REFLECTIONS ON FORMALISM AND REDUCTIONISM IN LOGIC AND COMPUTER SCIENCEGiuseppe LongoLIENS (CNRS) et DMIEcole Normale Sup�rieure, Paris

Content:This report contains a preprint (paper 1) and a reprint (paper 2). Thefirst develops some epistemological views which were hinted in thesecond, in particular by stressing the need of a greater role of geometricinsight and images in foundational studies and in approaches to cognition.The second paper is the "philosophical" part of a lecture in Type Theory,whose technical sections, omitted here, have been largely subsumed bysubsequent publications (see references). The part reprinted belowdiscusses more closely some historical remarks recalled in paper 1.1 . Reflections on formalism and reductionism in Logic andComputer Science (pp. 1 - 9)Invited Lecture at the European Conference of Mathematics, round table inPhilosophy of Mathematics, Paris July 1992 (Birkhauser, 1994).2. Some aspects of impredicativity: notes on Weyl’s Philosophyof Mathematics and on todays Type Theory (pp. 10 - 28)Part I of an Invited Lecture at the Logic Colloquium 87, European Meeting of theASL, Granada July 1987 (Studies in Logic, Ebbinghaus ed., North-Holland, 1989,pp. 241 - 274) .Appendix: Review for the Journal of Symbolic Logic of Feferman’spaper "Weyl vindicated: Das Kontinuum 70 years later".

REFLECTIONS ON FORMALISM AND REDUCTIONISM IN LOGICAND COMPUTER SCIENCEGiuseppe LongoMany logicians have now turned into applied mathematicians, whose rolein Computer Science is increasingly acknowledged even in industrialenvironments. This fact is gradually changing our understanding ofMathematical Logic as well as its perspectives. In this note, I will try tosketch some philosophical consequences of this cultural and "sociological"change, largely influenced by Computer Science, by a critique of the role offormalism and reductionism in Logic and Computing.In mathematics, we are mostly used to a dry and schematic style ofpresentation: numbered definitions and theorems scan the argument. Thismay add effectiveness and clarity, though nuances may be lost: the littlespace allowed here requires to stress effectiveness.Themes - Three main aspects relating Computer Science and the logicalfoundation of mathematics will be mentioned below, namely 1. the growth of a pragmatic attitude in Logic2. revitalization and limits of formalism and constructivism3. the role of space and images.1. Pragmatism in Logic1.1 Tool vs. foundation. In Computer Science, Mathematical Logic is nolonger viewed as a foundation, but as a tool. There is little interest in settingon firm grounds Cobol or Fortran, say, similarly as Logic aimed at foundingNumber Theory or Analysis by, possibly complete, axiomatic systems. Theactual work is the invention of new programming languages and styles, oralgorithms and architectures, by using tools borrowed from MathematicalLogic. This also may originate in attempts to base on clear grounds knownconstructs, but the ultimate result is usually a novel proposal for computing.Functional and Logic Programming are typical examples for this. This "engineer’s approach" in applied Logic is helping to change thephilosophical perspective in pure Logic, as well. 1.2 An analogy: the completeness of mechanical systems. The interests in3 the foundation of mathematics, in this century, have been a complex blendof technical insights and philosophical views. We must acknowledge firstthat philosophical a priori, in Logic, may have had a stimulating role, insome cases. Yet ideologies and the blindness of many attitudes have been amajor limitation for knowledge, an unusual phenomenon in scientificresearch. They have been the source of - wrong conjectures (completeness, decidability, provability ofconsistency)- false proofs, by topmost mathematicians (just to mention the maincases: an inductive proof of the consistency of Arithmetic, by Hilbert, refutedby Poincar� in 1904-05; a second attempt, based on a distinction of variouslevels of induction, debated by Hermann Weyl in the twenties).The wrong directions taken by the prevailing formalist school may beunderstood as a continuation of a long lasting attitude in science andphilosophy. On the shoulders of last centuries’ giants, Newton and Laplace,typically, the positivist perspective believed in perfect and completedescriptions of the world by classical mechanics, namely by sufficientlyexpressive systems of partial differential equations. Similarly, in Logic,adequate axiomatic systems were supposed to describe completely Analysisor the whole of mathematics. Two levels of descriptions, both exhaustive, orcomplete in the sense of Logic: one of the world by mathematical equations,the other of mathematics by (finitely many) axioms. Still, this posivistic vision, in Logic, was not compelled by the times.Hermann Weyl conjectured the incompleteness of number theory and theindependence of the axiom of choice in "Das Kontinuum", in 1918. Poincar�rejected purely logical or linguistic descriptions as the only source formathematics and stressed the role of geometric insight. As I will try to hintbelow, Poincar�’s distinction between analytic work and the intuition ofspace as well as his approach to the foundation of mathematical knowledgemay be today at the base of a renewed foundational work, similarly as hiswork on the three body problem is at the origin of contemporary mechanics(Lighthill[1986]).1.3 Foundation of mathematical knowledge. Another mathematicianshould be quoted among those who did not except the reductionist andformalist attitudes, in the first part of this century: Federico Enriquez. Alsoin Enriquez’s philosophical writings, the interest in the interconnections ofknowledge and in its historical dynamics suggested more open philosophicalperspectives. It may be fair to say that Poincar�, Weyl and Enriquez wereinterested in the foundation of mathematical knowledge more than in the4 technical foundation of mathematics.The difference should be clear: by the first I mean the epistemology ofmathematics and the understanding of it "as integral part of the humanendeavor toward knowledge" (to put it in Weyl’s words). Not a separatedtranscendence, isolated in a vacuum, but an abstraction emerging from ourconcrete experience of the real world of relations, symmetries, space andtime (Poincar�[1902, 1905], Enriquez [1909], Weyl[1918, 1952]). In contrast to this broad attitude, the purely technical, internalfoundation, as pursued by formalistic and reductive programs in theirvarious forms, somewhat reminds of a drawing of a book on a table and ofthe belief that the table really supports the book, while they are designed byus by the same technique and the same tools. This cognitive circularity is atthe source of the negative results in Logic.1.4 The unity of formal systems. The first step towards a more open attitudecomes with the need for a variety of systems and the understanding of theirinterconnections. The laic attitude inspired by applications and thesuggestions coming from geometric intuitions are at the origin of recentinventions of new systems of Logic, where unity is given not by a global,metaphysical, system, but by the possibility of moving from a system toanother, by changes in the basic rules and by translations or connectingresults. Indeed, Girard’s focus on the structural rules in Girard[1987] and hisseminal work in Girard[1992] are largely indebted to a pragmatic attitude thatviews Logic as part of (applied) mathematics, with no special "meta-status."In this perspective, geometric structures and applications suggest formalsystems, guide toward relevant changes, propose comparisons, in thecommon mathematical style where connections and bridges precludeideological closures within one specific frame. In this sense, its unity is adeep mathematical fact, as much as Klein’s unified understanding ofGeometry.2. Formalism and Constructivism in Computer Science (and their limits).2.1 Linguistic notations. The volume in Combinatory Logic by Curry andFeys contains many pages on the renaming of bound variables and relatedmatters (in set-theoretic terms, {x | P(x) } is the same as {y | P(y) }). I believethat the foundational relevance of these pages, if any, may be summarized inabout three lines. The formalist treatment is a typical example of purelysymbolic manipulation, where meaning and structures are lost (see Curry’s5 book on a formalist foundation of mathematics for an extremist’s view inthat direction). This opinion is shared by all working mathematicians whosimply ignored the discussion and explain the problem to students in twentyseconds, on the blackboard. Still, it happened that variable binding is acrucial issue in computer programming. Thus, the discussion in Curry et al.has been largely and duly developed in functional programming and it is atthe core of detailed treatments in implementations. This example is just a small, but typical one, of the revitalization offormalism and constructivism due to Computer Science. It happens thatcomputers proceed as our founding fathers of Logic described the parody ofmathematics: linguistic definitions and formal deductions, with no meaningas a guidance. Meaningless, but effective constructions of programs, morethan unifying insights and concepts. Mathematical invariants are lost, butdenotations are very precise. This requires technically difficult insights intopure calculi of symbols and, sometimes, brand new mathematics. However,the branching of methods and results, due to translations and meaning,which are at the core of knowledge, may be lost within extremely hard, butclosed, games of symbols. This is part of everyday’s experience on thehacker’s side even in theory of computing.2.2 Denotational semantics. Fortunately, though, even programming hasbeen affected by meaning. In the last twenty and odd years, variousapproaches to the semantics of programming languages embeddedprogramming into the broader universe of mathematics. Here is the mainmerit of the Scott-Strachey approach, as well as of the algebraic or otherproposals, most of which are unifiable in the elegant frame of CategoryTheory (this is partly summarized in Asperti&Longo[1991]). In some cases,the meaning of formal systems for computing, over geometric or algebraicstructures, suggested variants or extensions of existing languages. Moreoften, obscure syntactic constructs, evident at most to the authors, have beenclarified and, possibly, modified. As a matter of fact, in the last decade,computer manuals have slowly begun to be readable, as they are movingtowards a more mathematical style, that is towards rigor, generality andmeaning at once. We are not there yet, as most hackers think in terms ofpure symbol pushing and are supported in this attitude by the formalisttradition in Logic. Many still do not appreciate from mathematics that theunderstanding and, thus, the design of a strictly constructive, butcomplicated system may also derive from highly non constructive, butconceptually simple, intellectual experiences. 6

