Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoParametric and Type-DependentPolymorphismGiuseppe LONGOLIENS (CNRS) et DMI, Ecole Normale Sup�rieure45, Rue d’Ulm, 75005 Paris; longo@dmi.ens.frContent:1. Polymorphic l-calculus. Introduction.2. Types as invariants and types as sets.3.Relational (or invariance) Parametricity.4. Effective Parametricity and the Genericity Theorem.5. Parametricity and the Uniformity Principle in the Effective Topos.6.Overloading as Type Dependent Polymorphism.1. Polymorphic l-calculus. Introduction. In typed languages one can formally describe functions at any finite type, namely functions thattake, as input, functions, functionals and so on. In general, higher types are obtained by typeconstructors, such as "fi", "·" or "+". Higher order systems allow quantification overtype variables, thus a higher order language must include variables both for individuals andtypes. The use of type variables increases in an essential way the expressiveness of thelanguage: this is clear from logic and from computations (see [GLT89]). We focus here oncomputations, in particular on the behaviour of terms inhabiting the higher order types; indeed,the analysis of parametricity is the investigation on how "polymorphic" terms, which may taketypes as inputs, actually compute. As the core problem of parametricity and type-dependenceresides in Girard’s second order system F, we recall first its basic notions.The expressions of the language, i.e. terms and types (or formulae), may be defined byusing the expression Tp, the intended collection of all types. We write capital letters to stressthat an expression is a type. A : Tp is short for "A is a type", a : A summarizes that a hastype A and that A is a type. The base is given by a collection of variables x, y, z.... X, Y,Z... and of atomic types or predicates.We maintain the usual conventions on variable binders ( l and " ), free variables andsubstitution. A definition, by combined induction, of term and type expressions is first given.Term expressions: a := var | a(a) | a(A) | l(var:A)a | l(Var:Tp)a Type expressions: A := Var | Atomic | A fi A | "(Var:Tp)AEquality "=" is a congruence relation on terms, whose basic axioms may be given jointly withthe following rules for assigning types to "legal" terms.69

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoThe rules below are given in an intended environment, named E, E’..., when explicitelymentioned, which assigns types to term variables.Type and Term Formation and Assignment Rules. Axioms:[x : A] |_ b : B(fiI) _____________ l(x:A)b : A fi B f : A fi B a : A (fiE) _______________f(a) : B [X : Tp] |_ b : B ("I) __________________for X not free in the type of a free term variablel(X : Tp)b : "(X : Tp)B f : "(X : Tp)B A : Tp("E) ____________________ f(A) : [A/X]B (fib) (l(x:A)b)(a) = [a/x]b ;(fih) l(x : A)f(x) = f x not free in f("b) (l(X : Tp)b)(A) = [A/X]b ; ("h) l(X : Tp)f(X) = f X not free in fWe may omit Tp in l(X : Tp)b and in "(X : Tp)B. The usual rules (r), (t), (m), (n), (x)describe "=" as a congruence relation over well typed terms: (r) a = a a = b b = ca = b a’ = b’ (t) __________________(mn) __________________ a = ca a’ = b b’a = ba = b(x) _______________(x") ____________l(x:A)a = l(x:A)bl(X)a = l(X)bThe fundamental difference between typed l-calculi and logical systems of propositions is that70

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longoproofs are coded by terms. These terms are the programs of core functional languages.Moreover, as will be pointed out later, by the work of Abadi, Cardelli, Curien, Hasegawa andPlotkin (and others, see later for references), we also know that the logical expressiveness oftypes is affected by the existence of proof-terms.In the higher order case, beginning with second order, the situation is both rich, inexpressiveness, and challenging, as type variables may appear in terms. In particular, termsmay be fed with input types, as expressed by the rules ("I) and ("E).Upon first examination, functions which take types as inputs should behave rather freely,subject to the "obvious" restrictions of definability within our paradigmatic language, systemF. This system may seem to deal with input terms and types in the same way (just compare the"fib,h" and ""b,h" rules). However, this is not so: second order functions cannot act ontypes "as if they were ordinary inputs" and the restrictions are far from obvious. Theserestrictions have been collected under the, a priori, rather meaningless name of "parametricity".The interest in parametricity has been growing recently; however, we must acknowledgethat both Girard [Gir71] and Reynolds [Rey83] set the early grounds for the investigation ofhow terms may depend on types. The directions proposed by these two authors wereessentially different, as we will try to explain, and the need for a better understanding of therelations between the various approaches, possibly by a unified categorical environment, is themain motivation of this paper. With the aim of a conceptual clarification, we will classifyparametricity in three main classes: relational (⁄.3), effective (⁄.4) and uniform (⁄.5). Yet another direction, which goes beyond "parametricity" and motivated by Object OrientedProgramming, has been suggested in [CGL93]. The required expressiveness, though, takesus away from "pure" l-calculi, as it will be mentioned in ⁄.6. In all the approaches mentioned above, the analogy "types as propositions" goes togetherwith the understanding of "types as objects" of categories. Indeed, this "many-ways"connection, Type Theory - l-calculus - Category Theory, is at the core of most recentadvances in the broad area of the Theory of Functional Programming Languages, whichlargely uses tools from each of these disciplines. Its applications range from the design ofEdinburgh ML and its dialects, to the current trends in explicitly polymorphic languages and infunctional approaches to Object Oriented Programming. We will survey the current treatmentsof parametricity, as a relevant problem in the area, and focus on the many issues it raises, in acategorical, but elementary, perspective. As already mentioned, in this theoretical area, ProofTheory and Category Theory are strictly linked: proof-theoretic investigations of languagescorrespond to categorical developments in their semantics. Thus, the syntactic presentation ineach of sections 3, 4, 5 and 6, will end with some open problems for the category-theoryoriented reader.2. Types as invariants and types as sets. The seminal paper [Rey83] begins with a fable. Professors Descartes and Bessel present, indifferent but parallel classes, the Theory of Complex Numbers by two different systems ofnotation: the cartesian and the polar one. The fable continues by stressing that, in spite of thenotational difference, the two courses could be entirely interchanged. The moral is that whatreally matters in Mathematics, namely notions and theorems, do not depend on coding andnotations. Indeed, we all know that the relevant results of Number Theory, say, do not71

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longodepend on the "decimal" notation... similarly for the Theory of Complex Numbers. The pointis that our abstract understanding of Mathematics is invariant w.r.t. specific notations andstructures, even though it must be necessarily given in a specific notation or in an (intended)structure. In general, invariants are, technically and methodologically, at the core ofMathematics and Physics.In Computer Science, this has been mostly developed within the algebraic approach to datatypes, where abstract data types have been widely studied: the type "Complex" denotes anabstraction that can be realized by a variety of sets or represented by several denotations. Thecurrent algebraic theory of Abstract Data Types, though, as Reynolds stresses, is not perfectlysuited for higher type or higher order systems and, thus, he proposes a "relational" treatmentof invariance: computations do not depend on types in the sense that they are "invariant" w.r.t.arbitrary relations on types and between types. Reynolds’s approach set the basis for most ofthe current work on parametricity, as we will review below (⁄.3). Some twelve years earlier, Girard had given just a simple hint towards anotherunderstanding of the properties of "computing with types". In [Gir71], it is shown, as a sideremark, that, given a type A, if one defines a term JA such that, for any type B, JABreduces to 1, if A = B, and reduces to 0, if A „ B, then F + JA does not normalize. Inparticular, then, JA is not definable in F. This remark on how terms may depend on types isinspired by a view of types which is quite different from Reynolds’s. System F was born asthe theory of proofs of second order intuitionistic propositional calculus. Its main logicalapplication has been the normalization theorem, that is, the extension of cut-elimination tosecond order intuitionistic logic. As we all know, the "semantic convention" of second ordersystems is that second order variables must be interpreted as "sets" of the intendedinterpretation. More precisely, suppose that a model is given where first order variables areinterpreted as "individuals" of a specific (structured) set or algebraic domain. Then, secondorder variables are intended to range over subsets or substructures of the given domain. Insystem F, second order variables are type variables: the types-as-propositions analogysuggests that second order (type) variables have the intended meaning of (possibly) infinitesets or structures, which may come, as in Set Theory, with their own coding and structure or"implementation". Girard’s understanding (and ours, by the Genericity Theorem in [LMS93],see ⁄.4 below) is that intuitionistically sound functions should not be able to compute with(possibly) infinite inputs, as types have the intended meaning of possibly infinite collections ofindividuals. Thus, the non definability of JA formalizes an issue which is, a priori, unrelatedto invariance properties as suggested by abstract data types. Indeed, the present view of typescorresponds to the meaning given to logical or computational theories by Scott’s denotationalsemantics: types are "predicates or other entities denoting specific subsets of some universe ofvalues", as acknowledged in [Rey83]. In particular, then, a type denotes a specific (sub-)structure of the intended domain of interpretation, in contrast to the abstract or invariancebased understanding of types followed by Reynolds. Again, this more closely follows themain stream logical treatment of types as propositions. Of course, one may violate the secondorder semantic convention (in [CGL93] it is done so and for good reasons, see ⁄.6), but thenthe connection to logic or the logical significance of the system is lost.There is no methodological priority of either view. Abstract data types are commonly usedin Computer Science, but the logical paradigm of "types-as-propositions" has also been quitesuccessful. Fortunately, we already know of several relevant connections: from the logicalrepresentability of abstract data types by second order existential quantification,72

