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Motivation
@000

Regression: data (xi, Y1), .., (Xn, Yn)
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Motivation
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Goal: find the signal (denoising)
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Motivation
[e]e] le}

Estimators: example: regressogram
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Motivation
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regressogram, ridge, k-NN, NW
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Motivation
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Estimator selection: kernel ridge
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Estimator selection

e Estimator collection (Fm)mept = m(Y)?

@ Goal: minimize the risk
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Motivation
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Estimator selection

e Estimator collection (Fm)mept = m(Y)?
@ Goal: minimize the risk

@ Examples:
e model selection
o parameter tuning (choosing k or the distance for k-NN, choice
of a regularization parameter, choice of a kernel, etc.)
o choice between different methods
ex.: k-NN vs. kernel ridge?
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Motivation
(o] lelele]

Estimator selection

e Estimator collection (Fm)mept = m(Y)?

@ Goal: minimize the risk
@ Examples:
e model selection
o parameter tuning (choosing k or the distance for k-NN, choice
of a regularization parameter, choice of a kernel, etc.)
o choice between different methods
ex.: k-NN vs. kernel ridge?
@ Classical approaches and their limitations:

e cross-validation: computational cost
e penalization: unknown constants
e elbow heuristics: no clear definition/justification
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Motivation
00e00

Penalties known up to a constant factor

m(Y') € argmin { Emp. risk(Fm) + pen(m)}
meM

o Optimal penalties depending on the noise level o (Mallows,
1973):

202D,
pencp(m) =

202 tr(Am)
n pencr,(m) = n
Rk: various methods for estimating o2 or avoiding its
estimation (FPE, Akaike, 1970; GCV, Craven & Wahba, 1978;
Baraud, Giraud & Huet, 2009).
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Motivation
00e00

Penalties known up to a constant factor

m(Y') € argmin { Emp. risk(Fm) + pen(m)}
meM

Optimal penalties depending on the noise level o2 (Mallows,
1973):
_ 202D,

202 tr(Am)
Pencp(m) = n pencr(m) = 5

Optimal penalty known asymptotically (AIC; Akaike, 1973)
Resampling-based penalties

Optimal constant unknown even in theory (change-point
detection, mixture models, global/local Rademacher
complexities, ...)
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Motivation
00e00

Penalties known up to a constant factor

m(Y') € argmin { Emp. risk(Fm) + pen(m)}
meM

o Optimal penalties depending on the noise level ¢ (Mallows,
1973):
20°D 202 tr(A
pency(m) = 272 pengy (m) = 27t UAn)

Optimal penalty known asymptotically (AIC; Akaike, 1973)

Resampling-based penalties

Optimal constant unknown even in theory (change-point
detection, mixture models, global/local Rademacher
complexities, ...)

Goals: estimation of the optimal constant (e.g., o) for estimator
selection, under minimal assumptions, without overfitting
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Motivation
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“L-curve” and elbow heuristics?
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Motivation
0000e

“L-curve” and elbow heuristics?
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Slope heuristics for OLS

Outline

© Slope heuristics for ordinary least-squares
@ Framework

Optimal model selection

Minimal penalty and the slope heuristics

Theoretical results

Variance estimation

Practical considerations
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Slope heuristics for OLS
[ Jelele]e]

Statistical framework: regression, least-squares loss

@ Observations: Y = (Y1,...,Y,) € R”
Yi=Fi+e  (eg., Fi=F(x))

with Y; € R, (&/);<j<, i-i.d.
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Slope heuristics for OLS
[ Jelele]e]

Statistical framework: regression, least-squares loss

@ Observations: Y = (Y1,...,Y,) € R”
Yi=Fi+e  (eg., Fi=F(x))
with Y; € R, (&)<, ii-d.

o Fixed design: x; € X deterministic
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Slope heuristics for OLS
[ Jelele]e]

Statistical framework: regression, least-squares loss

@ Observations: Y = (Y1,...,Y,) € R”
Yi=Fi+e  (eg. Fi=F(x))
with Y; € R, (&)<, i-id.
o Fixed design: x; € X deterministic

@ Least-squares loss of a predictor t € R" (“t; = t(x;)"):

n

1 2 _ 1 2
e —=Fll :;Z(fi—Fi)

i=1
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Slope heuristics for OLS
[ Jelele]e]

Statistical framework: regression, least-squares loss

@ Observations: Y = (Y1,...,Y,) € R”
Yi=Fi+e  (eg. Fi=F(x))
with Y; € R, (&)<, i-id.
o Fixed design: x; € X deterministic

@ Least-squares loss of a predictor t € R" (“t; = t(x;)"):

1 1
2 2
EHf—FH :EE (ti—Fi)

i=1

= Estimator F(Y) € R"?
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Slope heuristics for OLS
o] lele]e]

L east-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?
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Slope heuristics for OLS
o] lele]e]

L east-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?
@ Least-squares criterion:

1 , 1o )
—t=Y =—§ i—Y;
nllt | p '71(t )

1 1 1
VeeR" . E|Lle- VIR = 1l FIP+ B [Jel?)
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Slope heuristics for OLS
o] lele]e]

L east-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?
@ Least-squares criterion:

1 » 1 2
e YP= 3 (- Y
e Y= 03 (6 )
1 1 1
VeeR" . E|Lle- VIR = 1l FIP+ B [Jel?)

