Provable isomorphisms of typesKim B. Bruce1 Roberto Di Cosmo2 Giuseppe Longo3 AbstractA constructive characterization is given of the isomorphisms which musthold in all models of the typed lambda calculus with surjective pairing.Work of Rittri (1989) on using types as search keys in program librariesprovides an interesting example of the use of these characterizations. By theclose relation between closed Cartesian categories and models of thesecalculi, we also produce a characterization of those isomorphisms whichhold in all CCC’s. By a similar correspondence between these calculi andproofs in intuitionistic positive propositional logic, we also provide acharacterization of equivalent formulae of this logic, where the definition ofequivalence of terms depends on having "invertible" proofs between the twoterms.

1Dept. Of Computer Science, Williams College, Williamstown, MA 012672Dip. di Informatica, Universit� di Pisa, Italy, and LIENS, 45, Rue d’Ulm, Paris, France

9/01/96DRAFT : do not circulate21. INTRODUCTIONThere has been a great deal of interest over the years in constructing models of thevarious lambda calculi which satisfy various equations (isomorphisms) between types.One reason is that recursive definitions of data types are usually interpreted as equations tobe solved over specific mathematical structures. In previous work, Bruce and Longo (1985), the first and third authors showed thatno such non-trivial isomorphisms existed in either the simple or second-order typed lambdacalculus. However, no extension of these results was known at that time for the lambdacalculus with more rich type disciplines. Products and higher order types, in particular,proved to be of special interest not only because of their common or increasing use inprogramming languages, but also because of the close connection between these calculi andrelevant categorical structures and proof systems.In this paper we characterize the isomorphisms holding in all models of the simplytyped lambda calculus with surjective pairing (and "terminal object"). Moreover we showthat it is decidable whether two types (built from type variables) are isomorphic in allmodels of this calculus. It is well known that these models are exactly the Cartesian closedcategories (CCC).While we are looking for types which are isomorphic in every model of our lambdacalculus (or equivalently, isomorphic in every CCC), there is, in principle, no reason tobelieve that there is a uniform way to witness these isomorphisms. Nevertheless it turnsout that our proof of these results is based on a simple axiomatization of type equations andthe notion of provable isomorphisms (those representable by closed terms of the lambdacalculus). Moreover any proof of the equality of two types can be used to generate anisomorphism between the types (which holds in every model).The axioms for our theory are given below:0.1 DEFINITION. Th is a theory of equality plus the following axiom schemas, where Tis a constant symbol:1)A · T = A2)A · B = B · A3)A · (B · C) = (A · B) · C4)(A · B)fi C = A fi (B fi C)5)A fi (B · C) = (A fi B) · (A fi C)6)A fi T = T7)T fi A = A

9/01/96DRAFT : do not circulate3The Main Theorem of this paper shows that two types A and B can beconstructively proved to be isomorphic, by programs which act one as the inverse of theother, iff Th |- A = B.In order to discuss the soundness of Th, and explain where it comes from, we hinthere its categorical meaning. Note, though, that no notion nor result from Category Theoryis used in most of the paper.Since models of the typed lambda calculus with surjective pairing are exactly theCartesian closed categories, our results translate directly into theorems on when twogeneric objects are isomorphic due simply to the Cartesian closed structure of the categoryin which they are interpreted, no matter which particular CCC we choose.Observe first that Th is realized in every Cartesian Closed Category, when "=" isinterpreted as isomorphism. The first three axioms describe properties of the Cartesianproduct (associativity, commutativity, identity for · ), and the second three axioms can beseen as the properties of the three adjunctions of a CCC that relate product, exponent andthe terminal object. The last equation (T fi A = A) tells us that the arrows from theterminal object to A in a CCC are the points of A. Thus, the theory Th is sound. Aconsequence of our main result is the completeness of Th with respect to CCC’s. That is,no other isomorphism is valid in all CCC’s. (This is not obvious because there arecategorical models of Th which are not CCC’s: take a Cartesian Category with a bifunctor"fi" such that AfiB = B, say).Another result of the work below in l-calculus will be an insight into the compositionof derivations in Proof Theory. The typed lambda calculus with surjective pairing is thelanguage for proofs of IPC(True, �, fi), the intuitionistic positive propositionalcalculus. In the proof theoretic framework we then characterize equivalent formulae, wheretwo formulae A and B are considered equivalent if, given a proof f of the sequent A |-B, and a proof g of the sequent B |- A, g ß f yields, after cut-elimination, the identityproof of the sequent A |- A and vice-versa. The details of both the categorical and proof-theoretic applications are discussed in DiCosmo and Longo (1990).As an example of the use of such results in computer science we note the two papersby Rittri (1989, 1989a) in which the author discusses the problem of finding applicablefunctions in a program library. For example, one might be interested in looking up varioussearch functions. As a result it might be useful to inspect all functions which take anelement and a table and return an index to the table. Because trivial differences in argumentorder or Currying may lead one to ignore useful functions, it is important to be able to findall those functions whose type is isomorphic to that for which one is searching.