2.3 Resources and memory. Brouwer, the founding father of intuitionism,explicitly considers human memory as "perfect and unlimited," for thepurposes of his foundational proposal (Troelstra[1990]). This is implicitly atthe base of the formalist approach as well. Indeed, computer memories areperfect and, by a faithful abstraction, unlimited. This has nothing to do withhuman memory, and mathematics is done by humans. One component ofmathematical abstraction, as emerging from our "endeavour towardsknowledge," may precisely derive from the need to organize language andspace in least forms, for the purposes of memory saving. A "principle ofminima" may partly guide our high level organization of concepts,Sambin[1990]. Moreover, imperfection of storage is an essential part ofapproximate recognition, of analogy building. For the aim of founding mathematical knowledge, we need exactly tounderstand the emergence of abstraction, the formation of conceptualbridges, of methodological contaminations between different areas ofmathematical thinking. There may be a need for psychology andneurophysiology in this approach. Good: the three mathematicians quotedin 1.3 have been often accused of "psychologism", of "wavering betweendifferent approaches", in their foundational remarks. The proposed "one-way" alternatives lead to the deadlock where formalism and reductionismbrought us in understanding mathematics (and the world). Moreover, somuch happened in this century in other areas of knowledge, that we shouldstart to take them into account.2.4 Top down vs. bottom-up. There is no doubt that formalism andreductionism have been at the base of Computer Science as it is today and ofits amazing progress. In particular, top-down deductions and constructiveprocedures set the basis for the Turing and Von Neuman machines as wellas for all currently designed languages, algorithms and architectures. Yet,there is a growing need to go beyond top-down descriptions of the world,even in Computer Science. The recent failures of strong ArtificialIntelligence are the analogue of incompleteness and independence results inLogic: most phenomena in perception and reasoning escape the stepwise-deductive approach. Partly as a consequence of these failures, there is anincreasing interest in bottom-up approaches. Relevant mathematics is beingdeveloped in the study of the way images, for example, organize space bysingularities, or how the continuum becomes discrete and reassembles itself,in vision or general perception, in a way which leads from quantitativeperception to qualitative understanding, Petitot[1992]. 7

3. Space and Images3.1 Denotations and Geometry. In the practice of mathematics, formalnotations and meaning are hardly distinguished. Indeed, one may evenhave symbolic representations where, besides the geometric meaning, thereexists a further connection to Geometry, at the notational level. Relevantexamples of this are given by Feyman’s and Penrose’s calculi or by Girard’sproof nets. In Feyman’s calculus, planar combinations of geometric figures allowscomputations representing subatomic phenomena. Penrose’s extendsfamiliar tensorial calculi over many dimensional vector spaces in a verypowerful way: bidimensional connections between indexes explicitly useproperties of the plane to develop computations. A more recent examplemay be found in Girard’s Linear Logic. In this system, formal deductions aredeveloped by drawing planar links between formulae in a proof tree. Proofs(and cuts) are carried on by an explicit use of the geometric representation, bymodifying the links. As the proof-theoretic calculus is essentially complex,according to recent complexity results, the use of the geometricrepresentations comes in as an essential tool for the formal computation. In a sense, all these calculi derive from (physical) space or Geometry and,after an algebraic or syntactic description, end up in geometricrepresentations, possibly unrelated to the original one. As a matter of fact,even Linear Logic originated in Geometry, as it was suggested by thedistributive or linear maps over coherent spaces (Girard[1987]), and ends upinto a Geometry of proofs.3.2 Geometric insight. I would like to mention here the possible relations ofthe novel mathematical approaches to vision mentioned in 2.4, and similarones in other forms of perception, to the wise blend of linguistic, or analytic,and geometric experiences required by the practice and the foundation ofmathematics. It should be clear that, in mathematics, synthetic explanations mayprovide an understanding and a foundation as relevant as stepwisereductionist descriptions. The drawing on a blackboard may give as muchcertainty as the search for least axioms for predicative Analysis. The pointnow is to understand what is behind the drawing, which intellectualexperiences give to it so much expressiveness and certainty. The point is toturn this practice of human communication, by vision and geometricinsight, into a fully or better understood part of knowledge. This is where8 our endeavor towards general knowledge cannot be separated from thefoundation of mathematics. Mathematics is just a topmost humanexperience in language and space perception, unique as for generality andobjectivity, but part of our relation to the world. A few examples may be borrowed from neurophysiology (seeNinio[1991], Maffei[1992]). It seems that only human beings performinterpolations (vertices of a triangle or of a square seen as complete figures,sets of stars as a constellation... ). Apparently this is done by minimal lineswhich complete incomplete images. We seem to interpolate by splines,when needed. More: there are neurons which recognise (send an impulse)only in presence of certain angles, or others which react only to horizontal orvertical lines. This is recomposed in intellectual constructions which are atthe base of our everyday vision and of the so called optic illusions (which arejust attempted reconstructions of images). And, why not, at the base of ourgeometric generalizations. But how? How can we make this "composition of basic mental images"as part of a new foundation of mathematical knowledge, in the same way asformal, linguistic axioms, have been describing part of the analyticdevelopments in mathematics? I can only mention the problem, for the time being, and stress what isreally missing, the possible source of incompleteness: the lack of Geometryand images in foundational studies. A modern rediscovery of these aspectsmay be at the core of an understanding of image recognition which goestogether with an appreciation of geometric abstraction in mathematics.In a sense we should enrich the insufficient attempts to deduce all ofmathematics by linguistic axioms, by adding, at least, the knowledge we havetoday of space perception and of the process of image formation. This mayhelp to focus the way in which mathematics emerges, surely by compositionsof elementary components (the lines and triangles I mentioned before), butalso by "synthesis" and reorganization of space, as mentioned in 2.4. In this,a renewed Artificial Intelligence, far away from the prevailing formalist one,may be a novel contribution of Computer Science to the foundation ofmathematical knowledge, and conversely. The difficult point is to be able tomove, in foundational studies and everyday’s work, from local, quantitativeand analytic approaches to global, qualitative and geometric perspectives andstill preserve the crucial (informal) rigor of mathematics.3.3 The continuum and minima: more about reductionism. In "DasKontinuum" Weyl[1918], Hermann Weyl raises the issue of the continuumof Analysis vs. the continuum of time. The understanding of the latter is9 based on the simultaneous perception of past, present and future. In thisirreducible phenomenological intuition of time it is not possible to isolatethe temporal point, in contrast to the analytic description where this can bedone by reduction to linguistic abstractions, that is to symbols and (derivable)properties. Weyl, a mathematician working also in relativity theory,expresses his unsatisfaction and raises a major point for mathematicalknowledge: the convenient analytic unity of space and time does notcorrespond to our fundamental experience (see also Petitot[1992]). Thisproblem has not been sufficiently studied since then, as we were mostlyconcerned by formalist reductions and the search for complete and (self-)consistent Set Theories, as a basis for Analysis. These formal theories havenot been able to tell us anything even about the cardinality of an arbitrary setof reals (independence of the Continuum Hypothesis), let alone theprofound mismatch between time and the analytic description of space, asgiven by the real line.This need of ours to "fill up the gaps", possibly by continuity, mayprobably go together with the principles of minima, mentioned in 2.3 and 3.2as a possible description of some aspects of abstraction (memoryoptimization and the formation of images, respectively). These principlesare usually very complex in mathematics and, when referring to them, wedepart from reductionism. Yet another relevant mathematical experiencethen, to be added to the continuum of time, which seems to escapereductionism. Reductions are surely a relevant part of scientificexplanations, however they are far from proposing complete methodologiesor providing the only possible foundation of knowledge. In conclusion, we need to focus on alternative approaches to formalismand reductionism both in applied as well as in theoretical approaches tocognition. In 2.4 and 3.2, the role is mentioned of current inverse paradigmswith respect to the prevailing top-down, deductive formalizations: bottom-up descriptions, for example, which may give a complementary account ofperception and conceptual abstraction. What really matters now is to extend,not to keep reducing our tools. Our rational paradigms must be made tocomprehend the mathematical, indeed human, intuition of space and time.In other words, we need to lower the amount of magic and mystery in theseforms of intuition, and bring them into the light of an expanded rationality.References10