@ Model: S C R" = Least-squares estimator on S:

. [ 1 2 I 2
Fs € argmin { —[t=Y } = argmin ¢ — ti—Y;
gmin 716~ VI f = angmin 032 (6= v)
so that
/?5 =Ns(Y) (orthogonal projection)
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Slope heuristics for OLS
[e]e] le]e]

examples

@ histograms on some partition A of X
= the least-squares estimator (regressogram) can be written

N ~ ~ 1
Fm i) — E % Z Y’
(x) ArTen 2 Card{x; € \} =

AEA

@ subspace generated by a subset of an orthogonal basis of
L?(u) (Fourier, wavelets, ...)

. . 1
@ variable selection: x; = (x.( )

i P

.,x,-(p)) € RP gathers p
variables that can (linearly) explain Y;

Vmc{l,...,p} , Sm:vect{x(j) s.t.jEm}
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Slope heuristics for OLS
[e]e]e] Jo]

Model selection: regular regressograms
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Optimal data-driven estimator selection with minimal penalties Sylvain Arlot



Slope heuristics for OLS
[e]e]ele] ]

Model selection

o Model collection (Sm)mert = (Fm)mem = m(Y)?

~

Fn=MNpY =MNs Y

@ Goal: minimize the risk, i.e.,
Oracle inequality (in expectation or with a large probability):

|
n

~ 2 1~ 2
F,?,—FH < C inf {HF,,,—FH }+R,,
meM | n
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Slope heuristics for OLS
@000

Bias-variance trade-off

1~ 2 model
E { HFm — FH ] = Bias + Variance
n target
+
Bias or Approximation error ‘ﬁ’
1 1
=N Fm — FH2 = —|[NnF — FH2 variance
n n

Variance or Estimation error

o2 dim(Snm)

n
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Slope heuristics for OLS
@000

Bias-variance trade-off

1~ 2 model
E { HFm — FH ] = Bias + Variance
n target
+
Bias or Approximation error ‘ﬁ’
1 1
=N Fm — FH2 = —|[NnF — FH2 variance
n n

Variance or Estimation error

o2 dim(Snm)

n

Bias-variance trade-off
& avoid overfitting and underfitting
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Slope heuristics for OLS
[o] le]e}

Why should the empirical risk be penalized?

= = =Biais
Exces de risque r

—— E[Risque empirique]
0.1F
0.05F
O b
—-0.05f
-0.1F
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Slope heuristics for OLS
[o]e] le}

Penalization

. . 11~ 2
m € argmin § — HFm — YH + pen(m)
meM n
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Slope heuristics for OLS
[o]e] le}

Penalization

- s 2
mEargmln{HFm— YH —i—pen(m)}
meM n

@ Ideal penalty:

11~ 2 1~ 2
penia(m) = HF,,, - FH - HFm _ YH — Risk — Empirical risk

e Mallows' heuristic: pen(m) =~ E [pen;q(m)]
= oracle inequality if Card(M) not too large
(+ concentration inequalities)
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Slope heuristics for OLS
[o]e] le}

Penalization

ﬁ?Eargmin{ HF —YH pen(m )}
meM

@ Ideal penalty:

11~ 2 1~ 2
penia(m) = HF,,, - FH - HFm _ YH — Risk — Empirical risk

e Mallows' heuristic: pen(m) ~ E [pen;q(m)]
= oracle inequality if Card(M) not too large
(+ concentration inequalities)

= Gp: 202D, /n (Mallows, 1973)
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Slope heuristics for OLS
[o]ele] ]

Oracle inequality

Theorem (Birgé & Massart 2007, reformulated)

Assumptions:

_ 202Dp,

@ pen(m) =

o Gaussian noise: £; ~ N(0,0?)

Then, for every v > 0, with probability at least 1 — 4 Card(M)n~7,
if n > no(y), for every n € (0,1),

1~ 2 1= 2 801 2
LEn— £ < 1m) inf {HFm_FH }+V o&(n)o
n meM ( n nn
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Slope heuristics for OLS
@00

E[ Empirical risk | +

1.5¢ 1

0.5¢ ,

E[empirical error + 0* pen min]
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Slope heuristics for OLS
@00

E[ Empirical risk | +

E[empirical error + 0.8* pen min]
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Slope heuristics for OLS
@00

E[ Empirical risk | +

E[empirical error + 0.9* pen min]
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Slope heuristics for OLS
@00

E[ Empirical risk | +

E[empirical error + 1.1* pen min]
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Slope heuristics for OLS
@00

E[ Empirical risk | +

<
IS
c 1.5+ |
(O]
o
E3
N
—
+ 3
§ 1 \\ “::5:‘:::*————————"—"_'__—-_—-____;
o Se. T TTREEIIIIIIIIio ool i
T o T e I
ks} ~e
Sos} RRNY ]
9, Tl
L RN
0 1 1 1 | \‘\
0 200 400 600 800 1000
dimension

Optimal data-driven estimator selection with minimal penalties Sylvain Arlot



Slope heuristics for OLS
@00

E[ Empirical risk | +

E[empirical error + 2* pen min]
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Slope heuristics for OLS
(o] Jo}

OLS: Dimension jump
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Slope heuristics for OLS
[e]e] ]

OLS: slope heuristics algorithm (Birgé & Massart 2007)