9/01/96DRAFT : do not circulate4Rittri’s application of the result presented here settles on the same notion of provableisomorphism. He cites the paper by Solv’ev (1983), in which the author presents the sameresult as in our main theorem (Theorem 3.6), although by an entirely different proof whichis based on taking the natural numbers as objects in a CCC (with · interpreted asmultiplication and fi as exponentiation) and then showing the equational completeness ofthe theory of (N, 1, ·, › ). (Meyer and Statman, personal communication, suggested asimilar proof for the exponential fragment only; also the abstract in Martin (1972) states thesame fact). Solv’ev also provides a decision procedure similar to that given here.We note that in a forthcoming paper, the second author extends these results to thesecond-order typed lambda calculus, with surjective pairings. We know no way ofextending the proof given by Solv’ev to this more complex case.The paper is organized as follows. Section 1 sets out the basic definitions leading upto the notion of a type normal form. Section 2 presents some rather technical lemmaswhich will be used in section 3 in order to characterize the set of provable isomorphisms.The third section also contains a discussion of the decidability of the theory and theconnections with category and proof theory. The proofs of the important (but technicallycomplex) lemmas in section 2 are put off into an appendix at the end of the paper.1. BASIC NOTIONS AND FACTS1.1. DEFINITION. The collection Tp of type labels, over a ground set At of atomic typesymbols, is inductively defined by: i. At ˝ Tp, where T ˛ At is a fixed constant type symbolii. if A, B ˛ Tp, then A fi B ˛ Tp;iii. if A, B ˛ Tp, then A · B ˛ Tp.The intended meaning of T is the terminal object in the categorical sense; thus *Abelow will stand for the unique map in A fi T (as required of a terminal object).Pure l-terms are defined as usual. In particular, for every type A there exists adenumerable number of variables, ranged over by lower case letters near the end of thealphabet. We use upper case letters M, N, P, . . ., as meta-variables for terms. The factthat a term M has type A will be denoted with the expression �M : A�.1.2. DEFINITION. (i) The terms of lbhp*t, the typed l-calculus with surjective pairingand terminal object, and their associated types, are defined according to the followingformation rules:

9/01/96DRAFT : do not circulate51. every variable x : A is a term;2. if x : A is a variable, and M : B is a term, then lx:A.M : A fi B is a term;3. if M : A fi B is a term and N : A is a term, then MN : B is a term;4. if M : A is a term and N : B is a term, then <M,N> : A · B is a term;5. p1 : A · B fi A;6. p2 : A · B fi B;7. *A : A fi T.(ii) The equational theory of terms is the minimal congruence relation �=� which satisfiesthe following axioms schemas, rule x and the rule for the terminal arrow:

alpha-beta-eta-csi:(a)lx:A.M = ly:A.[y/x]M, if y is free for x in M(fib)(lx:A.M)N = [N/x]M, if N is free for x in M.(fih)lx:A.(Mx) = M, if xˇFV(M)(x)if M=N then lx:A.M=lx:A.N surjective pairing:(· b1)p1(<M,N>) = M(· b2)p2(<M,N>) = N(· h) <p1(M),p2(M)> = M terminal object:(*)If M : A fi T then M = *A.Given a sequence

M = M1,..., Mn of terms, and sequence x = x1, . . . , xn ofvariables, N[ x:=M] denotes the simultaneous substitution of every term Mi for thevariable xi in the term N (for simplicity, we always assume bound variables are renamedas necessary to avoid capture of free variables). We also use the notation N[ x:=M] toexpress the simultaneous substitution of the term M for all the variables in x. Let IA =lx:A.x be the identity of type A.NOTATION. We write <M1, ... Mn> for <...<<M1, M2>,M3> ....>. lbhpt is thecalculus without terminal object and related rules, lbht is the classical typed calculus, andlbh the type-free calculus.REMARK. (Notion of reduction for lbhp*t ) The notion of reduction associated with theequational theory of lbhp*t obtained by just orienting the equalities in the axioms to theright is not Church-Rosser. It is possible, though, to derive for this equality theory anothernotion of reduction that has the Church-Rosser property; in the following we will refer to

9/01/96DRAFT : do not circulate6this latter one when talking about reduction, normal forms, and so on for lbhp*t (see forexample Pottinger (1981), Curien (1990)).1.3. DEFINITION. Let A, B ˛ Tp. Then A and B are provably isomorphic (A˚@p B)iff there exist closed l-terms M : A fi B and N : B fi A such that lbhp*t |— M ß N = IBand lbhp*t |— N ß M = IA, where IA and IB are the identities of type A and B. We thensay that M and N are invertible terms, and that M is an inverse of N, in lbhp*t .Note that, as usual, the inverse of a term M (if it exists) is unique up to "=." Supposethat types A and B are provably isomorphic and consistently substitute the common basetypes by arbitrary types. Then the isomorphism still holds: just use the correspondingterms with updated types. Borrowing terminology from Statman (1983) we may say thatthe notion of provable isomorphism is typically ambiguous.1.4. MAIN THEOREM (easy implication) Th |- A = B � A @p B .PROOF. We give the terms associated to each axiom and rule. As T is a theory ofequality, one has first to observe that the usual axioms and inference rules yield andpreserve provable isomorphisms:- lx:A.x proves A = A;- if M, with inverse N, proves A = B , then N proves B = A;- if an invertible M proves A = B and N proves B = C, then N ß M = lx:A.N (M x)proves A = C and it is clearly invertible;- if an invertible M proves A = B and N proves C = D, thenlx:A·C.<M˚ (p1˚ x ) , ˚ N ˚ (p2˚x)> proves A · C = B · D and it is invertible;- if an invertible M proves A = B and N proves C = D, thenly:AfiC.lx:B.N˚ ( y ˚ (M-1˚ x)), where M-1 is the inverse of M, proves A fi C =B ˚ fi ˚ D and it is invertible (take ly:BfiD.lx:A.N- 1 (y (M x)) ).We next check the proper axioms:1)A · T = A is proved by p1 with inverse lx:A.< x, *A x > (to check invertibility,note that *A ß p1 = *(A · T) = p2 ).2)A · B = B · A is proved by lx:A·B.< p2 x, p1 x > ;3)A · (B · C) = (A · B) · C is proved bylx:A · (B · C).<< p1 x, p1 (p2 x) >,˚p2 (p2 x)>, which is invertible;4)(A · B)fi C = A fi (B fi C) is proved by lz:(A·B)fiC.lx:A.ly:B.z <x,y>with inverse lz:Afi(BfiC).lx:A·B.z (p1 x) (p2 x) ;