Asperti A., Longo G. Categories, Types and Structures, M.I.T. Press, 1991.van Dalen D. "Brouwer’s dogma of languageless mathematics and its role in his writings"Significs, Mathematics and Semiotics (Heijerman ed.), Amsterdam, 1990.Enriquez F. Problemi della Scienza, 1909.Girard J.-Y. "Linear Logic" Theoretical Comp. Sci., 50 (1-102), 1987.Girard J.-Y. "The unity of logic", Journal of Symbolic Logic, 1992, to appear.Goldfarb W. "Poincare Against the Logicists" Essays in the History and Philosophy ofMathematics, (W. Aspray and P.Kitcher eds), Minn. Studies in the Phil. of Science,1986.Lighthill J. "The recent recognized failure of predictability in Newtonian dynamics" Proc.R. Soc. Lond. A 407, 35-50, 1986.Longo G. "Notes on the foundation od mathematics and of computer science" Nuoviproblemi della Logica e della Filosofia della Scienza (Corsi, Sambin eds), Viareggio,1990.Longo G. "Some aspects of impredicativity: notes on Weyl’s philosophy of Mathematicsand on todays Type Theory" Logic Colloquium 87, Studies in Logic (Ebbinghaus et al.eds), North-Holland, 1989. (Part I: in this report).Maffei L. "Lectures on Vision at ENS", in preparation, Pisa, 1992.Nicod J. "La G�ometrie du monde sensible" PUF, ParisNinio J. L’empreinte des sens, Seuil, Paris, 1991Petitot J. "L’objectivite’ du continu et le platonisme transcendantal", Document du CREA,Paris, Ecole Polytechnique, 1992.Poincar� H. La Science et l’Hypothese, Flammarion, Paris, 1902.Poincar� H. La valeur de la Science, Flammarion, Paris, 1905.Sambin G. "Per una dinamica dei fondamenti" Nuovi problemi della Logica e dellaFilosofia della Scienza (Corsi, Sambin eds), Viareggio, 1990.Troelstra A.S. "Remarks on Intuitionism and the Philosophy of Mathematics" Nuoviproblemi della Logica e della Filosofia della Scienza (Corsi, Sambin eds), Viareggio,1990.Weyl H. Das Kontinuum, 1918.Weyl H. Symmetry, Princeton University Press, 1952.11

SOME ASPECTS OF IMPREDICATIVITYNotes on Weyl’s Philosophy of Mathematics and on todays Type TheoryPart I (*)Giuseppe Longo"The problems of mathematics are not isolated problems in a vacuum;there pulses in them the life of ideas which realize themselves inconcreto through out human endeavors in our historical existence,but forming an indissoluble whole transcend any particular science"Hermann Weyl, 1944.1. Logic in Mathematics and in Computer Science 1.1 Why Weyl’s philosophy of Mathematics?2. Objectivity and independence of formalism3. Predicative and non-predicative definitions3.1 More circularities4 The rock and the sand4.1 Impredicative Type Theory and its semantics5. Symbolic constructions and the reasonableness of history (*) First part of a lecture delivered at the Logic Colloquium 87, European Meeting of theASL, and written while teaching in the Computer Science Dept. of Carnegie MellonUniversity, during the academic year 1987/88. The generous hospitality and theexceptional facilities of C.M.U. were of a major help for this work.(The second, more technical, part of this lecture has been largely supersed by Longo&Moggi( Mathematical Structures in Computer Sciences, 1 (2), 1991), under ftp asomegaSetModel.ps.gz)12

1. Logic in Mathematics and in Computer Science.There is a distinction which we feel a need to stress when talking (or writing) for anaudience of Mathematicians working in Logic. It concerns the different perspectives inwhich Logic is viewed in Computer Science and in Mathematics. In the aims of thefounders and in most of the current research areas of Logic within Mathematics,Mathematical Logic was and is meant to provide a "foundation" and a "justification" for allor parts of mathematics as an established discipline. Since Frege and, even more, sinceHilbert, Proof Theory has tried to base mathematical reasoning on clear grounds, ModelTheory displayed the ambiguities of denotation and meaning and the two disciplines togetherenriched our understanding of mathematics as well as justified many of its constructions.Sometimes (not often though) results of independent mathematical interest have beenobtained, as in the application of Model Theory to Algebra; moreover, some areas, such asModel Theory and Recursion Theory, have become independent branches of mathematicswhose growth goes beyond their original foundational perspective. However, these havenever been the main aims of Logic in Mathematics. The actual scientific relevance of Logic,as a mathematical discipline, has been its success in founding deductive reasoning, inunderstanding, say, the fewest rational tools required to obtain results in a specific area, inclarifying notions such as consistency, categoricity or relative conservativity formathematical theories.This is not so in Computer Science, where Mathematical Logic is mostly used as atool, not as a foundation. Or, at most, it has had a mixed role: foundational and"practical". Let us try to explain this. There is no doubt that some existing aspects ofComputer Science have been set on clearer grounds by approaches indebted to Logic. Theparadigmatic example is the birth of denotational semantics of programming languages. TheScott-Strachey approach has first of all given a foundation to programming constructsalready in use at the time. However, the subsequent success of the topic, broadlyconstrued, is mostly due to use that computer scientists have made of the denotationalapproach in the design new languages and software. There are plenty of examples - - fromEdinburgh ML to work in compiler design to the current research in polymorphism infunctional languages. Various forms of modularity, for example, are nowadays suggestedby work in Type Theories and their mathematical meaning. In these cases, results in Logic,in particular in lambda-calculus and its semantics, were not used as a foundation, in theusual sense of Logic, but as guidelines for new ideas and applications. The same happenedwith Logic Programming, where rather old results in Logic (Herbrand’s theoremessentially) were brought to the limelight as core programming styles. Thus MathematicalLogic in Computer Science is mostly viewed as one of the possible mathematical tools,perhaps the main one, for applied work. Its foundational role, which also must beconsidered, is restricted to conceptual clarification or "local foundation", in the sensesuggested by Feferman for some aspects of Logic in Mathematics, instead of the globalfoundation pursued by the founding fathers of Logic. Of course, the two aspects, "tool"13 and "local foundation", can’t always be distinguished, as a relevant use of a logicalframework often provides some sort of foundation for the intended application.It is clear that this difference in perspective deeply affects the philosophical attitudeof researchers in Logic according to whether they consider themselves as puremathematicians, possibly working at foundational problems, or applied mathematiciansinterested in Computer Science. The later perspective is ours.In the sequel we will be discussing "explanations" of certain impredicative theories,while we will not try to "justify" them. This is in accordance with the attitude justmentioned. By explanation we essentially mean "explanation by translation", in the sensethat new or obscure mathematical constructions are better understood as they are translatedinto structures which are "already known" or are defined by essentially different techniques.This will not lay foundations for nor justify those constructs, where by justification wemean the reduction to "safer" grounds or an ultimate foundation based on "unshakablecertainties", in Brouwer’s words [1923,p.492]. The same aim as Brouwer’s was shared bythe founders of proof theory.However, we believe that there is no sharp boundary between explanation andfoundation, in a modern sense. The coherence among different explanations, say, or thetexture of relations among different insights and intuitions does provide a possible, butnever ultimate, foundation.1.1 Why Weyl’s philosophy of Mathematics?As applied mathematicians, we could avoid the issue of foundations and just discuss, as weclaimed, explanations which provide understanding of specific problems or suggest toolsfor specific answers to questions raised by the practice of computing. However, in thiscontext, we would like to justify not the mathematics we will be dealing with, as, webelieve, there is no ultimate justification, but the methodological attitude which is leadingour work. Our attempt will be developped in this part of the paper, mostly followingHermann Weyl’s philosophical perspective in Mathematics. At the same time, withreference to the aim of this talk, we will review Poincar�’s and Weyl’s understanding to theinformal notion of "impredicative definition". The technical part, Part II, is indeed dedicatedto the semantics of impredicative Type Theory and may be read independently of Part I (thereader should go to Longo[89] or Asperti&Longo[91] for part II or its recentdevelopments).The reader may wonder why we should refer to Weyl in the philosophical part of a lectureon impredicative systems, since Weyl’s main technical contribution to Logic is the proposalfor a predicative foundation of Analysis (see ⁄.4). The point is that, following Poincare’,Weyl gave a precise notion of predicative (and thus impredicative) definition, see ⁄.4.Moreover, and this is more relevant here, his proposal, as we will argue, is just one aspect14 of Weyl’s foundational perspective. His very broad scientific experience led him to exploreand appreciate, over the years, several approaches to the foundation of Mathematics,sometimes borrowing ideas from different viewpoints. The actual unity of Weyl’s thoughtmay be found in his overall philosophy of mathematics and of scientific knowledge, a matterhe treated in several writings from 1910 to 1952, the time of his retirement from the Institutefor Advanced Studies, in Princeton. In our view, Weyl’s perspective, by embeddingmathematics into the real world of Physics and into the "human endeavors of our historicalexistence", suggests, among other things, the open minded attitude and the attention toapplications, which are so relevant in an applied discipline such as Logic in ComputerScience. 2. Objectivity and independence of formalismThe idea of an "ultimate foundation" is, of course, a key aspect of MathematicalLogic since its early days. For Frege or, even more, Hilbert this meant the description oftechniques of thinking as a safe calculus of signs, with no semantic ambiguities. Withreference to Geometry, the paradigm of axiomatizable mathematics for centuries, "it must bepossible to replace in all geometric statements the words point, line, plane by table, chair,mug", in Hilbert’s words, as quoted in Weyl[1985, edited,p.14]. The certainty could thenbe reached by proving, for the calculus, results of consistency, categoricity, decidability orconservative extension (relative to some core consistent theory). The independence ofmeaning goes together, for Hilbert, with the independence from contextual worlds of anykind: "...mathematics is a presuppositionless science. To found it I do not need God, asdoes Kronecker, or the assumption of a special faculty of our understanding attuned to theprinciple of mathematical induction, as does Poincar�, or the primal intuition of Brouwer, orfinally, as do Russell and Whitehead, axioms of infinity, reducibility, or completeness,which in fact are actual, contentual assumptions that cannot be compensated for by theconsistency proofs" (Hilbert[1927,p.479]). A similar deep sense of the formal autonomy ofmathematics may be found in the many lectures that Hilbert delivered in the twenties, in asometimes harsh polemic against Brouwer. In particular, in disagreement with Brouwer ’sview on existence proofs, Hilbert claims, in several places, that the interest of a proof ofexistence resides exactly in the elimination of individual constructions and in that differentconstructions are subsumed under a general idea, independent of specific structures.Hilbert’s strong stand towards the independence of mathematics is absolutely fascinatingand clearly summarizes the basic perspective of modern mathematics and its sense ofgenerality. By this, Hilbert "... succeeded in saving classical mathematics by a radicalreinterpretation of its meaning without reducing its inventory, namely by ..... transformingit in principle from a system of intuitive results into a game with formulas that proceedsaccording to fixed rules" (Weyl[1927,p.483]). Indeed, Weyl acknowledges "... the15 immense significance and the scope of this step of Hilbert’s, which evidently was madenecessary by the pressure of the circumstances" (Weyl[1927,p.483]). Hilbert’s "boldenterprise can claim one merit: it has disclosed to us the highly complicated and ticklishstructure of Mathematics, its maze of back connections, which result in circles of which itcannot be gathered, at first glance whether they might not lead to blatant contradictions...but what bearing does it have on cognition, since its formulas admittedly have no materialmeaning by virtue of which they could express intuitive truth ?" Weyl[1949,p.61]. Thus Weyl suggests that one should derive our understanding of mathematics alsofrom entirely different perspectives. 3. Predicative and non-predicative.Weyl’s own partial commitment to intuitionism, at Hilbert’s annoyance, spans thetwenties ("I now give up my own attempt and join Brouwer ", Weyl [quoted in vanHeijenoort, p.481]). The roots of this change of perspective in a disciple of Hilbert, may befound in the main foundational writing of Weyl’s, i.e. in Das Kontinuum, 1918. As aworking mathematician, Weyl cares about the actual expressive power of mathematicaltools. He is very unsatisfied though with the "...crude and superficial amalgamation offormalism and empiricism... still so successful among mathematicians" (Weyl[1918,preface]). He is as well aware of the shaky sands (see later) on which the structure ofclassical mathematics is built, not long before revealed by the paradoxes.Weyl’s way to get by the foundational problem, together with Poincar�’s thought,is the beginning of the contemporary definitionist approach to Mathematics.Poincar� blames circularities for all troubles in Mathematics, in particular when theobject to be defined is used in the property which defines it. In these cases "... byenlarging the collection of sets considered in the definition, one changes the set beingdefined".... "From this we draw a distinction between two types of classifications...: thepredicative classification which cannot be disordered by the introduction of new elements;the non-predicative classifications in which the introduction of new elements necessitatesconstant modification" (Poincar� [1913,p.47]).Weyl takes up Poincar� ’s viewpoint and gives a more precise notion ofpredicativity. First he points out that impredicative definitions do not need to beparadoxical, but rather they are implicitly circular and hence improper (Weyl[1918],Feferman[1986]). Then he stresses that impredicativity is a second order notion as ittypically applies in the definition of sets which are impredicatively given when "quantifiedvariables may range on a set which includes the definiendum", Weyl[1918,I.6]. That is aset b is defined in an impredicative way if given by(1)b = { x | "y˛A.P(x,y) } where b may be an element of A.The discussion of impredicative definitions in the second order case is motivated by16