@ for every C > 0, compute

. (1= 2 D
m(C) € argmin fHFm— YH +C—"
meMn n n

Q find CJump such that Dz ¢y is “very large” when
C< CJump and “reasonably small” when C > CJump

Q select m=m <2€jump>

Practical use: CAPUSHE package (Baudry, Maugis & Michel, 2011)
http://www.math.univ-toulouse.fr/~maugis/CAPUSHE.html
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Slope heuristics for OLS
@00

Theorem (1): Dimension jump / Minimal penalty

Theorem (Birgé & Massart 2007, reformulated)
Assumptions:

e dJmpe M, S5n, =R", ie, l?m0 =Y,

o infmem{E[3[|Fm — FI|?]} < 0205, 65 < 1/20,

o Gaussian noise: £; ~ N'(0,02).
Then, ¥y > 0,n> ng(y), w.p. at least 1 — 4 Card(M)n~7,

. 9n
VC<(1—7]n)02, Dr’ﬁ(C)ZE
n

VC>(1+77,T)O’2, D,’T:,(C)SE

with i, = 814/ 7|°g("), nt =mn, +200,. In the first case,
L Facc) — FI? > 75 > infmep, { 211Fm — FI2}.

V.
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Slope heuristics for OLS
(o] le}

Theorem (1'): Dimension jump / Minimal penalty

Under the same assumptions, on the same event, Va,, b, such that
2nd, + 16.2y/~ylog(n)n < b, < a, < n
VC<(1—77;)02, D,’ﬁ(c)zan
VC>(1+’I7,T)O’2, Dﬁ,(c)gbn

—1 |
with n, = (1 — @) 7 log(n)
n n

+_ T (s 1 Lg(n)
I b, — nd,, ( nt8 n

Increasing v, ap, decreasing b, = larger window for C
Larger 0, = larger upper bound for C & lower bound for b,
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Slope heuristics for OLS
[e]e] ]

Theorem (2): Oracle inequality

Theorem (Birgé & Massart 2007, reformulated)
Assumptions:
o 1 € argminpep{ | Fim — YII2 + 2Cump o
@ dmg e M, SmO—R ie., FmO:Y

° |nfmeM{]E[1 —F’

o Gaussian noise: ¢; ~ N(0,0?).

Then, with probability at least 1 — 4 Card(M)n~7, if n > no(7),
for every n > 2max{n, ,n} },

1~ 2 1~ 2 2~/
f\Fﬁ,—FH <(1+3y) inf {HF’"_FH }+880M°g(")
n meM | n nn

|} < 026, 6, < 1/20,

4
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Slope heuristics for OLS
000

Variance estimation

@ Slope heuristics: with probability 1 — 4 Card(M)n™7,

7 log(n)

C
1-—81 < WP < 14208, + 81/ —
o2 n

7 log(n)
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Slope heuristics for OLS
000

Variance estimation

@ Slope heuristics: with probability 1 — 4 Card(M)n™7,

1 —81,/7'°g(”) < Sume 4 905, +81«/7'°g(")

@ Naive estimator:

2

Aom v

. In = M) FI?
L mre g N,
[m] n— Dn,
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Slope heuristics for OLS
000

Variance estimation

@ Slope heuristics: with probability 1 — 4 Card(M)n™7,

1 —81,/7'°g(”) < Smme < 4 205, 1 81/ 11080
n

@ Naive estimator:

~ 12

= I

~ In = M) F||?
I (1
= [am] o+ n—D,,

@ Best variance estimator for E[(G — ¢ )?] is not necessarily the
best for model selection.
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Slope heuristics for OLS
o] e}

Data-driven penalties

@ Naive estimator with some fixed mg + plug in:
267, Dm

1 2
crit(m):;HY—FmH =

Drawbacks: choice of mgp? unknown bias (overpenalization)
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Slope heuristics for OLS
o] e}

Data-driven penalties

@ Naive estimator with some fixed mg + plug in:
1 ~ 12 202, D
crit(m) = - HY - FmH 4 TmoTm
n n

Drawbacks: choice of mgp? unknown bias (overpenalization)
e FPE (Akaike, 1970; Baraud, Giraud & Huet, 2009)

1|, = |2 26%Dm 2D,
citrrs(m) = [ = Bl 2P = v Bl (14 2% )

) 1 ~ 2 pen(m)
t —-|ly-F H 1 4 PENm)
o=y £ (1129
Drawbacks: deal carefully with the largest models
oracle inequalities (Baraud, Giraud & Huet, 2009) hold
assuming an upper bound on maxme D (FPE) or for a new
penalty, very large for the largest models (BGH)
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Slope heuristics for OLS
[e]e] ]

Generalized cross-validation (Craven & Wahba, 1978)

1 ~ |2 D\ 2
crithv(m): EHY_FmH <l—m)
If D, < n,

-2 D
H n+7m = critppE(m)

1
critgey(m) = = HY — Fm
n n— Dp,
Drawbacks: deal carefully with the largest models
= e.g., for smoothing splines, oracle inequality assumes the
effective dimension is < n/5 for all m (Cao & Golubev, 2006)
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Slope heuristics for OLS
@000

Practical qualities of the algorithm

@ visual checking of existence of a jump

@ calibration independent from the choice of some mg

@ too strong overfitting almost impossible

@ one remaining parameter: how to localize the jump
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Slope heuristics for OLS
[o] le]e}

How to localize the jump in practice?