9/01/96DRAFT : do not circulate75)Afi (B · C) = (A fi B) · (A fi C) is proved bylz:Afi(B·C).<lx:A.(p1 (z x)),lx:A.(p2 (z x))> with inverselz:(AfiB)·(AfiC).lx:A.<(p1 z) x,(p2 z) x> ;6)A fi T = T is proved by *(AfiT), with inverse lx:T.*A;7)T fi A = A is proved by lz:TfiA.z (*(TfiA) z) with inverse lx:A.ly:T.x. ¤The rest of this section, as well sections 2 and 3, are dedicated to the proof of theother implication of the Main Theorem. The first steps are done by reducing types to a"type normal form".The axioms of Th suggest the following rewrite system R for types (essentially Thwithout commutativity):1.5 DEFINITION (Type rewriting R) Let ">" be the transitive and substitutive type-reduction relation generated by:1)A · T > A1’)T · A > A3)A · (B · C) > (A · B) · C4)(A · B)fi C > A fi (B fi C)5)Afi (B · C) > (A fi B) · (A fi C)6)A fi T > T7)T fi A > A .The system R yields an obvious notion of normal form for types (type-n.f.),i.e. when no type reduction is applicable. Note that 1, 1’, 6 and 7 "eliminate the T’s",while 4 and 5 "bring the · outside". It is then easy to observe that each type-n.f. is T orhas the structure S1· ... ·Sn where each Si does not contain T or "·". We writenf(S) for the normal form of S (there is exactly one, see 1.6), and say that a normal formis non-trivial if it is not T.1.6 PROPOSITION. Each type has a unique type normal form in R .PROOF. Notice that in any R-reduction, starting with a given type S:(i) Rules 4 and 5 can be applied only finitely many times, as they strictly decrease thenumber of ·’s in the scope of an arrow of S and this number is finite and is not changedby any other rule.

9/01/96DRAFT : do not circulate8(ii) Between an application of rule 4 or 5 (yielding type S’) and the next one, theremaining rules can be applied only finitely many times (1, 1’, 6 and 7 simply throw awaysome subformula reducing by one the number of products or arrows, which is finite; 3 isjust associativity to the left).So, after a finite reduction path we get a type S" with no redex for rule 4 and 5, andthen, again, the remaining rules can be applied only finitely many times (at most the lengthof S" plus the times required for associating S" to the left). The resulting type nf(S) hasthen no products in the scope of any arrow (otherwise 4 or 5 could be applied), and iseither T or a type with no occurrence of T (otherwise 1, 1’, 6 or 7 could be applied).Thus nf(S) is a product of types, each of which has no occurrence of ·.It is easy to observe that R is Church-Rosser too and, thus, that nf(S) is unique.(Note also that we have actually proved that R strongly normalizes) ¤From the implication proved above of the Main Theorem, since R |- S > R impliesTh |- S = R , it is clear that any reduction R |- S > R is witnessed (or, proved, in the"types-as-propositions" analogy) by an invertible term of type S fi R. Moreover, oneclearly has:1.7 COROLLARY. Th |- S = nf(S) and, thus, Th |- S = R � Th |- nf(S) = nf(R).In conclusion, when Th |- S = R, either we have nf(S) ” T ” nf(R), or Th |-nf(S) ” (S1· ... ·Sn) = (R1· ... ·Rm) ” nf(R). A crucial lemma below will prove that, inthis case, one also has n = m.The assertion in the corollary can be reformulated for invertible terms in a veryconvenient way:1.8. PROPOSITION. (Commuting diagram) Given types A and B, assume thatF : A fi nf(A) and G : B fi nf(B) prove the reductions to type-n.f.. Then a termM : A fi B is invertible iff there exist an invertible term M’ : nf(A) fi nf(B), such that M= G-1 � M’ � F.PROOF. (�) Set M-1 ” (G-1 � M’ � F)-1 ” F-1 � M’-1 � G, then M is invertible.(�) Just set M’ = G � M � F-1. Then M’-1 ” F � M-1 � G-1 and M’ is invertible.¤A diagram easily represents the situation in the corollary:

9/01/96DRAFT : do not circulate9

ABA1nA··:B1mB··:

MM’FGThus we have reduced isomorphisms between arbitrary types to the same problemswith respect to type normal forms. We examine next how this may affect the structure ofthe terms which prove the isomorphisms.2. MORE LEMMAS: FROM lbhp*t TO THE CLASSICAL lbht .This is a technical section, where we display the statements of some crucial lemmas.Their proofs are postponed to the appendix.Recall first that, when Th |- S = R, one has nf(S) ” T ” nf(R), or Th |- nf(S)” (S1 · ... · Sn) = (R1 · ... · Rm) ” nf(R). Notice now that, in the latter case, therecannot be any occurrence of T in either type. Indeed, a non trivial type-n.f. cannot beprovably equated to T, as can be easily seen by taking a non-trivial model. Thus werestrict our attention to equations like (S1 · ... · Sn) = (R1 · ... · Rm) with nooccurrence of T and, hence, to invertible terms with no occurrence of the type constant Tin their types. We can show that these terms do not contain any occurrence of *A either,for any type A, via the following lemmas.2.1 LEMMA. (Terms of a product type) Given a term M of lbhp*t in normal form suchthat M: A · B, then either M ” <M1, M2> or there is an x : C such that x ˛ FV(M)and A · B is a type subexpression of C.Proof. By induction on the length of the structure of M (see appendix).2.2 LEMMA. (Every term, whose type contains no occurrence of T, has no occurrence of*A constants) Assume that in a term M of lbhp*t in normal form there is an