Poincar� and Weyl’s interest in the foundation of Analysis and, hence, in second orderArithmetic (see also Kreisel[1960], Feferman[1968 through 1987]). Thus the need to talkof sets of numbers, provided that this is done in the safe stepwise manner of a predicative,definitionist approach: "... objects which cannot be defined in a finite number ofwords....are mere nothingness" (Poincar� [1913,p.60]).On these grounds Weyl sets the basis for the modern work in predicative analysis,which has been widely developed by Feferman, Kreisel and other authors in Proof Theory.The crucial impredicative notion in Analysis is that of least upper bound (or greatest lowerbound). Both are given by intersection or union (i.e. by universal or existentialquantification) with the characteristic in (1), since the real number being defined, as aDedekind cut, may be an element of the set over which one takes the intersection or unionthat defines it. That is, for the greatest lower bound, g.l.b.(A) = ˙{ r | r˛A } ,where g.l.b.(A) may be in A .In Das Kontinuum, Weyl proposes to consider the totality of the natural numbersand induction on them as sufficiently known and safe concepts; then he uses explicit andpredicative definitions of subsets and functions, within the frame of Classical Logic, as wellas definable sequences of reals, instead of sets, in order to avoid impredicativity. Weyl’shinted project has been widely developped in Feferman[1987]. 3.1 More circularitiesAt this stage, are we really free of the dangerous vortex of circularities? Observethat even the collection w of natural numbers, if defined by comprehension, is givenimpredicatively, following Frege and Dedekind :x˛w � "Y ("y (y˛Y � y+1˛Y) � ( 0˛Y � x˛Y ))Thus also inductive definitions turns out to be impredicatively given, classically. A setdefined inductively by a formula A , say, is the intersection of all the sets which satisfy A .As a matter of fact, Kreisel[1960,p.388] suggests that there is no convincing purelyclassical argument "...which gives a predicative character to the principle of inductivedefinitions". Poincar� and Weyl get by this problem by considering w and induction as theirreducible working tools for Mathematics. This approach is very close to the intuitionisticperspective, where the stepwise generation of the sequence of numbers is the coremathematical intuition (except that definitionists consider w as a totality).Observe that w and induction are treated in a second order fashion, as thequantifications above are over sets. In other words, they rely on full second ordercomprehension for sets, which is usually given impredicatively. It is time, though, todiscuss whether the circularity at the core of impredicative definitions really appears only athigher order. 17

Consider for example, a set S of natural numbers, and define m as the leastnumber in S. Of course m is in S and, hence, if one understands this definitionclassically, the totality S , which is used in the definition of m , contains m itself. To putit otherwise, S is not known as long as we do not get m too. The definitionist approachor some mild constructivism save us from this: S is known if defined in a (finitistic)language or one may compute m by inspection of the sequence of numbers. Or, also, assome definitionists would say, m is impredicatively given only if the only way to define itis via S .However, the first order circularities are not always so simple to solve. Consider"...the standard ("intended") interpretation of intuitionistic implication. This interpretation,when applied to iterated implications, has the same degree of impredicativity as fullcomprehension itself in the sense that being a proof of such an implication is defined by aformula containing quantifiers over all proofs of (arbitrary) logical complexity"Troelstra[1973,p.8] (a viewpoint confirmed in a personal communication).Kreisel[1968,p.154-5] shares the same views "....Heyting’s ... implication certainly doesnot refer to any list of possible antecedents. It simply assumes that we know what a proofis". All proofs, not just the proofs of the antecedent. Indeed, a proof of AfiB inHeyting’s sense, is defined as a computation which outputs a proof of B for any proof ofA , as input. But the proofs of A or B are not better known than the proofs of AfiB ,as they may refer to, or contain as a subproof, proofs of AfiB. For example, one mayhave obtained b in B from c in AfiB and a in A , i.e. b = c(a) . This shows a circularity in the heart of a rather safe approach to foundation. Eventhough Weyl, because of his attention to Analysis, was explicitly referring only to secondorder impredicativity, the same circularity that he and Poincar� describe arises here (see thequotation from Poincar�[1913] above).Another impredicative first order definition will be crucial later, when discussingthe semantics of Girard’s system F . Consider the following extension of Curry’sCombinatory Logic, where terms are defined as always (variables, constants K, S, d andapplication)Definition. Combinatory Logic with a delta rule (C.L.d) is given by"x,y Kxy = x"x,y,z Sxyz = xz(yz)"x dxx = x .We claim that it is sound to say that the definition of d is impredicative here. Indeed, the daxiom is equivalent toM = N � dMN = M , for arbitrary terms M, N .18

Thus d, by definition, internalizes "=", or checks equality in the system described by K, S,and d. But d itself contributes to define "=", or the definition of d refers to "=", whichwe are in the process of defining. This violates Poincare’s restriction above. An inspection of Klop’s proof in Barendregt[1984] may give a feeling of whereimpredicativity comes in: an infinite B�hm-tree is reduced to different trees, with nocommon reduct, by d , once that the entire tree is known to d . (Note that, in contrast to Church’s delta, one does not ask for M and N to be innormal form. As a matter of fact, C.L.d is provably not Church Rosser, by a result inKlop[1980]. It is consistent, though, by a trivial model, where impredicativity is lost: justinterpret d by K . One may wonder if there is any general theorem to be proved hereabout impredicatively given reduction systems and the Church Rosser property.)A further understanding of the impredicative nature of C.L.d is proposed in Part IIof the original version of this note, Longo[89] (see also Asperti&Longo[91;ch.12] for anupdate). By using what may be roughly considered an extension of it, an interpretation ofimpredicative second order Type Theory is given.4 The rock and the sand."With this essay, we do not intend to erect, in the spirit of formalism, a beautiful,but fake, wooden frame around the solid rock upon which rests the building of Analysis,for the purpose of then fooling the reader -- and ultimately ourselves -- that we have thuslaid the true foundation. Here we claim instead that an essential part of this structure is builton sand. I believe I can replace this shifting ground with a trustworthy foundation; this willnot support everything that we now hold secure; I will sacrifice the rest as I see no othersolution." (Weyl[1918,preface]).With this motivation Weyl proposes his definitionist approach to Analysis. This isbased on a further critique of Hilbert’s program. If we could "...decide the truth or falsityof every geometric assertion (either specific or general) by methodically applying adeductive technique (in a finite number of steps), then mathematics would be trivialized, atleast in principle" (Weyl[1918; I.3]). Weyl’s awareness of the limitations of formalism isso strong (and his mathematical intuition so deep) that, at the reader’s surprise, a few linesbelow, he conjectures that there may be number theoretic assertions independent of theaxioms of Arithmetic (in 1918!). (Indeed, he suggests, as an example, the assertion that,for reals r and s , r < s iff there exists a rational q such that r < q < s . There may becases where ".. neither the existence nor the non-existence of such a rational is aconsequence of the axioms of Arithmetic". Can we say anything more specific about this,now that we also know of mathematical independence results such as Paris-Harrington’s ?).Two sections later, Weyl conjectures that "...there is no reason to believe that any infiniteset must contain a countable set". This is equivalent to hinting the independence of theaxiom of choice. 19