@ Dimension jump: largest jump? jump on a geometrical
window? complexity threshold?
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Slope heuristics for OLS
[o] le]e}

How to localize the jump in practice?

@ Dimension jump: largest jump? jump on a geometrical
window? complexity threshold?

@ Estimation of the slope of the empirical risk as a function of
the dimension:
computed with which models? robust regression?
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Slope heuristics for OLS
[o] le]e}

How to localize the jump in practice?

@ Dimension jump: largest jump? jump on a geometrical
window? complexity threshold?

@ Estimation of the slope of the empirical risk as a function of
the dimension:
computed with which models? robust regression?

@ Jump vs. slope? Take both!
= package CAPUSHE (Baudry, Maugis & Michel, 2011)
http://www.math.univ-toulouse.fr/~maugis/CAPUSHE.html
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Slope heuristics for OLS

0000

CAPUSHE (Baudry, Maugis & Michel, 2011): jump

Dimension Jump.

L —— T
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|
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Slope heuristics for OLS

(eJele] ]

CAPUSHE (Baudry, Maugis & Michel, 2011):

Tl

| -

serdaun slope.

R |
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Minimal penalties

Outline

© Generalization: minimal penalties
@ Linear estimators
@ Slope heuristics for linear estimators
@ Minimal penalty algorithm for linear estimators
@ Minimal penalty algorithm in general
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Minimal penalties
[ leJele]

Kernel ridge estimator (A = 0.01)
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Minimal penalties
[e] lele]

k-nearest-neighbours estimator (k = 20)
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Minimal penalties
[e]e] o]

Nadaraya-Watson estimator (o = 0.01)
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Minimal penalties
[e]e]e] ]

Linear estimators

e OLS: F,, = s, Y (projection onto Sp,)
o (kernel) ridge regression, spline smoothing (Wahba, 1990):

ferk LMo

. - 1<
Fi = f(x;) with feargmin{Z(Y;—f(x,'))2+)\||f||§:K}

= /?/\,K = K(K+X)7'Y where K= (K (xi,%))1<ij<n

@ k-nearest neighbours

o Nadaraya-Watson estimators

F =AY where A does not depend on Y
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Minimal penalties
0000

Estimator selection: kernel ridge

o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1
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Minimal penalties
0e000

Estimator selection: k nearest neighbours

o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1
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Estimator selection: Nadaraya-Watson

o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1
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Slope heuristics for linear estimators?

OLS

202D,
penCp(m) =

n

1~ D
argmin { “NFm = Y|?+ Cm}
M n n

me

~

= Dﬁ,(c) “jJumps” at Cjump ~ o2

= optimal choice with fﬁ(QZ'jump)
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Minimal penalties
(ele]e] Jo]

Slope heuristics for linear estimators?

Linear estimators

OLS 2o tr( A
o°tr
20D, penc, (m) — 22 t1(An)

penCp(m) - n n

1~ D
argmin { “NFm = Y|?+ Cm}
M n n

me

~

= Da(cy “jumps” at Gump ~ o2

= optimal choice with fﬁ(QZ'jump)
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Minimal penalties
(ele]e] Jo]

Slope heuristics for linear estimators?

Linear estimators

OLS

202 tr(A
penCp(m) = n n
(1~ ) D,, aremi {1 E oy tr(Am) }
il _ Ym gmin + C
arrngemm { nHFm Y|+ C - } ey n” m | -

Does tr(Agm(c)) jump at

= Da(cy “jumps” at Gump ~ o? )
Cjump ~o°?

= optimal choice with m(2G; o
(2Giume ) optimal choice with m(2Cjymp) ?
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No dimension jump with a penalty o tr(A;,)

100 : :
\ —o—optimal penalty / 2\
800
~ 600f
S
<
NS
= 400t
200¢
0 ‘ : >
-6 -4 -2 0 2 4 6

Iog(C/sigmaZ)
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00000000

Minimal penalties for linear estimators

1 Al An)o?
n

~ 2 t
Frn — FH ] = Ly = amyFpp 45 — bias + variance

n n

E[l
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00000000

Minimal penalties for linear estimators

1
E [ = bias + variance

tr(A} Am)o?
n n

~ 2 1 5
P F||" | = 210 = Am)FI +

2tr(Am) — tr(ALAm) ) 02

n

1~ 2 1
E [ |7 ¥ ] =2 - AL
n n
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00000000

Minimal penalties for linear estimators

1
E [ = bias + variance

tr(ALAm)o?
n n

~ 2 1 5
P F||" | = 210 = Am)FI +

2tr(Am) — tr(ALAm) ) 02

n

—~ 2
EFH%—YH]=¥+HW—AMHF<
n n

(2tr(Am)) 02

n

= optimal penalty
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Minimal penalties
00000000

Minimal penalties for linear estimators

1
E [ = bias + variance

tr(A} Am)o?
n n

~ 2 1 5
P F||" | = 210 = Am)FI +

2tr(Am) — tr(ALAm) ) 02

n

—~ 2
EFH%—YH]=¥+HW—AMHF<
n n

(2tr(Am)) 02

= optimal penalty

(2tr(Am) — tr(ALAm) ) 02

n
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Minimal penalties for linear estimators