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo[MP86,Hase93], to the representation of initial algebras, [BB85, ACC93, Hase93].However, the two different views above suggested different technical approaches and results,as well as many open problems. [Hase93], [ACC93], [PA93] and [LMS93] are some of themost recent advances in the two directions.3. Relational (or invariance) Parametricity. We owe to Strachey the distinction between "parametric" and "ad hoc" polymorphism,according to how polymorphic functions depend on their type parameters. A seminal,enlightening classification, but labelled by unfortunate names: unfortunate because all functionsdepend on their parameters and, thus, the "uniformity" of this dependence, in the case ofsecond order parameters, is not expressed by the name "parametric". Moreover, "ad hoc"polymorphism may be dealt with by non "ad hoc" treatments of relevant constructs (see[CGL93] and ⁄.7). However, the names of these two classes of polymorphism are now partof folklore and can hardly be changed.Following Reynolds’s approach, the core of parametricity is the formalization of the notionof invariance mentioned above by means of "relations". The idea is that the independence ofcomputations w.r.t. (the internal structure of) types is expressed by their invariance w.r.t.arbitrary relations on types. The pivotal result is the "abstraction theorem", whose mainconsequence is that a polymorphic function takes related input types to related output values.This approach has been given a categorical presentation in [MaRey92] and further developed,semantically, in [Hase93]. We briefly survey the syntactic presentation in [ACC93].The idea is that one has relations between types and relations between terms; thus, a theoryR of relations is proposed. Relations may be given between terms of different types and theymay be extended at higher types and higher order. The environments and judgements of R˚extend those of F. Environments E set the type of free variables and assert that certainvariables are types, as usual; moreover, they include assumptions about relations betweentypes or between terms. Thus, environments contain two sorts of assumptions from F andtwo additional ones:XX is a type variablex:Ax is a variable of type A

XYW

WisarelationvariablebetweentypevariablesX(domain)andY(codomain) x : A y : BR

the variables x and y have types A and B, respectively, and are related by R˚The judgments generalize those of system F:

” E

E is a legal environment 73

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo

E AB” R

RisarelationbetweentypesAandBinE

E a : A b : B ” R

R˚ relates a of type A and b of type B in E.Note that equality, as a relation between terms in a type, is a definable relation in this approach.Indeed, a type A can be identified with the diagonal relation in A·A, and one may consider (=)

E b : AAc : A ” corresponding to the F judgment E b = c : A ”

. The introduction and elimination rules for fi are, respectively: (fiIR)

E , x : A x’ : A’ b : Bb’ : B’ E BB’ x b’x’ b

E (x : A)b : A B

(x’: A’)b’ : A’ B’ R S S R S ” ” �

” λλ → → →

(fiER)

E b : A B b’ : A’ B’ E a : Aa’ : A’

E b(a) : B b’(a’) : B’ ” ”

”→→ → R S R S

The introduction and elimination rules for " are:("IR)

E , X’ b : B b’ : B’ X b’, B’, X’ b, B,

E (X)b : (X)B

(X’)b’ : (X’)B’

W S SS

(W)S ” �

” � � λλ

("ER)

E b : (X)B b’ : (X’)B’ E CC’

E b(C) : B{X C} b’(C’) : B’{X’ C’}

” � ”

” (W)S T

S{W T}←← ←

Where ("IR) applies provided that the type and relation variables X, W, X’ are not free in thetype of any free variable.These rules generalize the corresponding rules of F: one has to take identity relations inorder to recover the rules in ⁄.1. The connecting assumption is given by the "identityextension", which implies that, if a : A and a’ : A’, then 74

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longoa = a’ and A = A’ iff a and a’ are related by A (and A is indeed the identity relation on itself); moreover, variable substitutions preserveidentities. This is a very delicate point, in particular when A may contain type or relationvariables and it has been clarified by the evolution of the system in [ACC93]. In short, and inthe system of [ACC93], "identity extension" amounts to say that each provable judgement E |-a : A in F, yields a provable (=) judgement, for b = c = a.The elimination rule ("ER) says that if b and b’ are related functions then they takerelated input types to related outputs. Note that the relation S{W ‹ T}, between terms b(C)and b’(C’), is constructed out of the relations, "(W)S between b and b’, and Tbetween types C and C’, by instantiating relational variables by a relation. By the "identityextension", if b = b’ and B = B’, then b and b’ are related by "(X).B, the identityrelation on itself, and, consequently, b(C) = b’(C) in B{X ‹ C}. Clearly, this is exactly theusual ("E) rule of system F. The elimination rule ("ER) may be read as the syntacticalcounterpart of Reynolds’s binary relational parametricity, i.e. the Abstraction Theorem. Moreprecisely, it corresponds to the validity of the Abstraction Theorem over all definable elementsof all models, while ("ER) rule, jointly to the "identity extension", yields the AbstractionTheorem over all elements, not just the definable ones (see Open Problems below). As alreadymentioned, the Abstraction Theorem says that related polymorphic terms take related types torelated output terms, by preserving identities. Finally, functions themselves can be turned into relations; in a sense, a map b in A fi Brelates A and B (call <b> this relation):

E b : A B

Ea : A

E a : Abb(a) : B ” ”

” � � → E a : Abc : B E b : A B

E b(a) : BBc : B ” � � ” ” →

A consequence of the elimination rule for ", ("ER ) , and of the identity extension is thefollowing fact:3.1 Fact. If b:"(X)B, with XˇFV(B) (i.e. X not free in B), then b(C) = b(C’) :B, for all types C and C’.The assumption corresponds to taking B = B’ = S in ("ER) and, thus, b = b’, by (=).The thesis follows by (=) again, as B does not contain X free. Note that 3.1 says that anypolymorphic term b, which outputs all values in the same type (since X is not free in B), isa constant function.The reader may wonder whether the complex formalization of Reynolds’s understanding ofparametricity as invariance w.r.t. relations is really worth pursuing, since it takes us apparentlyfar from the core intuition of "types as propositions" as more closely developed by thealternative, more "effective" view hinted at by Girard (see also ⁄.4 and 5). However, theresults below fully justify the relevance of relational invariance as a tool for the investigation ofterms and types.75