9/01/96DRAFT : do not circulate10occurrence of *A, for some type A. Then there is some occurrence of the type constantT in the type of M or in the type of some free variable of M.PROOF. By induction on the structure of M (see appendix).2.3 PROPOSITION. (Isomorphisms between type-n.f.’s are given by terms in lbhpt).Assume that S and R are non trivial type-n.f.’s. If the closed terms M and N proveS @p R in lbhp*t, then their normal forms contain no occurrences of the constants *A.(Thus, M and N are actually in lbhpt).PROOF. By the previous lemmas, as the terms are closed and no T occurs in theirtype.¤So we have factored out the first class of constants *A, and we have restrictedourselves to lbhpt. In the next step we eliminate pairing as well, in a sense.There is a problem though. Our aim is to reduce the investigation of invertible termsin lbhp*t to that of terms in lbht. This is done on the grounds of Proposition 1.8 byexamining each component of the product, where the isomorphism will be given by termsof lbht. However, in the notation of Proposition 1.8, consider the term M’ : nf(A) finf(B). M’ is invertible in (the equational theory of) lbhp*t and, thus, also the subtermsyielding the isomorphism of the components (see 2.4 and 2.6 below) are, a priori,invertible in lbhp*t . We get rid of the problem by the following remark.REMARK. (The equational theory of) lbhp*t is a conservative extension of (theequational theory of) lbhpt. Similarly for lbhpt with respect to lbht . Indeed, bothlbhp*t and lbhpt are Church-Rosser, where "the theory of reduction" for lbhpt isgiven by orienting the equalities in the axioms from left to right (for the C-R property seethe references in the remark before 1.3) . Consider now M and N in lbhpt such thatlbhp*t |- N = M and let P be the common reductum. Then lbhp*t |- N > P is actuallya reduction lbhpt |- N > P, as N contains no *-redex. The same applies to lbhp*t |-M > P and, thus, lbhpt |- N = M. Similarly for lbhpt w.r.t lbht.NOTATION. By

x,y,M... we denote vectors of variables, terms, etc.

9/01/96DRAFT : do not circulate112.4 PROPOSITION. (Isolate the relevant <M1,...,Mn> in an isomorphism) Let S ” S1 ·... · Sm and R ” R1 · ... · Rn be type-n.f.’s where neither the Si’s nor the Rj’scontain any occurrences of T or ·.Then S @p R iff there exist M1,..., Mn and N1,..., Nm such thatx1 : S1, ..., xm : Sm |- <M1,...,Mn> : (R1· ... ·Rn)y1 : R1, ..., yn : Rn |- <N1,...,Nm> : (S1· ... ·Sm)and Mi [

x :=N] =bh yi , for 1 £ i £ nNj [ y :=M] =bh xj , for 1 £ j £ m(where substitution of vectors of equal length is meant componentwise).PROOF. (See appendix: it is not obvious).2.5 LEMMA. (Terms of lbhpt whose type is arrow-only belong to lbht ) Let M be aterm of lbhpt in normal form such that M : A, where A is a type with no occurrence of· in it. If no free variable of M has a type with occurrences of ·, then M is actually aterm in lbht.PROOF. By induction on the structure of M (see appendix).In conclusion, we have isolated some interesting terms from which every constanthas been factored out. Next we prove that provably equal types in normal form have equallength.2.6 LEMMA. (Isomorphic type-n.f.’s have equal length ). Assume that R1 · ... · Rnand S1 · ... · Sm are type-n.f.’s and M ” <M1,...,Mn> , N ” <N1,...,Nm> are terms inlbhpt such that x1: S1, ..., xm : Sm |- <M1,...,Mn> : (R1 · ... · Rn)y1: R1, ..., yn : Rn |- <N1,...,Nm> : (S1 · ... · Sm)Mi [ y :=M] =bh xj , for 1 £ j £ mthen n = m and there exist permutations s, p over n such thatMi = l ui.xsi

Pi and Nj = l

vj.ypj

Qj.PROOF. By the previous lemma (recall that we may assume that each Mi and Nj is innormal form) one has that Mi and Nj are in lbht. Then,

9/01/96DRAFT : do not circulate12Mi ” l

ui.si

PiNj ” l vj.tj

QjNote that si is a free variable (namely some xj), since Mi[ x :=N] =bh yi, which cannothold if si is bound (it is easy to see that there would be no way to reduce it to a termwithout abstraction), and similarly tj is some yi. So there are two functions s : n fi m,p: m fi n such that Mi = l ui.xsi

