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What this part is about

The learning of compact representations of images
adapted to restoration tasks.

A fast online algorithm for learning dictionaries and
factorizing matrices in general.

Various formulations for image and video processing.
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The Image Denoising Problem

y︸︷︷︸
measurements

= xorig︸︷︷︸
original image

+ w︸︷︷︸
noise
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Sparse representations for image restoration

y︸︷︷︸
measurements

= xorig︸︷︷︸
original image

+ w︸︷︷︸
noise

Energy minimization problem - MAP estimation

E (x) = ||y − x||22︸ ︷︷ ︸
relation to measurements

+ Pr(x)︸ ︷︷ ︸
prior

Some classical priors

Smoothness λ||Lx||22
Total variation λ||∇x||21
Wavelet sparsity λ||Wx||1
. . .
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Sparse representations for image restoration

Sparsity and redundancy

Pr(x) = λ||α||0 for x ≈ Dαx


︸ ︷︷ ︸
x∈Rm

=

 d1 d2 · · · dp


︸ ︷︷ ︸

D∈Rm×p


α[1]
α[2]

...
α[p]


︸ ︷︷ ︸
α∈Rp,sparse
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Sparse representations for image restoration

Designed dictionaries

[Haar, 1910], [Zweig, Morlet, Grossman ∼70s], [Meyer, Mallat,
Daubechies, Coifman, Donoho, Candes ∼80s-today]. . . (see [Mallat,
1999])
Wavelets, Curvelets, Wedgelets, Bandlets, . . . lets

Learned dictionaries of patches

[Olshausen and Field, 1997], [Engan et al., 1999], [Lewicki and
Sejnowski, 2000], [Aharon et al., 2006] , [Roth and Black, 2005], [Lee
et al., 2007]

min
αi ,D∈C

∑
i

1

2
||xi −Dαi ||22︸ ︷︷ ︸
reconstruction

+λψ(αi )︸ ︷︷ ︸
sparsity

ψ(α) = ||α||0 (“`0 pseudo-norm”)

ψ(α) = ||α||1 (`1 norm)

Francis Bach, Julien Mairal, Jean Ponce and Guillermo Sapiro Dictionary Learning for signal reconstruction 6/43



Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]

Extract all overlapping 8× 8 patches yi .

Solve a matrix factorization problem:

min
αi ,D∈C

n∑
i=1

1

2
||yi −Dαi ||22︸ ︷︷ ︸
reconstruction

+λψ(αi)︸ ︷︷ ︸
sparsity

,

with n > 100, 000

Average the reconstruction of each patch.
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Sparse representations for image restoration
K-SVD: [Elad and Aharon, 2006]

Figure: Dictionary trained on a noisy version of the image
boat.
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Sparse representations for image restoration

Inpainting, Demosaicking

min
D∈C,α

∑
i

1

2
||βi ⊗ (yi −Dαi )||22 + λiψ(αi )

RAW Image Processing (see our poster)

White
balance.

Black
substraction.

Denoising

Demosaicking

Conversion
to sRGB.
Gamma

correction.
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Sparse representations for image restoration
[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2009c]
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Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008b]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008a]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008a]
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Sparse representations for video restoration

Key ideas for video processing

[Protter and Elad, 2009]

Using a 3D dictionary.

Processing of many frames at the same time.

Dictionary propagation.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008b]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008b]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008b]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008b]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008b]

Figure: Inpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008b]

Figure: Denoising results. σ = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008b]

Figure: Denoising results. σ = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008b]

Figure: Denoising results. σ = 25

Francis Bach, Julien Mairal, Jean Ponce and Guillermo Sapiro Dictionary Learning for signal reconstruction 22/43



Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008b]

Figure: Denoising results. σ = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008b]

Figure: Denoising results. σ = 25
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Optimization for Dictionary Learning

min
α∈Rp×n

D∈C

n∑
i=1

1

2
||xi −Dαi ||22 + λ||αi ||1

C M
= {D ∈ Rm×p s.t. ∀j = 1, . . . , p, ||dj ||2 ≤ 1}.

Classical optimization alternates between D and α.

Good results, but very slow!
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Optimization for Dictionary Learning
[Mairal, Bach, Ponce, and Sapiro, 2009a]

Classical formulation of dictionary learning

min
D∈C

fn(D) = min
D∈C

1

n

n∑
i=1

l(xi ,D),

where

l(x,D)
M
= min

α∈Rp

1

2
||x−Dα||22 + λ||α||1.

Which formulation are we interested in?

min
D∈C

{
f (D) = Ex [l(x,D)] ≈ lim

n→+∞

1

n

n∑
i=1

l(xi ,D)
}

[Bottou and Bousquet, 2008]: Online learning can

handle potentially infinite or dynamic datasets,

be dramatically faster than batch algorithms.
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Optimization for Dictionary Learning

Require: D0 ∈ Rm×p (initial dictionary); λ ∈ R
1: A0 = 0, B0 = 0.
2: for t=1,. . . ,T do
3: Draw xt

4: Sparse Coding

αt ← arg min
α∈Rp

1

2
||xt −Dt−1α||22 + λ||α||1,

5: Aggregate sufficient statistics
At ← At−1 + αtα

T
t , Bt ← Bt−1 + xtα

T
t

6: Dictionary Update (block-coordinate descent)

Dt ← arg min
D∈C

1

t

t∑
i=1

(1

2
||xi −Dαi ||22 + λ||αi ||1

)
.

7: end for
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Optimization for Dictionary Learning

Which guarantees do we have?

Under a few reasonable assumptions,

we build a surrogate function f̂t of the expected cost f verifying

lim
t→+∞

f̂t(Dt)− f (Dt) = 0,

Dt is asymptotically close to a stationary point.

Extensions (all implemented in SPAMS)

non-negative matrix decompositions.

sparse PCA (sparse dictionaries).

fused-lasso regularizations (piecewise constant dictionaries)
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Optimization for Dictionary Learning
Experimental results, batch vs online

m = 8× 8, p = 256
Francis Bach, Julien Mairal, Jean Ponce and Guillermo Sapiro Dictionary Learning for signal reconstruction 29/43



Optimization for Dictionary Learning
Experimental results, batch vs online

m = 12× 12× 3, p = 512
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Extension to NMF and sparse PCA
[Mairal, Bach, Ponce, and Sapiro, 2009b]

NMF extension

min
α∈Rp×n

D∈C

n∑
i=1

1

2
||xi −Dαi ||22 s.t. αi ≥ 0, D ≥ 0.

SPCA extension

min
α∈Rp×n

D∈C′

n∑
i=1

1

2
||xi −Dαi ||22 + λ||α1||1

C′ M
= {D ∈ Rm×p s.t. ∀j ||dj ||22 + γ||dj ||1 ≤ 1}.
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Extension to NMF and sparse PCA
Faces: Extended Yale Database B

(a) PCA (b) NNMF (c) DL
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Extension to NMF and sparse PCA
Faces: Extended Yale Database B

(d) SPCA, τ = 70% (e) SPCA, τ = 30% (f) SPCA, τ = 10%
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Extension to NMF and sparse PCA
Natural Patches

(a) PCA (b) NNMF (c) DL
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Extension to NMF and sparse PCA
Natural Patches

(d) SPCA, τ = 70% (e) SPCA, τ = 30% (f) SPCA, τ = 10%
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Summary of this part

The dictionary learning framework leads to
state-of-the-art results for many image . . .

. . . and video processing tasks.

Online learning techniques are well-suited for this
problem and allows training sets with millions of
patches.
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