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoIt is an old remark in Logic, going back to Russell and Gentzen, that it is possible to define,in terms of second order universal quantifiers, some other crucial constructs of Logic. Inparticular, one may define weak forms of conjunction (product), disjunction (coproduct), theabsurdum (initial object), generalized singletons (terminal objects) and existentialquantification. The weakness of the definition is due to the fact that, in categorical terms,products and coproducts are not universal, as required by the interpretation in categorical logic,as they miss the unicity of the pairing or co-pairing functions (thus they are only "weakly"universal). The same can be said of initial and terminal objects, which are weakly universaltoo. However, in the system R of [ACC93] the following properties are provable:(1)

∀ → → → →

(X)(B X) (B’ X) X

is a coproduct of B and B�,(2)

∀ → → →

(X)(B B’ X) X

is a product of B and B�,(3)

∀ (X)X

is initial,(4)

∀ → (X)X X

is terminal.In summary, if one considers, in the "types as propositions" analogy, both proofs coded byterms and the properties of relational parametricity between types and terms, then thesedefinable constructs of second order Logic possess the required universal properties. This factadds logical (and categorical) significance to l-calculus and to relational (or invariance)Parametricity (early work on this matter may be found in [Wad89] and [BFSS90]). Even more is shown in [Hase93], where a model theoretic approach to parametricity isproposed. In short, Hasegawa calls "parametric" those models of system F that realize a weakversion of ("ER) for all morphisms, objects and relations in the model. Also, in thatcategorical frame, the definable existential quantifier (5)$(X).B ” "(Y)("(X)(B fi Y) fi Y)satisfies the intended universal property required in categorical logic; namely, it is the leftadjoint of the diagonal functor, and thus, it symmetrically corresponds to " quantification, inall models, exactly as required in Proof Theory. Moreover, as a converse to the results in[ACC93], Hasegawa proves that the universality of each of these definable constructs impliesthe parametricity of their interpretations, as objects, in the model. Firther relevant results should be mentioned about the universality of free algebraic types(see [ACC93] and [Hase93]). These very relevant facts encourage further investigation intothe understanding of the various approaches to relational parametricity. Open problems. 1 - Any model of the system in [ACC93] should be a model in the senseof Hasegawa; a proof though requires a precise categorical understanding of the relationalsystem. Note, for example, that in Hasegawa’s models the definable existential quantifier isuniversal; is it also so in the formal system in [ACC93] ? It does not need to be, as, forexample, the "abstraction theorem" (rule ("ER) in [ACC93]), say, is given for definablerelations only. More generally, by a suitable variant of the rules, if needed, is there a twoway correspondence between models of [ACC93] and Hasegawa’s ? A positive answer wouldallow to study the equivalence between parametricity and universality of definable types at anabstract proof-theoretic level. 2 - In ⁄.5 we will discuss PER models and the interpretation of " in them. This is givenby the right adjoint to the (internal) diagonal functor of PER, in a topos theoretic frame. It isnot yet known how that interpretation is related to the meaning of " in the parametric modelsabove, when constructed over PER.76

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo4. Effective Parametricity and the Genericity Theorem. Girard’s remark about the term JA i n ⁄ . 2 s u g g e s t s t h e e x t e n s i o n o f s y s t e m F b y t h e following simple axiom (called Axiom C, where C stands for constant). In view of theundefinability of JA, system F cannot effectively discriminate between different types, i.e. itcannot output "essentially" different values of the same type, such as 0 and 1, according tothe input types. We may assume then that a polymorphic term, which outputs all values in thesametype,isaconstantfunction:Axiom C If a : "(X)A, with XˇFV(A), then a(B) = a(C): A, for all typesB and C.We already observed that Axiom C is a theorem in the relational or invariance approach toparametricity (Fact 3.1). It holds then in all models of system R of ⁄.3 as well as in allparametric models, in the sense of Hasegawa. Indeed, Axiom C is a very weak property,which may be directly assumed, independently of the theory of relations above, and just on thegrounds of our effective, more than invariant, understanding of second order computations, asdiscussed in ⁄.2. Thus, Axiom C is a common property both of invariance and effectiveparametricity (see ⁄.5 for its validity in PER models).Call Fc the extension of system F with Axiom C. With no other assumption, in [LMS93]the following is proved:4.1 Theorem (Genericity) Let a, b : "(X)A. If, for some type C, a(C) = Fc b(C), then a = Fc b.Note that the terms a( C ) , a (B),.... in general may live in different types, namely [C/X]A,[B/X]A..., as no restriction is made on A, in particular X may occur in it. The meaning (andthe strength) of the theorem should be clear: if two polymorphic functions of the same typeagree on one input, then they agree on all inputs. In other words, any type is generic. In ourunderstanding, it says that we cannot use the possibly infinite information carried by a type, aspredicate or (structured) set. Computations deal with types as "black holes": if two terms actthe same on a given black hole, they will act accordingly on all other black holes. Thissuggests the "effective nature" of this approach to parametricity.There is an analogy between the Genericity Theorem and a lemma, also called "genericity"in Barendregt’s book [Bar84]. That result deals with type-free l-calculus, thus its statementand the proof (a rather simple one) are formally unrelated to ours, but its similar "spirit" mayhelp to understand the Genericity theorem. Lemma 14.3.24 in [Bar84] says that, given anunsolvable term W, if a(W) has a normal form, then a(c) = a(W) for all terms c. The reasonis that one cannot effectively "look inside" the infinite information contained in a diverging,unsolvable, term. An immediate consequence is that, if a(W) = b(W) and possess a normalform, then a(x) = b(x) = b(W), and thus a = b, by extensionality. In other words,unsolvable terms, such as W, are generic. Theorem 4.1 above says that, in second orderpolymorphic l-calculus, any type is generic.The proof of the Genericity theorem is far from trivial (see [LMS93]) and suggests somegeneral considerations (and these considerations may encourage the scholar to read the proof in77

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo[LMS93] closely). A classification of (extra) inference rules in formal systems can be given asfollows. Let G be a formal system and R and S be well-formed formulae in the languageof G. Then, for the derivation R |- S, three basic cases are possible: • R |- S is compatible, that is, G + (R |- S) is consistent;• R |- S is admissible, that is, if G |- R, then G |- S;• R |- S is derivable, that is, any model of G + R is also a model of G + S.Compatibility should be clear: just one model of G is needed, which realizes S when R isrealized. Admissibility means that from the proof of R in G, one can construct a proof ofS in G. Derivability, in proof-theoretic terms, corresponds to the provability of theimplication R � S, within G; that is, to the derivability of S in G just under assumptionR (formally, (G + R) |- S, with no need of a proof of R in G). Clearly, derivability impliesadmissibility, which implies compatibility. Before getting into the categorical issues that are raised here, let’s better understand thisdistinction by an example from the type-free l-calculus. Consider Curry’s Combinatory Logic(CL, see [Bar84; HS86]) and the rule (zb) of "functional extensionality": (a(x) = b(x)) |- (a = b), for a and b "functional", that is, of the following shape: S, K, Sc, Kc, Scd. Church’s type-free l-calculus (lbh) is asyntactic model of CL + (zb), by the obvious translation of S and K into l-terms (for thebasic notions and facts in this example, see [HS86, ch.8-9]). Thus, (zb) is compatible withCL. It is not admissible, though, as five extra axioms are required in order to derive a = bfrom a derivation of a(x) = b(x) (these equational axioms are due to Curry and each fill a linewith S’s and K’s, [HS86, ch.9]). In other words, call CLb the extension of CL by Curry’sfive axioms, then one can prove CLb |- (a = b) from a derivation CLb |- (a(x) = b(x)). Thus(zb) is admissible for CLb. However, it is not derivable in CLb, since there exist models ofCLb which may realize the assumption a(x) = b(x), but not the consequence a = b (see[HL80], where these distinctions were first made, from the point of view of models: theexperienced reader may take as a model the interpretations of closed terms in Scott’s Pwmodel). Finally, as said above, lbh is an "extension" of CL where (zb) is just an instanceoftherule(z) of extensionality. In summary:• (zb)iscompatiblewithCL,butnotadmissible;• (zb) is admissible for CLb, but not derivable;• (zb) is derivable in lbh.I n [ L M 9 0 ] a c a t e g o r i c a l c l a s s i f i c a t i o n i s g i v e n o f t h e m o d e l s o f C L , C L b, lbh (see also[AL91]). However, in spite of the clear categorical notions that characterize the three classeso f m o d e l s , a s u r p r i s i n g " h i s t o r i c a l " r e m a r k c a n s t i l l b e m a d e : a n e x a m p l e o f a " p r o p e r " mathematical model of Combinatory Logic, CL, has been given only recently [DiGiHon93],much later than the models of lb(h). That is, a syntax-independent model, different from theterm model (and from the interpretations of closed terms), which interprets CL and which isnot a model of lb. In conclusion, even in type-free l-calculi, the proof-theoretic andcategorical status of rules is a complex one.We are in a similar, but surely more complex situation here. Consider Genericity as the"rule" ((exists C, a(C) = b(C)) |- (a = b)), where a, b : "(X)A. Call (Gen) this rule. Thenthe following holds:4.2 Corollary.• (Gen) is compatible with F, but not admissible;78