Pi for 1 £ i £ n and Nj = l

vj.ypj

Qi for 1 £ i £ m.In conclusion, for 1 £ i £ n we obtain:yi =bh Mi [ x :=N]=bh (l

Pi) [x :=

N]=bh l

ui.Nsi (

Pi [x :=

N])=bh l

ui.(lvi.ypsi

Qi ) (

Pi[x :=

N])=bh if

v is longer than

P then l ui.lv’i.ypsi

Qi [vi :=

N]]else l

ui.ypsi (

Qi [vi:=

N]]) (

Pi’[x :=

N])In either case of the last equality, each term can reduce to yi iff yi = ypsi and eachof the Q’s and P’s left orderly reduce to one of the bound variables, so that one canapply (fih), several times, at the end. The same holds for Nj [

y :=M] for 1 £ j £ m.Thus i = psi , for 1 £ i £ n, and j = spj, for 1 £ j £ m and we can conclude thatm = n, s is a permutation and p is its inverse.¤We are then reduced to examining componentwise the terms which prove anisomorphism. The next point is to show that each component, indeed a term of lbht bylemma 2.5, yields an isomorphism.3. FINITE HEREDITARY PERMUTATIONSIn order to prove that the isomorphism between two type-n.f.’s can be expressedcomponentwise, we use a theorem in Dezani[1976]. The same result will also be applied toobtain, at last, the remaining part of the proof of our Main Theorem.3.1 DEFINITION. Let M be an untyped term. Then M is a finite hereditarypermutation (f.h.p.) iff either(i) lbh |— M = lx. x , or(ii) lbh |— M = lz. l x. zNs , where if |

x| = n then s is a permutation over n and

9/01/96DRAFT : do not circulate13z

Ns = z Ns1 Ns2 � Nsn , such that, for 1 £ i £ n, lxi. Ni is a finite hereditarypermutation.Thus lz. lx1. lx2. z x2 x1 and lz. lx1. lx2. z x2 (lx3. lx4. x1 x4 x3) are f.h.p.’s.F.h.p.’s can also be tidily described in terms of B�hm-trees. Recall that a B�hm-tree of aterm M is (informally) given by: BT(M) = W if M has no head normal form BT(M) = lx1 ... xn. y if M =b lx1...xn. y M1 ... Mp / ... \ BT(M1) BT(Mp)Recall also that BT(M) is finite and W-free iff M has a normal form. Then one maylook at f.h.p.’s as B�hm-trees, as follows:lz x. z (A2..... fi B), where the Ai’sare the types of the Nsi.) By the usual abuse of language we may then speak of typedf.h.p.’s.

9/01/96DRAFT : do not circulate14Recall now that all typed terms possess a (unique) normal form (see Barendregt[1984]). As we now need an interplay between typed and type-free terms, we are going tobe more explicit about which sort of terms we are dealing with, when needed. Let M be atyped l-term. We write e(M) for the erasure of M, i.e. for M with all type labels onvariables erased.REMARK: Observe that the erasures of all axioms and rules of the typed lambda calculusare themselves axioms and rules of the untyped lambda calculus. Then, in particular, if Mand N are terms of lbht and lbht |— M = N, one has lbh |— e(M) = e(N).3.3 THEOREM: If M : s fi t and N : t fi s are invertible terms in lbht, then e(M)and e(N) are f.h.p.’s.PROOF: e(N ß M) = e(N) ß e(M), and hence, by the remark, lbh |— e(M) ß e(N) = e(Is) = Iand lbh |— e(N) ß e(M) = e(Is) = I. Thus by Theorem 3.2, e(M) and e(N) are f.h.p.’s.¤The first application of 3.2 we need is the following.3.4 PROPOSITION. Let M1, ... Mn , N1, ... ,Nn and permutation s satisfy all theassumptions in lemma 2.6. Then lxsi. Mi : Ssi fi Ri and lyi. Nsi : Ri fi Ssi areinvertible terms.PROOF. For a suitable typing of the variables it is possible to build the following terms oflbht :M = lz x1...xn. z M1 ... MnN = lz y1...yn. z N1 ... Nn .It is an easy computation to check, by the definition of the Mi’s and of the Ni’s, thatM and N are invertible. Moreover, they are (by the construction given in the Appendix)in normal form, thus, by Dezani’s theorem, (the erasures of) M and N are f.h.p.’s. This isenough to show that every Mi has only one occurrence of the xi’s (namely xsi);similarly for the Ni’s.Thus we obtainMi [

x :=N] ” Mi [ xsi := Nsi] =bh yi, for 1 £ i £ n,Ni [

y :=M] ” Ni [ ypi := Mpi] =bh xi, for 1 £ i £ n,and, hence, for each i, lxsi.Mi : Ssi fi Ri and lyi.Nsi : Ri fi Ssi are invertible. ¤

9/01/96DRAFT : do not circulate15As a result of all the work done so far, we can then focus on invertible terms whosetypes contain only "fi", i.e. investigate componentwise the isomorphisms of type-n.f.’s.Of course, these isomorphisms will be given just by a fragment of the theory Th.Let S be the subtheory of Th given by just one proper axiom (plus the usualaxioms and rules for "="), namely(swap) A fi (B fi C) = (B fi (A fi C)) .S is a subtheory of Th by axioms 2 and 4 of Th.3.5 PROPOSITION: Let A, B be type expressions with no occurrences of T or ·. ThenA @p B � S |— A = B.PROOF: Suppose A @p B via M and N. As usual, we may assume without loss ofgenerality that M and N are in normal form. By Lemma 2.5, M and N actually live inlbht and, by Theorem 3.3, e(M) and e(N) are f.h.p.’s. We prove S |— A = B byinduction on the depth of the B�hm-tree of M.

Depth 1: M ” lz : C. z. Thus M : C fi C, and S |— C = C by reflexivity.