This insight of Weyl’s into mathematical structures seems scarcely influenced,either positively or negatively, by the predicativist approach he is proposing. It is morerelated to an "objective" understanding of mathematical definitions, in the sense below, andto his practical work. " In our conception, the passage from the property to the set... simply means toimpose an objective point of view instead of one which is purely logical; that is we consideras prevailing the coincidence of objects (in extenso, as logicians say) - ascertainable onlyby means of knowledge of them - instead of logical equivalence" (Weyl[1918,I.4]). Thus,even though we are far from a platonist attitude, the conceptual independence ofmathematical structures from specific formal denotation is the reason for the autonomy ofmathematics from Logic. And now comes the aspect that makes Weyl such an open scientific personality.Just as for Poincar�, Weyl’s proposal for a predicative foundation of Analysis does not rulehis positive work in Mathematics. This emerges from both authors’ work (seeGoldfarb[1986] or Browder[1985] for Poincar�; much less has been said about Weyl andwe can only refer to our experience in a one year long seminar on Weyl, in Pisa, in 1986/7,where mathematicians and physicists from various areas, Procesi, Catanese, Barendregt,Tonietti, Rosa-Clot and others surveyed his main contributions. The reader may consultChandarasekharan[1986]. It is unfortunate, though, that the latter volume ignores Weyl’scontribution to Logic). However, Weyl’s overall philosophical perspective in the foundation ofmathematics related to his main technical contributions, if one looks beyond his specific,though relevant, proposal for a predicativist Analysis. Following Hilbert, Weyl stresses therole of "creative definitions" and "ideal" elements: limits points or "imaginary elements ingeometry... ideals numbers in number theory... are among the most fruitful examples ofthis method of ideal elements" (Weyl[1949,p.9]) "... [which is] the most typical aspect ofmathematical thinking" (Weyl[1918,I.4]). For example, "... affine geometry...presupposes the fully formed concept of real number -- into which the entire analysis ofcontinuity is thrown" (Weyl[1949,p.69]). On the other hand, Weyl aims at a blend of "...theoretical constructions .. bound only by... consistency; whose organ is creativeimagination [of ideal objects]" and "... knowledge or insight... which furnishes truth, itsorgan is "seeing" in the widest sense... Intuitive truth, though not the ultimate criterion, willcertainly not be irrelevant here" (Weyl[1949,p.61]). But the intuitive insight of the workingmathematician cannot be limited to Brouwer’s intuition: "...mathematics with Brouwer gainsits highest intuitive clarity.... However, in advancing to higher and more general theoriesthe inapplicability of the simple laws of classical logic results in an almost unbearableawkwardness" (Weyl[1949,p.54].An example may explain what kind of intuition Weyl is referring to. InWeyl[1918], the other major theme is the discussion of the geometric and the physical20 continuum. As a disciple of Husserl, Weyl adheres to a phenomenological understanding oftime "as the form of pure consciousness" (Weyl[1949,p.36]) . The phenomenologicalperception of the passing moment of physical time is irreducible, in Weyl’s thought, to theanalytic description of the real numbers in Mathematics, since the ongoing intuition of past,present and future, as a continuum, is extraneous to logical principles and to anyformalization by sets and points. "... the continuum of our intuition and the conceptualframework of mathematics are so much distinct worlds, that we must reject any attempt tohave them coincide. However, the abstract schemes of mathematics are needed to makepossible an exact science of the domains of objects where the notion of continuumintervenes" (Weyl[1918,II.6]). In other words, not all of what is interesting or that we can "grasp" of the realworld is mathematically describable. Weyl is aware of this, raises the issue, stresses theuncertainties and... keeps working, with a variety of tools. "... large parts of modernmathematical research are based on a dexterous blending of axiomatic and constructiveprocedures. One should be content to note their mutual interlocking.." and resist adopting"...one of these views as the genuine primordial way of mathematical thinking to which theother merely plays a subservient role" (Weyl[1985,edited,p.38]). The working mathematician has to be able to use axiomatic or constructive methodsas well as the intuition, in the sense above, with its real and historical roots. For example,in Weyl’s opinion, there are (at least) two different notions of function, both relevant, fordifferent purposes. The functions which express the dependence on time, a continuum; thefunctions which originate from arithmetical operations (Weyl[1918,I.8]). This openness of Weyl’s, who was sometimes "accused" of eclecticism, is surelydue to the variety of his contributions (in Geometry, Algebra, mathematical Physics... seeChand.[1986]). Thus, his permanent reference to the physical world and to the "humanendeavors in our historical existence" provides the background and ultimate motivation ofMathematics, as we will argue in ⁄.5. Moreover, because of his broad interests, Weyl wasused to borrowing, or inventing, the most suitable tools for each specific purpose ofknowledge. However, Weyl was not an applied mathematician. He was more an"inspired" mathematician (as suggested by Tonietti[1981]), as he mostly aimed at pureknowledge, at mathematical elegance and at a unified understanding while his ideas areconstantly drawn from applications and lead by references to the real world: thephenomenological time of Physics, the patterns of symmetries in nature, in art... all broughttogether by the "reasonableness of history" (⁄.5). An attitude similar to Weyl’s, we claim,may also help in our work, as logicians, in Computer Science. 4.1 Impredicative Type Theory and its semantics.Let’s try to illustrate, by an example, what we mean by a "similar attitude". Theexample refers to the topic of the technical sections in Part II of the full version of thispaper, Longo[89] (one may consult Asperti&Longo[91] for an updated presentation).21