1~ 2 1 tr(Al A 2
: [ g ] = L= A+ EARART o variance
n n n

1~ 2 1 2tr(An) —tr(ALAL)) o
E[nHFm—YH]:02+n||(l—Am)F||2—( (An) nr(m )o

2tr(A 2
=  optimal penalty (2tr(Am)) o7

m(C)eargmm{HFm_yH 1 Cx r(Am) — tr(An m)}
AEA n n
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0@000000

“Dimension” jump (ridge regression)

——minimal penalty
—o—optimal penalty / 2

100

800

~ 600
)
<
<
= 400} ]
200r 1
| | | >
96 -4 -2 0 2 4 6
Iog(C/sigmaZ)

Optimal data-driven estimator selection with minimal penalties Sylvain Arlot



Minimal penalties
[e]e] lelele]ele)

Penalty calibration algorithm (A. & Bach 2009)

© for every C > 0, compute

1y, = IP C (2tr(Am) — tr(ALAm))
[¥ =l +

Mmin(C) € argmin

meM n

@ find (:Jump such that tr(Az . (c)) is "too Iarge” when
C< CJump and “reasonably small” when C > Cjump,

@ select

_ . 2Ciump tr(Anm
mEargmln{ HY F H Jpr()}
meM
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Inear estimators

Theorem (A. & Bach 2009-2011)
Assumptions:
e Vme M, |[Anll < L1 and tr(AlAL) <tr(An) < n
e dmg,my € M, Apy = In, Dy < /n and
{|Fimy — FII* < 0®\/log(n)/n.
o Gaussian noise: £; ~ N(0,0?)
Then, Y~y > 0,n> no(y), w.p. at least 1 — 6 Card(M)n~7,

VC<<1—7];)U2, D,;,(C)Z

VC > (14n7)0, Dac) <

with 17 = 0t = Lp6/ '8

v
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Sylvain Arlot
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Theorem for linear estimators

Theorem (A. & Bach 2009-2011)

Assumptions:
e Vme M, |[Anll < L1 and tr(ALAL) <tr(An) <n

e dmg,my € M, Apy = In, Dy < /n and
EIFmy — FI* < 02 \/log(n)/n.
o Gaussian noise: £; ~ N(0,0?)
Then, Y~y > 0,n > ng(y), w.p. at least 1 — 6 Card(M)n~7,
VCe(1—-n,,14+n}). ne(0,2),

H2 2Ctr(Am)}7

~ .1 ~
VmEargmln{HY—Fm +
meM n n
TP 2 1+ 2 L3721 2
B [ < vy jng {3 [ ] R
n meM | n nn
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Comparison with least-squares

@ Linear estimators:

o2 (2tr(Am) — tr(ALAm))
_0%(2 tr(Am);7

) B gtr(Am)
penin(m)  2tr(Ay) — tr(ALAR)

€(1,2]

Optimal data-driven estimator selection with minimal penalties Sylvain Arlot



Minimal penalties
[e]e]e]e] lelele)

Comparison with least-squares

@ Linear estimators:

o2 (2tr(Am) — tr(ALAm))

penmin(m) = n
2
o (2tr(A
penp(m) = 72 HA))
penopt(m 2tr(Am)

)
m) = 2t(An) — tr(ATAy) € 12

mln(

o Least-squares case:

penopt(m)

Al Am = Am
penmin(m)

=2 = Slope heuristics
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The k-nearest neighbours case
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The k-nearest neighbours case
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Simulations: N-W, F; = sin(257x?), n = 200

4 : :
~min. pen. largest

-, 35 ——min. pen. n/2

K —Mallows

I --GCV

o

® 2.5¢

S 2

5 | i

T 15 o

()

E 4l

0.5
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Simulations: ridge, F; = sin(257x3), n = 200

N

~min. pen. largest
-, 35 ——min. pen. n/2 I
K —Mallows

I --GCV ‘
o !

o 2.9§ 1
s o ]
o}

T 15

()

E 4l

0.5
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General framework

Goal: find from data t € S with R (t) minimal.
Empirical risk R, (t)
Collection of estimators (Sm)mem

Oracle inequality:

R(5p) = R(s") < Ky inf {R(Sn)=R(s")} + R,

where R (s*) :=infres R (t).
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General algorithm

Input: Ym € M, Ry, (5m), peng(m), peny(m) and Cp,
@ for every C > 0, compute

Mmin(C) € argmin {7%,, (5m) + Cpeno(m)}
meM

Q find qump such that C . (c) is "too large” when
C< qump and “reasonably small” when C > Cjump,

@ select

m € argmin {7%,7 (5m) + Ejump penl(m)}
meM
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Minimal penalties
[e] Telela)0)a)e)

General algorithm

Input: Ym € M, Ry, (5m), peng(m), peny(m) and Cp,
@ for every C > 0, compute

Mmin(C) € argmin {7%,, (5m) + Cpeno(m)}
meM

Q find qump such that C . (c) is "too large” when
C< qump and “reasonably small” when C > Cjump,

@ select

m € argmin {7%,7 (5m) + Ejump penl(m)}
meM

Example (slope heuristics): pen; = 2 pen,
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Ideas for a proof

e JC* > 0, C* peny minimal penalty, C* pen; optimal penalty
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Minimal penalties
[e]e] Jela)0)a)e)