Depth n+1: M ” lz : E. l x :D. z

Ns. Recall z

Ns = z Ns1 ... Nsn where if the ithabstraction in l

x :D is lxi : Di then the erasure of lxi : Di. Ni is a f.h.p. Let Fi bethe type of Ni. In order to type check, we must have E = (Fs1 fi ... fi Fsn fi B) forsome B. Thus the type of M is (Fs1 fi ... fi Fsn fi B) fi (D1 fi ... fi Dn fi B).Since lxi : Di. Ni is a f.h.p, lxi : Di. Ni gives (half of) a provable isomorphism fromDi to Fi. By induction, since the height of the B�hm tree of (of the erasure of) each lxi :Di. Ni is less than the height of the B�hm tree of M, one has S |— Di = Fi for 1 £ i £n. By repeated use of the rules for "=", we getS |— ( Fs1 fi ... fi Fsn fi B) = ( Ds1 fi ... fi Dsn fi B).Hence it suffices to showS |— ( Ds1 fi ... fi Dsn fi B) = ( D1 fi ... fi Dn fi B).This is quite simple to show by repeated use of axiom (swap) above in conjunctionwith the rules. ¤Clearly, also the converse of Proposition 3.5 holds, since the "�" part in 3.5 isprovable by a fragment of the proof in Theorem 1.4. Thus one has:S |— A = B � A @p B by terms in lbht.The result we aim at is just the extension of this fact to Th and lbhp*t.3.6 MAIN THEOREM. S @p R � Th |- S = R

9/01/96DRAFT : do not circulate16PROOF. In view of Theorem 1.4, we only need to prove S @p R � Th |- S = R. ByProposition 1.8, this is equivalent to proving nf(S) @ nf(R) � Th |- nf(S) = nf(R).Now, in Lemmas 2.4 and 2.6, for nf(S) ” (S1 · ... · Sn) and (R1 · ... · Rm) ”nf(R), we have shown that nf(S) @ nf(R) � n = m and there exist M1, ..., Mn, N1,..., Nn and a permutation s such that lxsi. Mi : Ssi fi Ri and lyi. Nsi : Ri fi Ssi .By 3.4, these terms are invertible, for each i. Thus, by 3.5, S |- Ri = Ssi and,hence, by the rules, Th |- S = R. ¤This concludes the proof of the main theorem. Here is an immediate consequence.3.7 COROLLARY. Given types A and B, it is decidable whether they are isomorphic inall models of lbhp*t. (And thus whether A and B name isomorphic objects in allCCC’s.)PROOF. Let the type-n.f. of A be R1 · ... · Rn and that of B be S1 · ... · Sm whereneither the Ri’s nor the Sj’s contain any occurrences of T or ·. (If one of A or B isT, the other must be as well if they are to be isomorphic.) By Propositions 2.4 and 2.6,and Theorem 3.6, A and B are isomorphic iff m = n and there is a permutation s overn such that for 1 £ i £ n, Ri @p Ssi. By Proposition 3.5, we must have that S |— Ri =Ssi. Note that the axioms and rules of S do not change the length of type expressions.Hence if S |— Ri = Ssi , Ri and Ssi have the same length. We provide a decisionprocedure to determine if S |— R = S (and hence whether they are isomorphic in allmodels) by induction on the length of R (and hence S). We restrict ourselves to typeexpressions of the same length since otherwise they are not provably equal. If R and Sare both type symbols then they are equal if and only if they are the same symbol. Supposewe have a decision procedure for all types of length less than n, and R and S have lengthn. Decompose R and S into terms of the form R1 fi R2 fi ... fi Rk and S1 fi S2 fi... fi Sm where Rk and Sm are type symbols. If Rk and Sm are different or k „ mthen it is not the case that S |— R = S. Otherwise, for each Ri determine if there is adistinct Sj such that |— Ri = Sj. Each of these tests is decidable by hypothesis. If each Rican be paired with a distinct Sj, then |— s = t. Otherwise it fails. The proof of thecorrectness of this decision proceed follows the same lines as the proof of the (�) directionof Proposition 3.5.¤

9/01/96DRAFT : do not circulate17Indeed, more can be said about the connection to Category Theory; we also hint herea simple application to Proof Theory, but refer to DiCosmo and Longo (1990) for morediscussions on both topics.Take the intuitionistic positive calculus, IPC, i.e. Intuitionistic Logic with only fi,· (i.e. conjunction), and True, and consider the following notion of constructiveequivalence.3.7 DEFINITION. Two formulas A and B of IPC are constructively equivalent iff thereare proofs f of the sequent A |- B and g of the sequent B |- A such that the proofs g � fand f˚ � ˚ g obtained by composition reduce, by cut-elimination, to the one step deductionsA ˚ |-˚ A and B |- B.Notice that this notion of equivalence is much stronger than the classical notion oflogical equivalence: all tautologies of IPC are logically equivalent, for example, but only afew are equivalent constructively.3.8 COROLLARY (Connection with deductive systems) Two formulas A and B of IPC areconstructively equivalent iff Th |- A = B.

9/01/96DRAFT : do not circulate18APPENDIXWe give here the proofs of the lemmas in section 2. The numbers refer to thatsection.2.1 LEMMA. (Terms of a product type) Given a term M of lbhp*t in normal form suchthat M : A · B, then either M ” <M1, M2> or there is an x : C such that x ˛ FV(M)and A · B is a type subexpression of C.PROOF. By induction on the length of structure of M.

Basis of induction: if M is of length 1, then it can be only a free variable of type A · B.