However, the sketchy presentation here only uses a few concepts from type theory, whichare recalled in place. If these seem too unfamiliar to the reader, he/she may directly go to thenext section.Second order lambda calculus, and its impredicative theory of types, originated inProof Theory and intuitionistic Logic by the work of Girard[1972] (and Troelstra[1973]).The calculus was brought to the limelight when computer scientists, like Reynolds, Liskovor Burstall, Lampson or Cardelli and others suggested or made use, in actual languagedesign, of expressive forms of modularity which are tidily represented in ImpredicativeType Theory (ITT). Indeed, the programming languages they proposed support"polymorphism" in ways more or less directly inspired by ITT: roughly, programs may beapplied to types and, by this, output a new program which is an (automatically) instantiatedversion of the original program, by the input type. These programs have type "t˛Tp.A ,where Tp represents the collection of types. Here comes the circularity of impredicativedefinitions, since "t˛Tp.A is a type, i.e. is in Tp, and its defination uses a quatificationover Tp itself (see ⁄.3). The most recent language, Quest in Cardelli[1988], is an explicitextension of Girard’s system F.Of course this raised and still raises lots of questions. One clear point is that atDigital, say, (but not only there) there are people interested in implementing a languages,such as Quest and its derivatives, with the "obscure", but powerful features of impredicativedefinitions. It is almost a "concrete reality", as it runs on hardware. As logicians, we mayhelp at its understanding and, perhaps, at its growth. Even consistency issues are still open,as Quest properly extends F by many facilities of functional programming. In particular, itallows recursive definitions and has notions of records, subtypes, "powertypes" andinheritance whose definition requires extra rules and axioms. A relative "consistency result"is by all means relevant, even if one had to use highly non-constructive tools: on the averagethey are much more reliable than the actual correcteness of programs, in whatever language!(A model for the core of Quest is given in Cardelli&Longo[91]). More generally inComputer Science, the "mathematical semantics", i.e. the translation into mathematicalstructures designed by essentially different tools, adds understanding, since complicated,though effective, constructions may be better displayed to our minds by possibly non-constructive, but intellectually simple methods. The interpretation enriches our overallknowledge by establishing connections, unifying and relating notions, allowing the use ofmethods from one area to another and, most of all, suggests extensions and changes of thesyntax one is given to interpret. This is exactly what happened with several functionallanguages, whose design grew with their denotational understanding (e.g. Edinburgh ML).In the case in discussion, the models in Part II, which are based on early work ofGirard and Troelstra, happen to interpret extensions of systems F in other directions,namely interpret Coquand and Huet Calculus of Constructions (see Ehrhard[1988]). Thismay suggest extensions obtained by putting together the various features. Of course,22 further expressiveness would pose more semantic challenges and would bring us as close asconceivable to "the Tarpean rock" of the paradoxes. But these semantic challenges mayprovide informative connections with other areas or even suggest brand new Mathematics. This is the most recent story of the semantic investigation of Type Theory: sinceMoggi’s suggestion for a categorical understanding of Girard-Troelstra models, by hintingthe "small completeness" of a category of "sets", several papers and discussions raisedissues in Topos Theory and shed more light on topos theoretic models of Intuitionistic Set-Theory (IZF; see Pitts[1987], Hyland[1987] and Asperti&Longo[91] for detailed work andfurther references). At this point, one may wonder how constructive are the tools used in this kind ofwork. As the reader may see in the above references, the definition of the models requiresthe use of powerset operation and second order impredicative comprehension. On the otherhand, Hyland’s Effective Topos, Eff, which provides the categorical frame, is a model ofIZF and uses a key intuitionistic fact; namely, the computability of all functions, as the socalled "Church Thesis" (a precise statement in the system) is valid in the topos. However, itrealizes principles that go beyond Intuitionism, namely, "Markov Principle" and the"Uniformity Principle" (see the Discussion at the end of this note). In short, several aspects of Mathematical Logic get together by the challengecoming from practical issues, since the current questions raised in the semantics of TypeTheory originate in functional programming (also Moggi’s hint was given as an answer to acomputer language question). Moreover, tools from a variety of perspectives are needed tounderstand them better, with no philosophical preclusion.Of course, an entirely different activity may also be relevant. For example, somemay try to find "safer" tools, definitionist, say, or strictly constructive tools, for the samepurposes, and carry on a reductionist analysis of the languages. This may turn out to be asrelevant as the work done in the thirties in computability, since we may all gain a furtherinsight and new languages with different programming facilities may be suggested. Indeed,programming is difficult, thus the more viewpoints we have the better we may suggest howto program, as each approach may answer different questions and solve different problems.However a point should be clear, in view of the introductory distinction we made on the useof Logic in mathematics and in Computer Science. In the foundation of mathematics astrong philosophical commitment may motivate the researcher’s work, may give itintellectual unity and, hence, contribute to the foundational aim. This is clear from thehistory of Logic, where even the personal fights (Poincar�, Hilbert, Brouwer were notalways friendly at each other) stimulated the discussion. But, when using MathematicalLogic as a tool, as in most work in Computer Science, an "a priori" philosophicalcommitment doesn’t need to be a stimulus, and it may just result in an intellectual andpractical limitation. What we need are explanations, by informative translations orinterpretations, say, and unified frameworks, which may suggest new ideas, not ultimate23 foundations.5. Symbolic constructions and the reasonableness of history " To fulfill the demand of objectivity we construct an image of the world insymbols" (Weyl[1949,p.77]). For example, " symmetry, as wide or as narrow as you maydefine its meaning, is one idea by which man through the ages has tried to comprehend andcreate order, beauty and perfection", it is also a key structural property in the natural world.We will then "... generalize this concept gradually... through the process of mathematicalabstraction along the road that will finally lead us to a mathematical idea of great generality"(Weyl[1952,p.5-6]). Along this road, the demand for objectivity causes a permanent tension betweenintuitive descriptions (of symmetry, of time...) and the need to eliminate aestheticappreciations and subjective understanding of the physical world. However, complete"ego-extinction" is an impossible task, as Weyl knows from his experience in themathematics of relativity.We believe that in his last book, Symmetry, 1952, one finds the core of Weyl’sperspective. His view emphasizes the dramatic growth of mathematics as "... a proud treewhich... raises its... branches into the thin air, but which at the same time sucks its strengththrough thousands of roots from the earth of intuitions and real representations" (quoted inWeyl[1985,editor’s note]). These roots provide the robust foundation of Mathematics, bybranching into two main directions: the reference to the physical world and our intellectualhistory. Symmetry is based on examples from art, chemistry, crystallography, andphysics which gradually lead to the difficult mathematics of the classification of finitegroups. Weyl, for example, takes the reader from the symmetry of ornaments in art, to thesymmetries of crystals, describing Leonardo’s na�ve work on the groups of orthogonaltransformations, based on observation. He points out that Leonardo had a complete list ofthe orthogonally inequivalent finite groups of orthogonal transformations. Then he showshow the complexities and surprises of the classification of finite groups are derivable bynon-trivial tools from analytic geometry and a blend of metric and lattice structures. Thisabstraction though is reached by a continuous interaction between the formalism introducedand its actual meaning. There is probably an implicit reference, in this work, to Galileo, an author widelystudied by Weyl’s master of philosophy, Husserl. The approach is dual, though, withrespect to Galileo’s. It is not the book of nature which is written by God in the language ofmathematics and that we just read, as Galileo thought, but mathematics is written by us inour interaction with nature. Symmetry is a unified reading of the real world and humanart, from which mathematical concepts emerge. When reading Symmetry one has thefeeling that mathematics is created by or, simply, is the common aspect of a variety of24 concrete (spacial) as well as linguistic experiences. It is designed by these in the sameway as the space of relativity is created by the presence of objects.The approach, though, is far from flatly empirical, as we understand it: ourcreative imagination interacts with the real world and tends to the design of an autonomousworld of concepts. This world is autonomous from reality in that it has a furtherjustification: the history of our language, a key tool for abstraction, and our history ashuman beings. This is why, in his critique of Hilbert, Weyl may say: " what compels us totake as a basis precisely the particular axiom system developed by Hilbert? Consistency isindeed a necessary but not a sufficient condition for this. For the time being we probablycannot answer this question except by asserting our belief in the reasonableness of historywhich brought these structures forth in a living process of intellectual development --although, to be sure, the bearers of this development, dazzled as they were by what theytook for self-evidence, did not realize how arbitrary and bold their construction was."(Weyl[1927,p.484]). We conclude by observing that this very viewpoint, which Weylconsistently assumed through out his life (and which we share), is expressed even moreclearly twenty years later, in Weyl[1949,p.62]: "But perhaps this question can be answeredby pointing toward the essentially historical nature of that life of the mind of which my ownexistence is an integral but not autonomous part. It is light and darkness, contingency andnecessity, bondage and freedom, and it cannot be expected that a symbolic construction ofthe world in some final form can ever be detached from it."Discussion (This discussion refers to Part II of Longo[89], which is missing here.However, the general lines may be clear to the reader, just by knowing that Per is the set ofpartial equivalence relations over w, the natural numbers, or the quotients over subsets ofw, and that PER is the associated category with computable maps as morphisms; seeAsperti&Longo[91] for details).By the Girard-Troelstra interpretation, we have taken back the impredicativity ofType Theory to the more familiar impredicative definition of a set as intersection: the setdefined may be a member of the set over which we take the intersection (indeed,˙R˛PerF(R) ˛ Per ). This is the circularity which was discussed in part I whenconsidering inductive definitions, greatest lower bounds of reals etc... It relies on taking apowerset of a (countably) infinite set.As for the rest, it should be clear the the role of Eff and intuitionistic logic, here, ismore than essential, as explained in depth, among others, in Pitts[1987]. As a matter offact, Eff is a model of IZF (informally, in the same sense as the topos Set is a model ofclassical ZF). The crucial fact is that in Eff there are very few morphisms, as they are allcomputable, or realized by elements of w via Kleene’s application. This corresponds to thevalidity in Eff of "Church Thesis", i.e. that "internally" any function from numbers to25 numbers is computable.However, Eff realizes several principles which do not strictly belong tointuitionistic Logic. For example, the Uniformity Principle (UP) and Markov Principle(MP). Let F be a formula of IZF. Then(UP) "R˛Per $a˛w F(a,R) � $a˛w "R˛Per F(a,R)(MP) "R˛Per ("a˛w (a R a) � ~(a R a)) � ~~$a˛w (a R a) � $a˛w (aR a).As a matter of fact, both the constructive virtues of Eff and its less constructive ones arefully used. The computability of its morphisms, i.e. "Church Thesis", appears all the timeand makes [Pa˛AG(a)]PER, the internal indexed product in the model, much "smaller"than Pa˛AG(a) , the classical set-theoretic product. The crucial isomorphisms of˙R˛PerF(R) and [PR˛PerF(R)]PER (see Longo&Moggi[1991] for details) uses(UP), which intuitionists do not generally view as a constructive principle. Observe,though, that (UP) is equivalent to the contraposit of K�nig’s lemma -- ...in a brown finitelybranching infinite tree, if for any branch there exists a node where the branch switches togreen, then there exists a level such that any branch is green... -- . Thus, it is

classicalyequivalent to K�nig’s lemma, a rather convincing (and accepted) proof method. Eff givesmeaning to (UP), under certain circumstances, also in a constructive framework.As for Markov Principle, (MP), which russian constructivists like, it shows up atanother point. The understanding of the recursive definitions of data types has been arelevant success of denotational semantics. Since the early work of Scott, they becamemuch more familiar to computer scientists and more widely used in programming. The ideais that a recursive definition of a type of data yields an equation which needs to be solvedover some structure, in the same way one gives meaning to "x2+8 = x" by finding asolution for it over, say, the structure of the the complex numbers. In Eff one may find solutions to all relevant domain equations as follows.Consider a constructive version of Scott domains (essentially, the computable substructuresof the effectively given domains in Scott[1982]). When taking continuous and computablemaps as morphisms, they form a Cartesian Closed Category, which can be fully andfaithfully embedded in Eff (when Eff is constructed out of Kleene’s w ). In this way thelimit constructions, needed to solve the equations, can be carried on within Eff. Theembedding, though, requires, in an essential way, Markov’s Principle (seeRosolini[1986,th] or Longo[1988]).The relevance of the "effective" set-theoretic environment, provided by Eff, isbecoming clear in applications. In Cardelli&Longo[1991], for example, na�ve, butcomplete, set-theoretic interpretation may be given to several programming languageconstructs: being a subtype is interpreted by "being a subset", a record by the obvious list ofindexed sets etc... The constructive nature of the model and its internal Logic do the restand let these notions be inherited at higher types and higher order very smoothly. 26

