibility to adjust the worst-case estimates for L;(f) during the
minimization process;

> absence of a reliable stopping criterion;
» impossibility to generate good primal-dual solutions.

NB: This is exactly the same list as for FGM in 1983.

THANK YOU FOR YOUR ATTENTION!