Inductive step: M ” l x. rP, as it is in normal form. Observe first that this case reduces toM ” r˚

P, as its type is a · b, and we proceed by case analysis on r as follows:

r is a variable: Then r is free and has type type(P1)fi ( ... fi (type(Pn)fi A · B) ...).

r is <M1

,M2>: Then M ” <M1,M2>, in order to type check.

r is p1 or p2: Then M ” (...(pi M1) M2 ...Mk) with M1 : S · U and M1 in normalform with S or U ” type(M2) fi ( ... fi (type(Mk) fi A · B) ...). By inductionhypothesis either M1 is <N1,N2> or M1 has a free variable x : C with S · U (henceA · B too) a type subexpression of C. The first case is not possible, as pi <N1,N2> is aredex, so M has a free variable x : C with A · B a type subexpression of C.Finally, r cannot be any constant *A as *A has type A fi T, so M woulddefinitely not have type A · B. ¤2.2 LEMMA. (Every term, whose type contains no occurrence of T, has no occurrence of*A constants) Assume that in a term M of lbhp*t in normal form there is anoccurrence of *A, for some type A. Then there is some occurrence of the type constantT in the type of M or in the type of some free variable of M.PROOF. By induction on the structure of M.

Basis for induction: *A has type A fi T.

x.rP, as M is in normal form, and we proceed by case analysis onr as follows:

r is a variable: Then r has type type(P1)fi ( ... fi (type(Pn)fi C) ...); by hypothesis,the Pi’s are in normal form and in some Pj there are occurrences of a constant *A, soby induction hypothesis there are T’s in type(Pj), hence in the type of r. By this, eitherr is a free variable or (since r occurs among the x) there are T’s in the type of M.

9/01/96DRAFT : do not circulate19 r is <P,Q>: Then M ” l x.<P,Q> where P and Q are in normal form The type of Mis D1fi ... fi Dn fi (A · B), with P : A and Q : B, and *A occurs in P or Q. Byinductive hypothesis, either T occurs in A · B (hence in the type of M, too) or in thetype of some free variable y of P or Q. In either case, as above, some T’s occur in thetype of M or in the type of y, which is free in M.

r is p1 or p2: then M ” l x.((pi M1) M2 ... Mk) where:- Mj is in normal form, for each j.- M1 : S · U with either S or U ” type(M2) fi ( ... fi (type(Mk) fi C) ...).- *A occurs in Mj for some j; consider than case j = 1: then T occurs in S · U, by induction hypothesis. By Lemma 2.1, asM cannot be a redex, M1 is not a pair and M1 has a free variable y : C with S · U atype subexpression of C. Notice that y is also free in ((pi M1) M2 ... Mk). Thus as inthe earlier cases either y is free in M or some T’s occur in the type of M (because y isone of the variables in x);case j > 1: then by induction hypothesis either(a) there is a T occurring in the type of Mj, and, hence, in S · U or(b) there is a free variable y of Mj with type T occurring in its type. In case (a),we can conclude the proof as in the case for j = 1 above. In case (b), if y is free in Mjthen it is also free in ((pi M1) M2 ... Mk). We can thus conclude the proof again as for i = 1.

r is * a: Then M ” l x.*A M1 or M ” l x.*A and the type of M is D1fi ... Dn fi T,for some D1, ..., Dn. ¤2.4 PROPOSITION. (Isolate the relevant <M1,...,Mn> in an isomorphism) Let S ” S1 ·... · Sm and R ” R1 · ... · Rn be type-n.f.’s where neither the Si’s nor the Rj’scontain any occurrences of T or ·.Then S @p R iff there exist M1,..., Mn and N1,..., Nm such thatx1 : S1, ..., xm : Sm |- <M1,...,Mn> : (R1· ... ·Rn)y1 : R1, ..., yn : Rn |- <N1,...,Nm> : (S1· ... ·Sm)and Mi [ x :=N] =bh yi , for 1 £ i £ nNj [ y :=M] =bh xj , for 1 £ j £ m(where substitution of vectors of equal length is meant componentwise).PROOF. (�) Let Mß : S fi R and Nß : R fi S be closed terms (in normal form) oflbhpt such that Mß � Nß = IR and Nß � Mß = IS. Then by standard currying, considerthe term lx1...xm.Mß <x1, ... xm>: (S1 fi...fi (Sm fi (R1 · ... · Rn) ...), and observe

9/01/96DRAFT : do not circulate20that the normal form M’ of Mß <x1, ... xm> : R1 · ... · Rn, by Lemma 2.1, must be ofthe form <M1,...,Mn>, with FV(M’) = {x1: S1, ... xm: Sm} (by assumption, the Si’scontain no occurrences of ·). The same applies for Nß.As for the other properties, letM" ” lz.(lx1...xm.Mß <x1, ... xm>)(p1 z) ... (pm z), andN" ” lz.(ly1...yn.Nß <y1, ... yn>)(p1 z) ... (pn z),where the xi’s, yj’s, and z are chosen to be distinct.ThenM" =b lz.Mß <p1 z, ... pm z> =h lz.Mß z =h Mß, andN" =b lz.Nß z =h Nß.Compute then Mß � Nß =bh M"�N" ” lx.(M"(N"x)) for x a variable not occurring in M" or N".=bh lx.(lz.(lx1...xm.M’)(p1z) ... (pm z))(N"x)=bh lx.<M1[ xj := pj (N"x)],...,Mn[ pj (N"x)]>where the substitution is done simultaneously for all 1 £ j £ m,=bh lx.<M1[ x :=N[yi := pi x]],...,Mn[ pi x]]> since N"x =bhly1...yn.N’(p1 x) ... (pn x) =bh <N1[

yi := pi x],...,Nm[ pi x]>where substitution is done simultaneously for all 1 £ i £ n=bh lx.<M1[

x :=

N][yi := pi x],...,Mn[ pi x]>by substitution properties, as no yi is free in M’=bh lx.<p1 x,..., pn x>since Mß�Nß =bh lx.x and x =bh <p1 x,..., pn x>.Observe now that the equality just proved implies, componentwise, thatMk[