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo• (Gen) is admissible for Fc, but not derivable.To prove this, recall that there are plenty of models of Fc (see also ⁄.5), thus Fc is thusconsistent. By the Genericity theorem (4.1), the term model of Fc proves the compatibility ofthis rule with F, since the term model of Fc is a model of F such that, when a(C) = b(C) istrue (i.e., it is derivable), then a = b is true (derivable). (However, not any model of Fcneeds to interpret Fc + (Gen) ! See below.) (gen) is not admissible in F by trivialcounterexample: take a ” l(X)x(X) and b ” l(X)x(C), for x : "(X)B with X not free inB, then a(C) = b(C) in F, but a = b is not derivable in F.Admissibility for Fc is also given by theorem 4.1. As a matter of fact, its proof is based ona proof-theoretic analysis of the derivation Fc |- (exists C, a(C) = b(C)), which shows that,indeed, Fc |- (a = b). As for non-derivability, models of Fc may be given that realize a(C) =b(C) but not a = b. Instead of giving a specific counterexample, by the Fact below we make amore general remark: we observe that no model of Genericity, as an implication, can be amodel of system R. Thus, any model of system R is a model of Fc, but not of Fc + (Gen).Therefore relational and "effective" parametricity are two "orthogonal" approaches toparametricity.As mentioned in the previous section, all categorical models of the relational system R orany parametric model in the sense of Hasegawa, contain initial and terminal objects. As amatter of fact, "(X)X and "(X)(XfiX) denote these objects, respectively. Consider nowK ” l(X)l(x:X)l(y:X)x and O ” l(X)l(x:X)l(y:X)y of type "(X)(Xfi(XfiX)). Then K("(X)(XfiX)), O("(X)(XfiX)) : ("(X)(XfiX)) fi (("(X)(XfiX)) fi ("(X)(XfiX))). which is isomorphic to ("(X)(XfiX))·("(X)(XfiX) fi ("(X)(XfiX)). Since"(X)(XfiX) is terminal, then the interpretations of K("(X)(XfiX)) and ofO("(X)(XfiX)) coincide. However, K and O, the polymorphic first and secondprojections (they project any X·X to X, for any X), differ in the model. The same couldbe shown by using type "(X)X. In conclusion, since any model of R realizes Axiom C, onehas:4.3 Fact. Any parametric model is a model of Fc but is not a model of Fc + ((exists C, a(C) = b(C)) � (a = b)).This fact proves that the understanding of parametricity as "effective" parametricity isincompatible with parametricity as invariance, even though they both yield Axiom C.More should be said about models. We have already tried to convince the reader that the"types as propositions", "types as sets" analogies strongly suggest that Genericity is a crucialeffectivity property, in the spirit of Intuitionistic Logic. Thus, in the perspective of theGenericity Theorem, we claim that there is not yet a fully satisfactory categorical understandingof the proof-theoretic constructivity expressed by system F. In other words, system F is thetheory of terms as proofs of the second order Intuitionistic Propositional Calculus, and, inspite of the many, very relevant connections we know of between Intuitionistic Proof Theoryand Categories, a close analysis of its deductive power leads to a result which has nocategorical counterpart, up to now. Indeed, not only is it not the case that any model of Fc +(exists C, a(C) = b(C)) is a model of Fc + (a = b), but we have no categorical model of Fc +((exists C, a(C) = b(C)) � (a = b)), except, of course, the term model of Fc (anduninteresting models obtained by erasing all type information.)79

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoIn a sense, this shows that all known models have "too many morphisms" in the objectswhich interpret universally quantified types. Thus, even in the apparently truly constructiveframes provided by the HEO or PER model interpretation (see the Effective Topos, in thenext section) or in Coherent Domains, the interpretation of second order quantification seemsto contain some morphisms which act on types in some "ad hoc" way and violate the intendedimpossibility to work with infinite information, that is, a type, as input. However, thisexplanation is still unsatisfactory: as a matter of fact, the counterexamples to genericity aregiven by the peculiarity of initial and terminal objects. Their existence doesn’t need to beessential in the categorical interpretation of constructivity, as just relational parametricity forcesthem in (recall that, a priori, models of system F only need to contain weakly initial andterminal objects). An interesting project would be the construction of relevant categories thatmodel the effectiveness of Intuitionistic Logic, up to a sound interpretation of Genericity andwith no forced interpretation of invariance parametricity, a concept which is orthogonal to the"types as propositions" analogy, as we tried to point out. Open problems: 1 - Give a categorical interpretation of impredicative Type Theory, whichsuggests a "non-syntactic" model and/or a general categorical meaning for Fc + ((exists C, a(C) = b(C)) � (a = b)).2 - Construct, at least, some (categorical) models that contain a collection of "generic" types(objects). That is, a model M where for a collection A of objects (types), one has, forC˛A, M |= (a(C) = b(C)) � M |= (a = b). If our intuition about constructivity is correct,infinite objects in categories of (effective) sets should satisfy this property.5. Parametricity and the Uniformity Principle in the Effective Topos. The model of the Partial Equivalence Relations has already been mentioned in the previoussections. It was invented by Girard and Troelstra, on the grounds of Kreisel’s work on theHEO (see [LM84], for references and a connecting theory of higher type functionals). Themodel had an essentially syntactic flavour. Via more recent ideas of Hyland and Moggi,though, it has acquired an independent interest as a "small complete" category, withinHyland’s Effective Topos ([Hyl82,Hyl87]). We will use this model here to discuss afundamental aspect of parametricity: the so-called "uniformity" of the definition of polymorphicterms. The objects of the category PER below are equivalence relations on subsets of thenatural numbers or partial equivalence relations (p.e.r.’s). Morphisms are defined byKleene’s application: n.p is the result of the application of the n-th partial recursive function tothe number p. By n.p˛A we always mean that n.p is defined. < , > with inverses pr1,pr2 is any (effective) and bijective coding of pairs.( Notation: Let A be a symmetric and transitive relation on w. Set then: n A m iff n is related to m by A , dom(A) = {n | n A n }, {n}A = {m | m A n} the equivalence class of n w.r.t. A, Q(A) = { { n } A | n ˛dom(A)})5.1 Definition: The category PER has as80