Ideas for a proof

e JC* > 0, C* peny minimal penalty, C* pen; optimal penalty

@ Decomposition of the ideal penalty:

penig(m) = R (5m) — Ra (5m)
=R Gm) = R(s5)+R(5) = Rn(55)+Rn(55) — R (5m)
+

m

= p1(m)
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Minimal penalties
[e]e] Jela)0)a)e)

Ideas for a proof

e JC* > 0, C* peny minimal penalty, C* pen; optimal penalty
@ Decomposition of the ideal penalty:
penia(m) = R (3m) — R (5m)
=R (5m) — R(s5)+R(s5) = Ra(sh) +Ra(sh) = Rn (5m)

- am o+ dm + pa(m)

@ Good candidate for the minimal penalty: p or E[ps]
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Minimal penalties
[e]e] Jela)0)a)e)

Ideas for a proof

3C* > 0, C* peny minimal penalty, C* pen; optimal penalty

Decomposition of the ideal penalty:

penig(m) = R (5m) — R (5m)
=R (5m) = R(sh)+R(5h) = R (s5) + R () = R (5m)

- am o+ dm + pa(m)

Good candidate for the minimal penalty: py or E[py]

Good candidate for the optimal penalty: p; + p2 or
Elp1 + p2] = E[pen;4]
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Minimal penalties
[e]e] Jela)0)a)e)

Ideas for a proof

e JC* > 0, C* peny minimal penalty, C* pen; optimal penalty
@ Decomposition of the ideal penalty:
penia(m) = R (3m) — R (5m)
=R (5m) = R(sh)+R(5h) = R (s5) + R () = R (5m)

- am o+ dm + pa(m)

e Good candidate for the minimal penalty: p or E[ps]
@ Good candidate for the optimal penalty: p1 + p» or
Elp1 + p2] = E[pen;4]

Key tools: concentration inequalities for §(m) — 6(m’), p2(m)
(Wilks phenomenon: Boucheron & Massart, 2010; Spokoiny, 2012;
Andresen & Spokoiny, 2013) and p;(m) (Saumard, 2010-2012)

Optimal data-driven estimator selection with minimal penalties Sylvain Arlot



Minimal penalties
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Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)
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[e]e]e] Ja)o)a)e)

Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)

@ OLS, random-design regression, heteroscedastic noise
(regressograms, A. & Massart, 2009; piecewise polynomials,
Saumard, 2013)
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Minimal penalties
[e]e]e] Ja)o)a)e)

Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)

@ OLS, random-design regression, heteroscedastic noise
(regressograms, A. & Massart, 2009; piecewise polynomials,
Saumard, 2013)

@ Least-squares density estimation, i.i.d. (Lerasle, 2009) or
mixing data (Lerasle, 2010)
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Minimal penalties
[e]e]e] Ja)o)a)e)

Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)

@ OLS, random-design regression, heteroscedastic noise
(regressograms, A. & Massart, 2009; piecewise polynomials,
Saumard, 2013)

@ Least-squares density estimation, i.i.d. (Lerasle, 2009) or
mixing data (Lerasle, 2010)

@ Density estimation, Kullback risk, maximum-likelihood
estimators on histograms (Saumard, 2010)
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Minimal penalties
[e]e]e] Ja)o)a)e)

Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)

@ OLS, random-design regression, heteroscedastic noise
(regressograms, A. & Massart, 2009; piecewise polynomials,
Saumard, 2013)

@ Least-squares density estimation, i.i.d. (Lerasle, 2009) or
mixing data (Lerasle, 2010)

@ Density estimation, Kullback risk, maximum-likelihood
estimators on histograms (Saumard, 2010)

@ Minimum contrast estimator, regular contrast (Saumard,
2010)
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Minimal penalties
[e]e]e] Ja)o)a)e)

Theoretical results (1)

e OLS, fixed-design regression, homoscedastic Gaussian noise
(Birgé & Massart, 2007)

@ OLS, random-design regression, heteroscedastic noise
(regressograms, A. & Massart, 2009; piecewise polynomials,
Saumard, 2013)

@ Least-squares density estimation, i.i.d. (Lerasle, 2009) or
mixing data (Lerasle, 2010)

@ Density estimation, Kullback risk, maximum-likelihood
estimators on histograms (Saumard, 2010)

@ Minimum contrast estimator, regular contrast (Saumard,
2010)

@ Specification probabilities in general random fields,
least-squares/Kullback risks, empirical contrast minimizers
(Lerasle & Takahashi, 2011)
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Theoretical results (2)

@ Linear estimators, regression (A. & Bach, 2009-2011)

o Fixed-design regression, complete variable selection (many
models), homoscedastic Gaussian noise (Birgé & Massart,
2007)

@ Context tree estimation, Kullback risk, maximum-likelihood
estimators, mixing data (Garivier & Lerasle, 2011)

e Partial proofs in other settings (Baraud, Giraud & Huet, 20009;
Verzelen, 2010; Giraud, 2011)
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Resampling and minimal penalties

Problem: some of the theoretical results work for
peng(m) x B[R (55,) = Rn(3m)|  or Ra(si) = Ra(3m)

that is unknown.
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Minimal penalties
[e]e]e]e]a) Jale)

Resampling and minimal penalties

Problem: some of the theoretical results work for
peng(m) x B[R (55,) = Rn(3m)|  or Ra(si) = Ra(3m)
that is unknown.