x :=N][yi := pi x] =bh pk x.For the purpose of the final argument of the proof, we refer now to �fibhp,* � as a�several steps reduction� in lbhpt . In view of the Church-Rosser property for thiscalculus, the last equality is equivalent toMk[

xi:= Ni][ yj:= pjw] fibhp,* pkwwhere w is a fresh variable (to avoid confusion between x and x; in other words, w isnot free in Mk nor in any Ni and cannot be free in any reduct of Mk[ xi:= Ni] either.)Furthermore, the substituition [ yj:= pjw] creates no new redexes, so that if we haveMk[ yj:= pjw] fibhp,* Q then Mk[ xi:= Ni]˚fibhp,* Q’ with Q ” Q’[ yj:= pjw].This implies, in the case of Mk[ xi:=Ni][ yj:= pjw]fibhp,* pkw, that Mk[ xi:= Ni] fibhp,*Q’ with pkw ” Q’[ yj:= pjw], that is Mk[ xi:= Ni] fibhp,* yk. In conclusion, Mk[ xi:=Ni] = yk, as required.

9/01/96DRAFT : do not circulate21Symmetrically, one obtains Nj[ y :=M] =bh xj from Nß � Mß = lx.x.� ) Just step through the above proof in reverse order, defining the required closed termsbyMß ” lz.(lx1...xm.<M1, ... Mn>)(p1 z) ... (pm z),Nß ” lz.(ly1...yn. <N1, ... Nm>)(p1 z) ... (pn z). ¤2.5 LEMMA. (Terms of lbhpt whose type is arrow-only belong to lbht ) Let M be aterm of lbhpt in normal form such that M : A, where A is a type with no occurrence of· in it. If no free variable of M has a type with occurrences of ·, then M is actually aterm in lbht.Proof By induction on the structure of M.

Basis for induction: if M is of length 1, then it can be only a variable of type A, as anyconstant has a type with occurrences of ·.

Inductive step: M ” l x.rP, as M is in normal form, and we proceed by case analysis onr as follows:

r is a variable: then r has type type(P1)fi ( ... fi (type(Pn)fi C) ...) and no matter if ris free or bound, by hypothesis on the type of M and its free variables, the Pi’s (whichare in normal form) have a type with no ·’s and free variables whose type have no ·’s,so by induction hypothesis they contain no constants nor pairs, hence M contains noconstants or pairs either.

r is <P,Q>: this is impossible, otherwise M ” l x.<P,Q> and the type of M would beS1 fi ... fi Sn fi (A · B), which contains ·.

r is p1 or p2:this cannot be either, since:- M ” l x.pi must have a type containing ·,- M ” l x.((pi M1) M2 ... Mk) implies, by Lemma 2.1, that either M1 is <N1,N2> orM1 has a free variable x : C with S · U a type subexpression of C. The first case is notpossible, as pi <N1,N2> is a redex while M is in normal form. Thus M1 has a freevariable x : C with S · U a type subexpression of C, and, hence, either x ˛ FV(M) orS · U is a type subexpression of the type of M, since the type of M includes the typesof bound variables. Impossible. ¤

9/01/96DRAFT : do not circulate22

ACKNOWLEDGEMENTSThe authors would like to express their gratitude to Gregory Mints for pointing out to usthe work of Soloviev, and Rittri for informing us of his own work in the topic. We wouldalso like to thank Albert Meyer and John Mitchell for several helpful conversations on thesematters.

REFERENCESAsperti A., Longo G. (1990) Categories, types and structures: an introductionto category theory for the working computer scientist, M.I.T. Press, t o appear.Babaev A., Soloviev S.V. (1982) "Coherence theorem for canonical maps in CartesianClosed Categories" J. Soviet Mathematics 20.Barendregt, H. (1984) The lambda calculus; its syntax and semantics. Revisededition, North Holland.B�hm, C., Dezani-Ciancaglini, M.(1974) "Combinatorial problems, combinator equationsand normal forms, in : J. Loeckx, ed., Automata, Languages and Programming,LNCS 14 (185-199).Dezani-Ciancaglini, M. (1976) "Characterization of normal forms possessing an inverse inthe lbh-calculus," Theoretical Computer Science, 2 (323-337).Di Cosmo, R., Longo G. (1990) "Constructively Equivalent Propositions andIsomorphisms of Objects (or Terms as Natural Transformations)" Workshop onLogic from Computer Science, M.S.R.I., Berkeley (Ca.), November 1989; toappear.Martin C.F. (1972) "Axiomatic bases for equational theories of natural numbers," NoticesAm. Math. Soc. 19,7, p.778.

9/01/96DRAFT : do not circulate23Narendran P., Pfenning F., Statman R. (1989) "On the unification problem for CartesianClosed Categories," abstract, CMU.Reynolds, J. (1984), "Polymorphism is not set-theoretic," Symposium on Semantics ofData Types, (Kahn, MacQueen,Plotkin, eds.) LNCS 173, Springer-Verlag.Rittri M. (1989) "Using types as Search Keys in Function Libraries," IV Conf. inFunct. Progr. and Computer Architecture, London, ACM Press, Addison-Wesley.Rittri M. (1989) "Retrieving library identifiers whose types are at least as general, moduloCCC-isomorphisms, as a given type". Dept. of C.S., Chalmers University, Sweden.Soloviev S.V. (1983) "The category of finite sets and Cartesian Closed Categories" J.Soviet Mathematics 22, 3, pp. 1387-1400.Statman, R. (1983) "l-definable functionals and bh-conversion," Arch. Math. Logik,23 (21-26).