In a sense, Eff and its Logic provide a formalized example of the "dexterousblending of axiomatic and constructive procedures" Weyl was referring to as the practice ofMathematics. We are more than "content to note their mutual interlocking", also because wehave, in this case, a clear understanding of what is being used and when and we are farfrom the "superficial mixture of formalism and sensism", which Weyl was blaming amongmathematicians and which would be of little help in the applications of Logic to ComputerScience.Acknowledgements. I was encouraged to write the first part of this paper by Tito Toniettiwho brought me back to my old interest in Weyl’s work by his stimulating activities in Pisa.While visiting Stanford during Summer 1988, with the very generous support of a part timeappontement at Digital, in the Dec-src laboratory, I had several lenghty discussions on thismatter with Sol Feferman. His work on Weyl as well as our gentle disagreement onfoundational matters has been extremely stimulating for me. The final version of this paperis greatly endebted to his remarks and criticisms on a preliminary draft. Dag Follesdal alsohelped me with many observations and comments. ReferencesAmadio R., Bruce K., Longo G. [1986] "The finitary projections model and the solution of higher orderdomain equations" IEEE Conference on Logic in Computer Science, Boston, June 1986.Amadio R., Longo G. [1986] "Type-free compiling of parametric Types" IFIP Conference Formaldescription of Programming Concepts Ebberup (DK), North Holland, 1987 (to appear).Asperti A., Longo G. [1991] Categories, Types and Structures, M.I.T. Press.Barendregt, H. [1984] The lambda calculus: its syntax and semantics, Revised edition, N. H..Berardi S. [1988] "DI-domains as a model for lbp and higher order functional languages" draft, CMU.Breazu-Tannen V., Coquand T.[1987] "Extensional models for polymorphism" TAPSOFT-CFLP, Pisa.Browder, F. [1983] The Mathematical Heritage of Henri Poincar�, Vol. 39, Proceedings ofSymposia in Pure Mathematics, American Math Society. Brouwer L. [1923]. "On the significance of principle of excluded middle in mathematics, especialy infunction theory." in van Heijenoort[1967], pp. 302-334.Carboni A., Freyd P., Scedrov A. [1987] "A categorical approach to realizability and polymorphic types"3rd ACM Symp. on Math. Found of Lang. Seman., New Orleans, LNCS vol. 298, Springer-Verlag.Cardelli L. [1986] "A polymorphic l-calculus with Type:Type", Preprint, Syst. Res. Center, Dig. Equip.Corp.27

Cardelli L. [1988] "A Quest preview", Preprint, Syst. Res. Center, Dig. Equip. Corp.Cardelli L., Longo G. [1991] "A semantic basis for Quest", Journal of Functional Programming, vol.1,n.2, 1991 (pp.417-458).Chandarasekharan, K. [1986] Hermann Weyl, Springer-Verlag, Berlin Heidelberg, Germany.Coquand T., Gunter C., Winskel G.[1988] "Domain theoretic models of polymorphism" Info& Comp.(to appear).Ehrhard, T. [1988] "A Categorical Semantics of Constructions" Proceedings of L. I. C. S. ’88,Edinburgh.Feferman, S. [1964 "Systems of predicative analysis" JSL 29, 1-30.Feferman, S. [1968] "Autonomous Transfinite Progressions and the Extent of Predicative Mathematics." InLogic, Methodology and Philosophy of Science III (Rootsellar, ed.), 121-135.Feferman, S. [1975] "A language and axioms for explicit mathematics", in Lecture Notes inMathematics 450, Springer-Verlag, pp. 87-139.Feferman, S. [1984] "Foundational ways", in Perspectives in Mathematics (Birkha�ser, Basel), 147-158.Feferman, S. [1986] "Infinity in mathematics: is Cantor necessary?, in (Toraldo di Francia, G., ed.)L’infinito nella scienza/ Infinity in science, Enciclopedia Italiana (Rome), 151-210.Feferman, S. [1987] "Weyl Vindicated: "Das Kontinuum" 70 Years Later", preprint, Stanford University(Proceedings of the Cesena Conference in Logic and Philosophy of Science, to appear).Girard, J. [1972] "Interpretation fonctionelle et elimination des coupure dans l’arithmetic d’ordre superieur,"These de Doctorat d’Etat, Paris.Girard J.Y.[1986] "The system F of variable types, fifteen years later" Theor. Comp. Sci., vol. 45, pp.159-192.Goldfarb, W. [1986] "Poincare Against the Logicists" to appear: W. Aspray and P.Kitcher, Essays in theHistory and Philosophy of Mathematics, (Minn. Studies in the Phil. of Science).Harper R., Honsell F., Plotkin G. [1987] "A framework for defining logics" LICS 87, Cornell.van Heijenoort, J. [1967] From Frege to Godel, Harvard University Press,Cambridge, Massachusetts.Hilbert D. [1925] "On the infinite" in van Heijenoort[1967], pp. 367-392.Hilbert D. [1927] "The foundations of mathematics." in van Heijenoort[1967], pp. 464-480.Hindley R., Longo G. [1980] "Lambda-calculus models and extensionality," Zeit. Math. LogikGrund. Math. n. 2, vol. 26 ( 289-310).28

Hyland M. [1982] "The effective Topos," in The Brouwer Symposium, (Troelstra, Van Dalen eds.)North-Holland.Hyland M. [1987] "A small complete category" Lecture delivered at the Conference Church’s Thesisafter 50 years, Zeiss (NL), June 1986 (Ann. Pure Appl. Logic, to appear).Hyland M., Pitts A. [1987] "The Theory of Constructions: categorical semantics and topos theoretic models"Categories in Comp. Sci. and Logic, Boulder (AMS notes).Klop J.W. [1980] "Combinatory reduction systems" Thesis, Univ. Utrecht; publ. Math Centre, Kruislaan413, Amsterdam, Holland.Kreisel, G. [1960] "La Predicativit�" In Bull. Soc. math. France. 88, 1960, p. 371 a 391.Kreisel, G. [1968] "Functions, Ordinals, Species." In Logic, Methodology and Philosophy ofScience III (Rootsellar, ed.), pp. 145-159.Longo G. [1987] "On Church’s Formal Theory of functions and functionals," Lecture delivered at theConference Church’s Thesis after 50 years, Zeiss (NL), June 1986 (Ann. Pure Appl. Logic, toappear).Longo, G. [1988] "From type-structures to Type Theories" notes for a graduate course at Carnegie MellonUniversity.Longo G., Moggi E. [1988] "Constructive Natural Deduction and its w-set Interpretation" MathematicalStructures in Computer Science, vol. 1, n. 2, 1991 (pp. 215-253).Longo G., Moggi E. [1989] "A category-theoretic characterization of functional completeness" Theor.Com. Sci. vol. 70, 2, 1990 (pp. 193-211).Martini S. [1988] "Modelli non estensionali del polimorfismo in programmazione funzionale" Tesi diDottorato, Pisa (in part to appear in the LISP Conference, 1988).Martin-L�f P. [1984] Intuitionistic Type Theory, Bibliopolis, Napoli.Meyer A. R., Mitchell J., Moggi E., Statman R. [1987] "Empty types in polymorphic lambda calculus"(ACM Conference on) POPL ’87 , M�nich.Meyer, A. R. Reinhold, M.B.[1986] "Type is not a type" , (ACM Conference on) POPL ’86.Mitchell J. [1986] "A type-inference approach to reduction properties and semantics of polymorphicexpressions" ACM Conference on LISP and Functional Programming, Boston.Mitchell J. C., Plotkin G. [1985] "Abstract types have exixtential types" Proc. Popl 85, ACM.Pitts A. [1987] "Polymorphism is set-theoretic, constructively" Symposium on Category Theoryand Comp. Sci., SLNCS 283 (Pitt et al. eds), Edinburgh.Poincar�, H. [1913] Derni�res Pens�es, (english edition, Dover Publ., Inc., New York, 1963).Reynolds J. [1984], "Polymorphism is not set-theoretic," Symposium on Semantics of Data29