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longobjects: A˛PER iff A is a symmetric and transitive relation on w,morphisms : f˛PER[A,B] iff f : Q(A) fi Q(B) and $n "p (pAp � f({p}A) = {n.p}B).Morphisms in PER a r e " c o m p u t a b l e " i n t h e s e n s e t h a t t h e y a r e f u l l y d e s c r i b e d b y p a r t i a l recursivefunctionswhicharetotalonthedomainofthesourcerelation.PER models will give a clear understanding of the following "uniformity" of polymorphicterms. Write a[X] and A[X] in order to stress that X may occur in a and A. Then therulea[X] : A[X](5.2)_______________l(X)a[X] : "(X)A[X]gives a uniform definition of the family of maps {a[X]}X with components a[X], as thisdefinining rule is "uniform" in the parameter X. In other words, the computation a[X]"does not depend" on the type X, or, more precisely, depends uniformly on it. This will beexplained by reference to the validity, in PER models, of the so called "Uniformity Principle"(the contrapositive of K�nig’s Lemma).Instead of getting into the complex definition of Hyland’s topos Eff, we will develop ourremarks in a category which sits "half way" between Eff and PER, the w-Set , f o l l o w i n g [LM91]. w-Set is a full subcategory of Eff, with sufficient closure properties to provide anexpressive frame category. We will recall that PER is a subcategory and an internal categoryof w-Set. Notice also that these constructions, Eff, w- S e t and PER, can be built out of any(partial) combinatory algebra or (partial) model of Combinatory Logic or l-calculus, even avery concrete one, with no reference to the syntax of l-calculus, such as Scott’s Pw model,say, or any reflexive object in a Cartesian Closed Category, [AL91]. 5.3 Definition: The category w - Set has asobjects: (A, ||-)˛w-Set iff A is a set and ||- ˝ w·A , i.e. ||- is a relation in w·A , s.t. "A˛A $n(n,A)˛||- (write n ||-A) . morphisms : f˛w-Set[A,B] iff f : A fi B and $n "A˛A "p ||-A A , n.p ||-B f(A) (notation:n ||-Afi B f ).Similarly as in PER, each morphism in w-Set is "computed" by a partial recursive function,which is total on { p | p ||-A A }, for each A˛A . (Notation: we say that "p realizes A" iff p ||-A A in (A, ||-) ; in ||-A we may omit A ifthere is no ambiguity). The category PER is isomorphic to a full subcategory of w-Set. In fact, for every partialequivalence relation (p.e.r.) A, we can define an w-set I n (A) = (Q(A), ˛A) , where Q(A)are the equivalence classes of A, as disjoint subsets of w, and ˛A is the usual membershiprelation restricted to w·Q(A). Clearly, this defines a realizability relation in the sense of 5.381

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longoand the embedding is full. Call M the image of PER in w-Set via In.The relevant point though is that PER is also an object of w-Set. Just setMo = (PER,||-M)˛w-Set where ||-M = w·PER.(If there is no ambiguity, we call PER also the set of objects of the category PER).Indeed, PER is an internal category M’ = (Mo ,M1 ) of w -Set, whose "object of objects"is Mo (for the object of morphisms M1 and further details see [LM91, AL91]). As a matter offact, w -Set has all finite limits and equalizers. It has then enough structure as to allow arelevant theory of internal categories. The product below, or the intersection of p.e.r.’s, is theobject component of an internal product functor (see [AL91], also for references to the manyauthors who developed this matter). Notice that the embedding of the set PER as (PER,||-M)into w- Set is just the canonical embedding of S e t into Eff, in [Hyl82]. For our purposes,this embedding corresponds to the intuition that nothing can be said "effectively" when takingas inputs possibly infinite p.e.r.’s; indeed, since ||-M = w· P E R , realizers cannot help indistinguishing among p.e.r.’s. Without going into internal adjunctions, the product in w-Set, indexed over any w-set, canbe elementarily given as follows:5.4 Definition: Let ( A, ||-A)˛w-Set and g: A fi w-Set . Define then thew-set ([PA˛A g(A)], ||-P,g ) by1) for f˛ P A˛A g(A) , n ||-P,g f iff "A˛A "p ||-A A , n.p ||-g(A) f(A) ;2) f˛ [PA˛A g(A)] iff f˛PA˛A g(A) and $n , n ||-P,g f .Clearly, ([PA˛Ag(A)], ||- ) in 5.4 is a well defined object of w -Set . In categorical terms,( [ P A ˛Ag(A)], ||- ) is an indexed product in w-Set "indexed over" itself. It is very easy toprove that, when the range of g is restricted to M, the product lives in M:5.5 Theorem. Let (A, ||-A)˛w-Set and g: A fi M . Then ([PA˛Ag(A)], ||-P,g )˛M .This is the semantic core of impredicativity. Suppose that A = Mo = (PER,||-M) and that g :M o fi M interprets type B, possibly depending on X. Then the interpretation of("(X:Tp)B) : Tp, as the product in 5.5, gives mathematical meaning to the apparent circularityof impredicative second order types: for the object part of the product one has([PA˛ M o g(A)], ||-P , g )˛Mo . In other words, this meaning is simply obtained by provingt h e c l o s u r e p r o p e r t y i n 5 . 5 f o r a c a t e g o r y , PER or M, built out of any applicative structureswith "enough structure" (indeed, the natural numbers with Kleene’s application suffice). Ofcourse, one needs to check that the internal product is indeed the right adjoint to the internaldiagonal functor, as summarized in [AL91] (this is the "small-completeness" of PER).Note now that, when g is constantly equal to an w-set (B, ||-), say, in particular when ginterprets a type B with no variable X freely occuring in it, then ([PA˛Ag(A)], ||-P , g ) =w - S e t [ A,B]. Clearly, (B, ||-) lives in M, i.e. it is a p.e.r., if B contains no variables at allor when an environment has been fixed. Recall now that the realizability relation in Mo i s "full": that is ||-M = w·PER or any object is realized by any number. Therefore, any mapthat takes the w -set Mo of all p.e.r.’s (which has just one equivalence class) to a single p.e.r.82

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longois constant, as it must take equivalence classes (just one) to equivalence classes. By this,Axiom C is valid in the model, in the strongest sense, i.e. for all morphisms and types, not justfor definable ones. In summary, for any B˛PER » Mo, one has ([P A ˛ P E R B], ||-P ,g ) =w-Set [ M o ,B] and that w - S e t [ M o ,B] is the set of the constant functions from PER to B.Thatis: 5.6 Fact. Axiom C is valid in PER models.Let’s see now in which way a precise form of "structural uniformity" suggests anunderstanding of the syntactic uniformity in 5.2. In [Gi71] and [Troe73], "(X:Tp)B isinterpreted by (5.7) n ["(X:Tp)B]x m iff for all C˛PER n [B]x [ C / X ] m . That is, by n ["(X:Tp)B]x m iff n (˙ C ˛ P E R [B ]x [ C / X ] ) m.Theinterestingtheorem,forourpurposes,isthattheintersectioninterpretationofsecondordertypesisisomorphictotheirinterpretationasproducts.5.8 Theorem. Let g : PER fi M. ThenIn(˙A˛PER g(A)) @ [PA˛PER g(A)] , in M.(See [LM91] for the proof).Theorem 5.8 is the core step in the proof that the intersection interpretation in 5.7 satisfies thecategorical adjunction mentioned above, up to isomorphisms, (indeed, some more work isneeded, see [AL91]). Thus, it gives a logical meaning to the interpretation of "for all types" asintersections. Moreover, it provides the model theoretic understanding of the uniformity in5.2, that we want to stress next.In PER, terms are interpreted by equivalence classes of the interpretation of types as p.e.r.(indeed, the equivalence classes are the elements of a quotient). Set, for short, S ”˙A˛ P E R g ( A ) ( w e w o r k u p t o t h e i s o m o r p h i s m I n ) . T h e i s o m o r p h i s m G : S fiPA˛PERg(A) in 5.8 is defined by settingG({n}S)(B) = {n}g(B), for all B˛PER.When G({n}S ) or {n}S interprets the term l(X)a[X] : "(X)C[X], for g(X) interpretingC[X], theorem 5.8 gives the semantic uniformity of the family of maps {a[X]}X , bymodeling the behaviour of the second order map l(X)a[X] as follows. Note first that the application of l(X)a[X] to a type B is interpreted as the "projection"from {a[X]}X to a[B] : C[B]. Indeed, G( _ )(B) : ˙ A ˛ P E R g ( A ) fi g ( B ) i s aprojection, since it is defined by G({n}S)(B) = {n}g(B) and, thus, projects ˙A˛PER g(A)@ P A ˛ P E R g(A) into the component g(B) of the intersection or product. Moreover, thefunctional application of G( _ )(B) to {n}S depends on P A ˛ P E R g(A), similarly as ac a r t e s i a n p r o j e c t i o n f s t A · C d e p e n d s o n A · C, not only on A: this is why from anintersection we can reconstruct one of its components. This projection though is very peculiar,since g(B) ˚ ˙ A ˛ PER g(A) and, thus, it simply coerces {n}S to the larger equivalenceclass of n itself in g(B), namely to {n}g(B). In conclusion:5.9 Remark . In the w-Set/PER models, the uniformity of the syntactic definition ofthe family {a[X]}X is understood by the fact that the same n may be taken as a83