= Resampling-based estimator:

Heteroscedastic regression (A., 2008-09), density estimation
(Lerasle, 2009)

Cw often unknown (or known only asymptotically) = estimate it
with the minimal penalty algorithm

Optimal data-driven estimator selection with minimal penalties Sylvain Arlot
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Generalization: phase transition and parameter tuning

o Idea: (5,)y>0 family of estimators, (observable) phase
transition around 7 = ymin, relationship between v,5: and

Ymin-
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[e]e]e]ela)0) o)

Generalization: phase transition and parameter tuning

o Idea: (5,)y>0 family of estimators, (observable) phase
transition around 7 = ymin, relationship between v,5: and

Ymin-

@ Slope heuristics: Yopt = 2Ymin With

3 = gﬁ(w) m(y) € arrngerjwvitn {ﬁn (5m) +7 peno(m)}

for some well-chosen pen.
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[e]e]e]ela)0) o)

Generalization: phase transition and parameter tuning

o Idea: (5,)y>0 family of estimators, (observable) phase
transition around 7 = ymin, relationship between v,5: and

Ymin-

@ Slope heuristics: Yopt = 2Ymin With

3 = gﬁ(w) m(y) € arrngerjwvitn {ﬁn (5m) +7 peno(m)}

for some well-chosen pen.

@ Partial theoretical results in least-squares density estimation:
hard thresholding estimators (Reynaud-Bouret & Rivoirard,
2010; Reynaud-Bouret, Rivoirard & Tuleau-Malot, 2011),
Dantzig estimator (Bertin, Le Pennec & Rivoirard, 2011)
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Empirical results

@ Large collection of models: Change-point detection
(Lebarbier, 2005)

e Gaussian mixture models (Maugis & Michel, 2008-2010)

@ Binary (supervised) classification (Zwald & Blanchard, 2005)
@ Unsupervised classification (Baudry, 2009)

e Computational geometry (Caillerie & Michel, 2009)

@ Lasso (Connault, 2011)

°

(see Baudry, Maugis & Michel, 2011)
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Outline

@ Application to multi-task learning
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Multi-task
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Multi-task regression

@ We want to solve p > 2 regression problems simultaneously
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Multi-task
®OOX

Multi-task regression

@ We want to solve p > 2 regression problems simultaneously
@ Observations: Yy,...,Y, € RP

Yi—F+e  j=1...p (eg. F =F(x)

with (&)<, i4.d. N(0,X), T € S5 (R)
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Multi-task
®OOX

Multi-task regression

@ We want to solve p > 2 regression problems simultaneously
@ Observations: Yy,...,Y, € RP

Yi=F+e j=1..p (eg F =F(x))
with (&)<, i4.d. N(0,X), T € S5 (R)

@ Implicit assumption: the p problems are “similar”
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Multi-task
®OOX

Multi-task regression

@ We want to solve p > 2 regression problems simultaneously
@ Observations: Yy,...,Y, € RP

Yi=F +ed  j=1..p (eg, F/ =Fi(x))
with (& )1<ic, 14-d. N(0,X), T € SF(R)
@ Implicit assumption: the p problems are “similar”
@ Least-squares loss of a predictor t € R"P (t{ =t(x)"):

1 I G/ 2
ol FIP =325 (d - F)

i=1 j=1
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Multi-task
®OOX

Multi-task regression

@ We want to solve p > 2 regression problems simultaneously
@ Observations: Yy,...,Y, € RP

Yi=F +ed  j=1..p (eg, F/ =Fi(x))
with (& )1<ic, 14-d. N(0,X), T € SF(R)
@ Implicit assumption: the p problems are “similar”
@ Least-squares loss of a predictor t € R"P (t{ =t(x)"):
1 s 1IN N2
oo lle=FIP = np;;(t{— F)
= Estimator 5(Y1,...,Y,) € R"™P?
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Ridge multi-task regression

~

F:(?{)lﬁiﬁn,lﬁjép with [?’!':?f(x,-) and f defined by:

o If we consider the tasks separately:

arg min anZ(YJ—fJ )+Z» 177]1%,

i=1 j=1
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Multi-task
(O (0

Ridge multi-task regression

~

F:(?{)lﬁiﬁn,lﬁjép with [?’!':?f(x,-) and f defined by:

o If we consider the tasks separately:

arg min ZZ(YJ—F (x7) ) —i—Z)\J }fJHfK

P
feFg i—1 j=1

@ A possible multi-task approach (Evgeniou et al., 2005):

2 P , 2
S _ _
arg min an E (Y F( x,) +Aj§_1 HfJHfK+Mj§# Hff ..

P
feFy i—1 j=1
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Multi-task
(O (0

Ridge multi-task regression

~

F:(?{)lﬁiﬁn,lﬁjép with [?’!':?f(x,-) and f defined by:

o If we consider the tasks separately:

arg min ZZ(YJ—F (x7) ) —i—Z)\J }fJHfK

P
feFg i—1 j=1

@ A possible multi-task approach (Evgeniou et al., 2005):

2 2 C 12
S _ _ £l
arg min an E (Y F( x,) +Aj§_1 HfJHfK+Mj§# Hff ..

P
feFy i—1 j=1

o More generally: for M € S5 (R),

arg frg}_pp p ZZ (YJ — fJ ) Z <fj, f€>}';<

i=1 j=1
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Multi-task estimator selection

= Estimators collection (Fu)meam, M C Sy (R),

with  Fyy=AyY and Ay= (M 1@ K)((M'@K)+nply) "
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Multi-task
DO

Multi-task estimator selection

= Estimators collection (Fu)meam, M C Sy (R),
with  Fyy=AyY and Ay= (M 1@ K)((M'@K)+nply) "

e Goal: select M € M such that nipHF,\;, — F||? is minimal
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Multi-task
DO

Multi-task estimator selection

= Estimators collection (Fu)meam, M C Sy (R),
with  Fyy=AyY and Ay= (M 1@ K)((M'@K)+nply) "

e Goal: select M € M such that nipHF,\;, — F||? is minimal

@ Expectation of the ideal penalty:

E [penyy(M)] = ,fptrmmz 1))
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Multi-task
DO

Multi-task estimator selection

= Estimators collection (Fu)meam, M C Sy (R),
with  Fyy=AyY and Ay= (M 1@ K)((M'@K)+nply) "

e Goal: select M € M such that nipHF,\;, — F||? is minimal

@ Expectation of the ideal penalty:
2
E[pen;y(M)] = rjptr(%\AA(Z ® 1))

@ Problem: How to estimate X 7?
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Estimating the covariance matrix: idea (p = 2)

a1
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Multi-task
®0000

Estimating the covariance matrix: idea (p = 2)

02

02

g3
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Estimating the covariance matrix: idea (p = 2)

02

02

g3
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Estimating the covariance matrix: algorithm

o forevery j € {1,...,p}, apply the “minimal penalties”
algorithm to the data set (Y/)i<i<n
= estimator a(ej) of ¥ ;

o forevery j#( € {1,...,p}, apply the “minimal penalties"
algorithm to the data set (Y? + Y,-g)lgign
= estimator a(ej +e/) of Xj;+ Xy + 2%,
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Multi-task
©e000

Estimating the covariance matrix: algorithm

o forevery j € {1,...,p}, apply the “minimal penalties”
algorithm to the data set (Y/)i<i<n
= estimator a(ej) of ¥ ;

o forevery j#( € {1,...,p}, apply the “minimal penalties"
algorithm to the data set (Y? + Y,-g)lgign
= estimator a(ej +e/) of Xj;+ Xy + 2%,

o Recover an estimator ¥ of ¥:
Y= J(a(e1),...,a(ep),aler + e),...,a(ep—1 + €p))

where J is the unique linear application RP(PT1)/2 5 S (R)
such that

Y = J(ZLl, RN Zp7p, 2171 + 2272 + 22172, RN zpfl,pfl + Zp,p + 2Zp,1’p)
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Multi-task
(ole] lele]

Theorem: Estimating the covariance matrix

Theorem (Solnon, A. & Bach, 2011)

If for every j =1,...,p, some \; > 0 exists such that
tr(Ay;) < +/n and

1 2 In(n _
EH(/n—A,\j)FJH <Y, E]) where Ay = K(K+nAjl,) ™",

Then, with probability 1 — Lsp?n=%, if n > no(0),

(1-E <L < (1+n)X with n:=L2+0)c(X)p |nE’n)

where c¢(X) = max(Sp(X))/ min(Sp(X)).

= sufficient condition for consistency
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Multi-task
(oeJe] o]

Theorem: Oracle inequality

Theorem (Solnon, A. & Bach, 2011)

If moreover matrices M € M can be diagonalized in the same
orthogonal basis, and if

Meargquelfr\]A{li)“?M_Y“2+n2ptr(AM <§®In))} ;

Then, with probability 1 — Lsp?n=%, if n > no(0),

LIl < (14 ) it HFM FH}
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Multi-task
©O00e

Simulations: n =100, 2 < p <50, 1.1 < ¢(X) <225

= Improvement of the multi—task procedure]

o085 EEEEE

Ratio of the quadratic errors
2 o
g
F—e—r
i
=i
=
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Conclusion

Summary

@ Minimal penalties: efficient for data-driven calibration of
multiplicative constants in penalties
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Conclusion

Summary

@ Minimal penalties: efficient for data-driven calibration of
multiplicative constants in penalties

@ "“Slope heuristics”: peng / pen;, ~ 2
® pen,,i / Peny, € (1;2] for linear estimators

= Extend/adapt results to other estimators/learning algorithms
(e.g., SVM or Lasso-type)? Other losses?
Key question: compute/estimate the expectation and prove
concentration inequalities for

pi(m) =R (3m)—R(sp) and pa(m) =Rn(sh)—Rn(5m)
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Conclusion

Summary

@ Minimal penalties: efficient for data-driven calibration of
multiplicative constants in penalties

@ "“Slope heuristics”: peng / pen;, ~ 2
® pen,,i / Peny, € (1;2] for linear estimators

= Extend/adapt results to other estimators/learning algorithms
(e.g., SVM or Lasso-type)? Other losses?
Key question: compute/estimate the expectation and prove
concentration inequalities for

pi(m) =R (3m)—R(sp) and pa(m) =Rn(sh)—Rn(5m)

= What if M is “large” (e.g., variable selection with p > n
explanatory variables)?
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