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longorepresentative of all the semantic equivalence classes which interpret the components a[B] :C[B], for all types B.This construction is deeply rooted in the logical structure of these categorical models, as part ofthe topos theoretic frame provided by Eff. Indeed, a crucial property of Eff is the validity in itof the Uniformity Principle (UP). That is, if F is a formula of IZF (Intuitionistic ZermeloFraenkel set-theory), the following holds:(UP) "A˛PER $n˛w F(n,A) � $n˛w "A˛PER F(n,A).The proof of the isomorphism in 5.8 uses (UP) (see [LM91], for details, or [Roso86] for ageneral topos theoretic discussion on constructivity in Eff). We just observe here that (UP)corresponds to the contrapositive of K�nig’s lemma: "in a brown finitely branching infinitetree, if for any branch there exists a node where the branch switches to green, then t h e r e e x i s t s a (uniform) level such that any branch is green". Thus, (UP) is classically (notintuitionistically) equivalent to K�nig’s lemma, a well established principle. In our case, itallows to go from n, a priori depending on A in {n}g(A), to the same, uniform, n for allA; this provides an understanding of the uniformity in 5.2, by a "constructive" model.Open problems. 1 - We pointed out that PER is a model of Fc. Since "( X)X and"( X ) ( X fiX) denote initial and terminal objects, PER is not a model of (Gen), i.e. ofGenericity as an implication. Is there a class A of generic objects, in the sense of problems 2at the end of ⁄.4 ? Can we construct an interesting subcategory, with no trivial objects (initial,terminal), which is still a model of Fc and realizes (Gen) ?2 -There is no space here to hint at two more, very relevant understandings of parametricity.First, the meaning of (polymorphic) terms as "dinatural transformations", proposed in[BFSS90] and further developed by [GSS91], among others. Second, the "logic forparametricity" in [PA93], a stimulating blend of Logical Frames and Logical Relations.Just note then that the interpretation of second order terms as dinatural transformations maybe actually given over PER models. However, the interpretation of " is obtained on a slightlydifferent (sub-)category. In particular our explanation above of the intended uniformity is lost,as the object corresponding to " types does not seem to be related to the intersection. Wewonder whether it may be seen as a subtype, in the sense of [BL90]. Then, since subtypedoes not mean subobject, in the categorical sense, is there any other tidy categorical (universal)meaning to this possible inclusion ? Does this preserve the understanding of parametricity via(UP) ? Can one interpret the logic in [PA93] in either of these models ?An answer would relate the different ways to describe parametricity: by logical relations, byuniformity, by dinaturality. 6. Overloading as Type Dependent Polymorphism. By the two main approaches to parametricity mentioned above we understand, in very differentways, that second order (polymorphic) functions cannot "compute" with input types, i.e. thattheir output "value" cannot depend on input types. In a sense, this justifies the practice oferasing type information at run-time (in ML, Quest...): only the type, not the result of acomputation may depend on type parameters.84

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoHowever, in actual programming languages, types may be coded. After all, type symbolsare countably many and programmers are not always very concerned by the intendedinterpretation of second order variables. Thus computations depending on types do exist in thepractice of programming. Usually, though, true type dependency is resolved at compile-time.For example, the familiar overloaded functions of many imperative languages (or of imperativefeatures of functional languages) are given different values, according to type information,before computing. Typical examples are the "+" or "print" functions in most executablelanguages, where their overloaded meaning is decided when checking the type of the inputs, atcompile-time. Usually these constructions are as untidy as low level code writing. Moreover,the early resolution of overloading has little expressiveness and little mathematical relevance.However, this should not mislead us from this further expressiveness of programming; asalready mentioned, codes for types can be manipulated. Thus, in an even more constructiveapproach to reality, i.e., in actual programming, one may have functions whose output valuesdepend on input types. As a matter of fact, "ad hoc" polymorphism is a powerful and usefulfeature and a further mathematical challenge. Too bad that it has been given a name with anegative connotation by the founding fathers of programming language theory; this name andtheir influential role may have diverted or delayed investigation from an important aspect ofcomputing.The point is to embed "ad hoc" polymorphism into a sound mathematical frame and turn itinto a general, non ad hoc, programming tool.We summarize here the proposal for the investigation of a true type dependency, viewed asoverloading, made in [CGL93]. In that paper, a robust use of overloading is proposed inorder to investigate some aspects of Object Oriented Programming in a functional frame. Wedirectly borrow from [CGL93] a brief introduction to this typically "ad hoc" polymorphism.Note that this section is not meant to be a survey nor a discussion on overloading (andsubtying), as we tried to do for parametricity in the previous section. The author shouldconsult for this [Rey80], [Rey88] and [Ten89], for example (and [CC90] for a relevantfoundation of subtying). Our aim is to justify here a "non parametric" calculus, after such alengthy analysis of the parametric ones. Thus, reference to overloading is just because thiscommun programming feature is a simple form of "type-dependency".The motivation in [CGL93] comes from considering overloading as a way to interpretmessage-passing in object-oriented programming, where methods are viewed as "global"functions: they are named "outside" the objects and their (operational) value is specified assoon as the name of each global function is associated to an object. This value may changeentirely according to the given object: overloading is not parametric in the sense of system F.In short, in object-oriented languages, computations evolve on objects. Objects areprogramming items grouped in classes and possess an internal state that is modified by sendingmessages to the object. When an object receives a message it invokes the method (i.e., code orprocedure) associated to that message. The association between methods and messages isdescribed by the class the object belongs to. In particular, objects are pairs (internal state ,class_name). The idea then is to consider messages as names of overloaded functions and messagepassing as overloaded application: according to the class (or more generally, the type) of theobject that the message is passed to, a different method is chosen (this is similar toprogramming in CLOS, for example). Thus, we pass objects to messages, similarly as typesare passed as inputs to the polymorphic functions of system F. The crucial difference is that85

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longoparametricity is lost by allowing a finitely branching choice of the possible code to be applied.And this choice will depend on types as inputs (or, more precisely, on the type of the inputs).In the formalism designed in [CGL93], terms describe overloaded functions by "gluingtogether" different "pieces of code". Thus the code of an overloaded function is formed byseveral branches of code. The branch to execute is chosen when the function is applied to anargument, according to a selection rule which uses the type of the argument.A key feature of this approach is that the branch selection is not performed on the basis ofthe type that the argument possesses at compile-time. As already mentioned this is afundamental limitation of overloading as used in imperative languages (early binding). In thepresent approach, the selection is performed each time the overloaded application is evaluatedduring computation. Moreover, the branch selection can be performed only when theargument is fully evaluated, and depends on its "run-time type" (late binding) which may differfrom the compile-time type.For example, suppose that Real and Nat are subtypes of Complex and that add isan overloaded function defined on all of them, and suppose that x is a formal parameter of afunction, with type Complex. Assume also that the compile-time type of the argument isused for branch selection (early binding). Then an overloaded function application (heredenoted ¥), such as the following onel(x : Complex)(...add ¥ x...),is always executed using the add code for complex numbers; with late binding, each time thewhole function is applied, the code for add is chosen only when the parameter x has beenbound and evaluated. Thus the appropriate code for add is used on the basis of the run-timetype of x and according to whether x is bound to a real or to a natural number.In summary, in [CGL93] a simple extension of the typed lambda-calculus is designed,which is meant to formalize the behavior of overloaded functions with late binding in a typediscipline with subtyping. The first point to add to ordinary l-terms, new terms such as(M1&...&Mn) that represent the overloaded function composed by the n branches Mi, for i£ n. We extend then the ordinary functional application M(N) by an operation of overloadedapplication M¥N.The types of the overloaded functions are finite lists of arrow types {U1fi V1, ..., Un fi Vn } (denoted by {Ui fi Vi}i˛ I for a suitable set I), where every arrow type is the type of ab r a n c h . O v e r l o a d e d t y p e s , t h o u g h , m u s t s a t i s f y r e l e v a n t c o n s i s t e n c y c o n d i t i o n s , w h i c h , a m o n g o t h e r s , t a k e c a r e , i n o u r v i e w , o f t h e l o n g s t a n d i n g d e b a t e c o n c e r n i n g t h e u s e o f covarianceorcontravarianceofthearrowtypeinitsleftargument.Moreprecisely,thegeneralarrow types will be given by contravariant "fi" in the first argument: this is an essentialfeature of (typed) functional programs, where type assignment (type-checking) helps avoidingrun-time errors, and corresponds to the contravariance of the Hom functor in categories.Instead, the types of overloaded functions are covariant families of arrow types, as explainedlater.The subtyping relation below is a complex, but expressive, feature of the calculus: it allowsmultiple choices, as a type may be a subtype of several types and subtyping is used to choosebranches of overloaded terms. The blend of &-terms and subtyping makes this calculus anexpressive and original mathematical formalism which shows, we claim, that "ad hoc"polymorphism may also have theoretical relevance. Here is a short survey of some basic ideasin the calculus and its reduction rules.86

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoSubtyping on arrow types U fi V is defined by contravariance w.r.t. U and covariancew.r.t. V, as usual and as mentioned above. On overloaded types, it expresses that a type T’= { U’j fi V’j}j˛ J is smaller than another T" = {U" i fi V "i }j˛ I , if the programs in T’also type check when given as input an argument meant for programs in T" (see the rule [fiELIM (£)]below):for all i˛I, there exists j˛J such that U"i £ U’j and V’j £ V"i_____________________________________________________{ U’j fi V’j}j˛J £ {U"i fi V"i }i˛IWell-formed types are defined by using the (pre-)order on them (in case the preorder gives aset instead of a single element, e.g. the greatest lower bound, we choose a canonical one). Thedefinitiongivesthestructureofafamilyofcovarianttypestooverloadedtypes(see3(b)):1. A˛Types2. if V1, V2˛Types, then V1fi V2˛Types3. if for all i, j˛I(a) (Ui, Vi˛Types) and (b) (Ui £ Uj � Vi £ Vj) and (c) If, when Ui and Uj have a common lower bound, there is a unique (orcanonical) h˛I such that Uh = inf {Ui, Uj}, then {Ui fi Vi}i˛I ˛TypesTerms are defined by adding &-terms and overloaded application:M :: = xv | c | l(xv)M | M(M) | M&vM | M¥MThe crucial type-checking rules are the following. Note the type label over the &, in &-terms. |- M: Ufi V |- N: W £ U [fi ELIM (£)] _______________________ |- M(N): V |- M: W1 £ {Ui fi Vi}i £ (n-1) |- N : W2 £ Un fi Vn [{}INTRO] ______________________________________________|- (M&{Uifi Vi}i £ n N) : {Uifi Vi}i £ n 87

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo |-M: {Ui fi Vi}i˛I |- N : U Uj = mini˛I {Ui | U £ Ui}[{}ELIM] __________________________________________________ |-M¥N: VjThe last rule says that the output of an overloaded application lives in a type depending onthe type of the input, namely the type Vj corresponding to the least Ui which contains thetype of the input In a sense, Ui is the least type which allows the rule [fi ELIM(£)] to beapplied (this is were subtyping blends with overloading in a crucial way). Indeed, thereduction rule below says that the value also depends on the type of the input, as the intendedMj is chosen inductively by using, again, the type of the input and the type label on the &.b&) If N : U is closed and in normal form and Uj = min {Ui | U £ Ui } then ((M1&{Uifi Vi}i=1..n M2)¥N) >> "if j < n then M1¥N, else M2¥N for j = n"Clearly, the choice performed by the (b&) rule may give essentially different output values,as no restriction is placed on the computation expressed by the terms. Informally, one obtainsa reduction (M1&...&Mn)¥N >> M j(N), for j £ n depending on the type of the input N.The motivations for the conditions on N (call by value) are discussed in [CGL93]. (b )reductions are defined as usual (but [fi ELIM (£ ) ] m a y l e t t h e t y p e d e c r e a s e d u r i n g computations). The non-obvious fact of this calculus is that it satisfies Strong Normalization and theChurch-Rosser theorem, see [CGL93]. We believe that this sets on solid "functional" and non "ad hoc" grounds some aspects ofObject Oriented Programming, when message passing is described as overloading. More iss a i d i n [ C G L 9 3 ] , w h e r e f u r t h e r m o t i v a t i o n s f o r t h i s p r o p o s a l f o r t y p e d e p e n d e n c y , o r computations depending on input types, are given.Semantics and open problems. The approach above is just a preliminary attempt, as thegoal would be to reach the smoothness and "uniformity" of higher order l-calculi, informalizing features that cannot be expressed in that calculus. The gluing together of termsgiven here is rather heavy. It takes care of many aspects, beyond type dependency, namelylate binding and flexible subtyping, but it should be turned into an explicitly second ordersystem, if ever possible. One should allow, say, notations such as l(X)(...&X...) and stillpreserve the effectiveness (normalization?) of the present system (Castagna and Pierce areexploring this and other directions, in ongoing work). Then we would really reach analternative language to current functional approaches, restricted as they are by the limitations ofparametricity.However, there may be crucial difficulties there. The intended meaning of second ordervariables as subsets of the domain of interpretation is in contrast to the decidability, within aprogramming language, of type equality (or inclusion). Thus, the restrictions to finitely manychoices, as described above, seems unavoidable. Alternatively, one should compare, byinclusion, only atomic or ground types.Yet another direction, which gives meaning to the system above according to the practice ofprogramming, is proposed in [CGL93s]. The idea is that types are just (countably many)symbols, which can be effectively compared by inclusion or equality. Or types are code, asanything else in programming languages. Then the semantic convention of second order logic88

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longois abandoned and types are interpreted in the same universe as terms.In short, the model is constructed out of a PER model. This is built over an applicativestructure which is also an injective topological space, in the category of T0 topological spacesand continuous maps: namely, any function from a subset of a T0 space to it can be extendedto a representable (continuous) one. Interpret then the collection of types as a topologicallydiscrete subspace, by "coding" them into the domain of interpretation, and extend (the meaningof) any function from types to terms to a morphism in the category. Clearly, the semantics oftypes squeezes them at the same level as terms, thus terms can compute with types.Can something better be done, while still preserving the intuition inherited from (run-time)overloading ? Are there categories with the effective flavor of the ones we mentioned in theprevious sections, that can distinguish different levels of decidability and allow a constructivetype dependency? One should preserve, though, the expressiveness of impredicativedefinitions and the second order semantic convention. This is a non minor categoricalchallenge. Impredicative definitions are interpreted by non trivial closure properties ofcategories (small completeness, in our case). It is not clear whether these may be compatiblewith a true type dependency.Aknowledgements. I am greatly endebted to K. Milsted for the many comments on thispaper and for the joint work on Genericity: Sergei Soloviev’s and her calm enthousiasm andcommitment to a careful understanding of a complicated matter meant much for ourcollaboration. Roberto Bellucci is currently working at the non trivial semantics of the systemin [ACC93] and made several helpful comments on ⁄.3. Pierre-Louis Curien and FurioHonsell also suggested several improvements.89

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoReferences[ACC93] M.Abadi, L. Cardelli, and P.-L. Curien, Formal parametric polymorphism. In Proc. 20th ACMSymposium on Principles of Programming Languages, 1993.[AL91] A. Asperti, G. Longo Categories, Types and Structures: an introduction to Category Theory for theworking computer scientist. M.I.T.- Press, 1991[Bar84] H. Barendregt, The Lambda Calculus, its syntax and semantics, North-Holland, Amsterdam, revisededition, 1984[BB85] C. Berarducci and C. Boehm, Automatic synthesis of typed A-programs on term algebras, Theoret.Comput. Sci. 39, pp.135-154, 1985.[BFSS90] E.S. Bainbridge, P.J. Freyd, A. Scedrov, and P.J. Scott,. Functorial Polymorphism. TheoreticalComputer Science, 70:35-64, 1990. Corresgendum ibid., 71:431, 1990.[BL90] K. Bruce, G. Longo, A Modest Model of Records, Inheritance and Bounded Quantification,Information and Computation vol. 87, 1-2, 1990[CC90] F. Cardone, M. Coppo, Two extensions of Curry’s type inference system, In Logic and ComputerScience, Odifreddi ed., Academic Press, 1990.[Church41] A. Church, The Calculi of Lambda Conversion, Princeton Univ. Press, Princeton, 1941.[CGL93] G. Castagna, G. Ghelli and G. Longo, A calculus for overloaded functions with subtyping ACMConference on LISP and Functional Programming, San Francisco, July 1992 (Information and Computation,to appear).[CGL93s] G. Castagna, G. Ghelli and G. Longo, The semantics for Lambda &-early: a calculus withoverloading and early binding, TLCA, LNCS 664, Springer-Verlag, Utrecht, Feb. 1993.[CL91] L. Cardelli and G. Longo, A semantic basis for Quest. In Journal of Functional Programming I(4),October 1991, pp.417-458.[CMS91] L. Cardelli, J.C. Mitchell, S. Martini, and A. Scedrov, An extension of system F with Subtyping.To appear in Information and Computation. Extended abstract in T. Ito and A.R. Meyer (eds.), TheoreticalAspects of Computer Software, Springer-Verlag LNCS 526, 1991, pp. 750-770.[CHS67] H. B. Curry, R. Hindley, J. Seldin Combinatory Logic, Vol. II, North-Holland, 1967.[DiGiHon93] P. Di Gianantonio, F. Honsell, An abstract notion of application, TLCA, LNCS 664, Springer-Verlag, Utrecht, Feb. 1993.[FrS92] P.J. Freyd and A. Scedrov, Categories, Allegories. Math. Library, North-Holland, 1990.90

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. Longo[FRR92] P.J. Freyd, E.P. Robinson, and G. Rosolini, Functorial parametricity. In Proc. 7th Annual IEEESymposium on Logic in Computer Science, 1992.[Gir71] J.-Y. Girard, Une extention de l’interpretation de Godel, In Proceedings of the Second ScandinavianLogic Symposium, Studies in Logic 63, J.E. Fenstad (ed.), North-Holland, Amsterdam, pp.63-92.[GLT89] J.-Y. Girard, Y. Lafont, and P. Taylor, Proofs and Types. Cambridge Tracts in Theoretical ComputerScience, Cambridge University Press, 1989.[GSS91] J.-Y. Girard, A. Scedrov, and P.J. Scott, Normal forms and cut-free proofs as naturaltransformations. In: Y.N. Moschovakis, editor, Logic from Computer Science, Pro. M.S.R.I. Workshop,Berkeley, 1989. M.S.R.I. Series Springer-Verlag, 1991.[Hase93] R. Hasegawa, Categorical data types in parametric polymorphism, To appear in MathematicalStructure in Computer Science. [HL80] R. Hindley, G. Longo, Lambda-calculus models and extensionality, Zeit. Math. Logik Grund. Math.n. 2, vol. 26 ( 289-310), 1980.[HS86] R. Hindley, J. Seldin, Introduction to Combinators and Lambda-Calculus, London MathematicalSociety, 1986.[Hyl82] M. Hyland, The effective Topos, in The Brouwer Symposium, (Troelstra, Van Dalen eds.) North-Holland, 1982.[Hyl87] M. Hyland, A small complete category, Annals of Pure and Applied Logic, vol. 40, 1988[LMS93] G. Longo, K. Milsted and S. Soloviev, The genericity theorem and the notion of parametricity in thepolymorphic Lambda-calculus, Theoretical Computer Science 1993, Special Issue in honour of C. B�hm, toappear (an abstract in LICS’93, Montreal, June 1993).[LM84] G. Longo, E. Moggi, The Hereditary Partial Recursive Functionals and Recursion Theory in highertypes, Journal of Symbolic Logic n. 4, vol. 49, 1984 [LM90] G. Longo, E. Moggi, A category-theoretic characterization of functional completeness, TheoreticalComputer Science, vol. 70, 2, 1990.[LM91] G. Longo, E. Moggi, Constructive Natural Deduction and its "W-Set" Interpretation, MathematicalStructures in Computer Science, vol. 1, n. 2, 1991[MaRey92] Q. Ma and J.C. Reynolds, Types, abstraction, and parametric polymorphism, Part 2. In S.Brookes et al., editors, Mathematical Fundations of Programming Semantics, Springer-Verlag LNCS 598,1992, pp. 1-40.[Mai 91] H. Mairson, Outline of a proof theory of parametricity. In Proc. 5-th Intern. Symp. on Functional91

Invited paper, Fundamenta Informaticae, 22 (1995) 69-92. LongoProgramming and Computer Architecture, 1991.[Mil78] R. Milner, A theory of type polymorphism in programming. In Journal of Computer and SystytemScience, 17(3): 348-375, 1978.[Mit88] J.C. Mitchell, Polymorphic type inference and containment. Information and Computation, 76(2/3):211-249, 1988. Reprinted in Logical Fundations of Functional Programming, ed. G. Huet, Addison-Wesley,1990, pp.153-194.[MP86] J.C. Mitchell, G. D. Plotkin, Abstract types have exixtential types, Proc. Popl 85, ACM, 1986.[PA93] G. D. Plotkin, M. Abadi, A logic for parametric polymorphism, TLCA, LNCS, Springer, Berlin,1993. [Rey74] J.C. Reynolds, Towards a theory of type structure, in Colloque sur la Programmation, LNCS 19,Springer, Berlin, pp.408-425, 1974.[Rey80] J.C. Reynolds, Using Category Theory to design implicit conversion and generic operators, InSemantics directed compiler generetion, LNCS 94, Springer-Verlag, Berlin, 1980.[Rey83] J.C. Reynolds, Types, abstraction, and parametric polymorphism. In R.E.A. Mason, editor,Information Processing’83, pp. 513-523. North-Holland, 1983.[Rey88] J.C. Reynolds, Preliminary design of the programming language Forsythe, Tech. Rep. CMU-CS-88-159, Carnegie Mellon University, 1988.[Roso86] P. Rosolini, Continuity and efffectiveness in Topoi, D. Phil. Thesis, Oxford Univ., 1986.[Ten89] R. Tennent, Elementary data structures in Algol-like languages, Science of Computer Programming,13, 1989, pp. 73-110.[Troe73] A. Troelstra Metamathematical investigation of Intuitionistic Arithmetic and Analysis, LNM 34,Springer-Verlag, Berlin, 1973.[Wad89] P. Wadler, Theorems for free! in 4th internat. Symp. on FP Languages and Computer Architecture,London, pp.347-359, ACM, 1989. 92