Types, (Kahn, MacQueen, Plotkin, eds.) LNCS 173, Springer-VerlagRosolini G. [1986th] "Continuity and efffectiveness in Topoi" D. Phil. Thesis, Oxford Univ.Rosolini G. [1986] "About Modest Sets" Notes for a talk delivered in Pisa.Scott D. [1972] "Continuous lattices" Toposes, algebraic Geometry and Logic, (Lawvere ed.),SLNM 274, (pp.97-136) Springer-Verlag.Scott D. [1976] "Data types as lattices," SIAM Journal of Computing, 5 (pp. 522-587).Scott D. [1980] "A space of retracts" Manuscript, Bremen.Scott, D. [1982] "Some ordered sets in Computer Science," in Ordered Sets (Rival Ed.), Reidel.Seely, R. [1987] "Categorical semantics for higher order polymorphic lambda calculus", JSL , vol. 52, n.4, pp. 969-989.Tonietti T. [1981] "Inspired Mathematics or Applied Mathematics ? (Epistemological and historical notes onCatastrophe Controversy)" Fundamenta Scientiae vol.2, n.3/4, pp. 321-343.Troesltra A.S. [1973] "Notes in intutionistic second order atithmetic," Cambridge Summer School inMathematical Logic, Springer LNM 337 , pp. 171-203.Weyl, H. [1918] Das Kontinuum, (italian edition, care of B. Veit, Bibliopolis, Napoli, 1977).Weyl, H. [1927] "Comments on Hilbert’s second lecture on the foundations of mathematics." in vanHeijenoort[1967]Weyl, H. [1934] Mind and Nature, Univ. of Pennsylvania publ..Weyl, H. [1949] Philosophy of Mathematics and Natural Science, Princeton University Press,Princeton, New Jersey.Weyl, H. [1952] Symmetry, Princeton University Press, Princeton, New Jersey.Weyl, H. [1985] "Axiomatic Versus Constructive Procedures in Mathematics." (Edited by T. Tonietti) TheMathematical Intelligence Vol. 7, No. 4, Springer-Verlag New York.30

APPENDIX: from the JOURNAL OF SYMBOLIC LOGIC, 53,3, 1993.REVIEW OF:Solomon Feferman: " Weyl vindicated: Das Kontinuum 70 years later "The review of this interesting paper is divided into two parts, as the paperitself is split into a philosopical or historical part and a technical one. Iwill first hint the technical aspects, which are very relevant forpredicativity and set on firm grounds an established area of investigation,and later discuss the informal preliminaries (and the title of the paper!).These present a rather partial view of Weyl’s contribution to thefoundation of Mathematics, a view which I do not share, because of boththe historical and the foundational perspective proposed by the author.The core of the approach presented beginning with section 4, is the notionof "definability". In the "definitionist" approach, which is essentially theFeferman’s view, given (possibly) for granted the totality of the collectionof the natural numbers, the other mathematical notions must be definedin some sort of "stratified" way. Stratification may mean entirely typeddefinitions following Russell, or, more weakly, "predicative" definitions,in the sense made clear by Poincare’ and Weyl. In short, << ... we draw adistinction between two types of classifications...: the predicativeclassification which cannot be disordered by the introduction of newelements; the non-predicative classifications in which the introduction ofnew elements necessitates constant modification>> (Poincar� [1913, p.47]).As the author is interested, in the end, in the foundation of Analysis,impredicativity is understood as a second order notion as it typicallyapplies in the definition of sets. And a set is impredicatively given when<<...quantified variables may range on a set which includes thedefiniendum...>>, Weyl[1918, I.6]. That is, a set b is defined in animpredicative way if it is given by(1) b = { x | for all y in A, P(x,y) } where b itself may be an element of A.As a matter of fact, the author refers to Weyl’s ideas in his 1910 paper andin the 1918 book with a remarkable philological attention. The core of thetechnical part reconstructs with great care Weyl’s hint towards apredicative Analysis. Indeed, Weyl’s book is extremely incomplete and31 vague in this proposal, while rich of mathematically deep observations.The author takes up Weyl’s largely informal remarks step by step andturns them into a clear and complete approach to predicativemathematics. In particular, section 5 carefully describes iteration andinduction, and clarifies the connections between the various differentforms of Weyl’s "principle of iteration", by a careful formalization ofWeyl’s informal hints. Section 6 faithfully rewrites in modern formalismWeyl’s axiom system: the structure and role of explicit definitions andcomprehension axioms is clearly presented and this contributes, in anessential way, to the understanding of a few very obscure pages of Weyl’sbook. Section 7 compares Weyl’s approach, as formalized in the previoussection, to extant approaches to predicative Analysis. This sections, inparticular, refers to the author’s (and others’, such as Kreisel’s) work inpredicative systems, since the early 60-ties (see references). Weyl’sapproach turns out to be "equivalent" to sufficiently large fractions of(formally) rather expressive systems. By this, one may say that Weyl’s aimof setting on clear grounds large part of Analysis is achieved. Indeed, bythe extension to "flexible types" in section 8, the author updates evenfurther the previous approach to the current debate on higher order typesystems. An interesting result of "conservative extension" of the systemw.r.t. to PA is also stated. In section 9, a few arguments are hinted towardsthe actual expressiveness of the predicative systems proposed, for thepurposes of applicable Analysis, to Physics, tipically. Recent andunpublished work by the author and Simpson reinforces the thesis justsketched in this section, by a technically deep insight into various area of"predicative" mathematics. However, it is known that Lebesguemeasures, least upper and largest lower bounds escape predicativity.Indeed, "the continuum" goes beyond it.Let’s now go back to a "critique" of the historical and epistemologicalperspective presented by the author in the first part. For this purpose, Iwill also borrow a few ideas from the first part of Longo[1989]. First of all,in my view, the main relevance of Weyl’s "The Continuum" is not dueto the informal hints towards predicative Analysis, but to the critique ofthe formalist approach to Analysis and to a deep and original discussionon the relation between our intuition of the physical continuum and itsmathematical formalizations. In my opinion, instead, the paper "Weylvindicated: ..." (and its title), suggests a rather partial view of this broad,deep, wonderful thinker and mathematician. Of course, the author’swork towards the clarification of Weyl’s specific proposal is an interesting32 and a relevant contribution to predicative Analysis, as I tried to say. Thedanger is that the reader may classify and reduce by this Weyl’scontribution to the foundation of mathematics as one of the many(attempted) "reductionist" formalizations. As a matter of fact, Weyl’svery broad scientific experience led him to explore and appreciate, overthe years, several approaches to the foundation of Mathematics,sometimes wavering between different viewpoints. The actual unity ofWeyl’s epistemological view may be found in his overall philosophy ofMathematics and of scientific knowledge, a matter he treated in severalwritings from 1910 to 1952, the time of his retirement from the Institutefor Advanced Studies, in Princeton. As an important aspect of this view,one should stress a crucial critique to Hilbert’s approach: Weyl keepsstressing, in several writings, that what really matters in(meta)mathematics is the relevance of axiom systems, in their broadconnections to the structures under investigation and the physical reality;consistency is a necessary, but far less relevant condition. A furthercritique of Hilbert’s program is clearly expressed in Weyl’s book. If wecould <<...decide the truth or falsity of every geometric assertion (eitherspecific or general) by methodically applying a deductive technique (in afinite number of steps), then Mathematics would be trivialized, at least inprinciple...>> (Weyl[1918; I.3]). Weyl’s awareness of the limitations offormalism is so strong (and his mathematical intuition so deep) that, atthe reader’s surprise, a few lines below, he conjectures that there may benumber theoretic assertions independent of the axioms of Arithmetic (in1918!). (Indeed, he suggests, as an example, the assertion that, for reals rand s , r < s iff there exists a rational q such that r < q < s . There maybe cases where <<... neither the existence nor the non-existence of such arational is a consequence of the axioms of Arithmetic>>. Can we sayanything more specific about this, now that we also know ofmathematical independence results such as Paris-Harrington’s ? Thiswould really vindicate Weyl, whose views on this matter greatly annoyedhis former professor and major academic authority, David Hilbert). Twosections later, Weyl conjectures that <<...there is no reason to believe thatany infinite set must contain a countable set>>. This is a very early hintin the right direction for the independence of the axiom of choice (!). This insight of Weyl’s into mathematical structures seems scarcelyinfluenced, either positively or negatively, by the predicativist approachhe is proposing. It is more related to an "objective" understanding ofmathematical definitions and to his practical work. What "objective" or33

"independent from specific formalizations" means here is a delicate issue,for which one may consult Weyl[1918] (or Longo[1989;1991]).Indeed, what really interests Weyl is the understanding ofmathematics as part of our human endeavour towards knowledge, inparticular of the physical world. Weyl stresses the inadequacies of themathematical formalization with respect to a crucial aspect of our physicalexperience (see chapter II, ⁄.6): our intuition of the continuity of space andtime (Weyl greatly contributed to the mathematics of Einstein’srelativity). In his view, the phenomenal experience of time, as past,present and future, is unrelated to the mathematical treatment of the realnumbers. Time cannot be decomposed in points. Present lastscontinuously, it is <<something ever new which endures and changes inconsciousness>>. In our perception of time, <<an individual point isnon-independent... it exists only as a point of transition.. it cannot beexhibited in any way ... only an a p p r o x i m a t e , never an exactdetermination of it is possible>> (again, chapter II, ⁄.6). Even the use oflimit points or ideal constructions, the essence of mathematics accordingto Weyl, do not help us sufficiently in grasping the <<irreducible>>perception of the continuum (references are made for this to Husserl andBergson). The depth and philosophical difficulties of Weyl’s chapter II do notallow us to go any further into this here. I believe though that there is astrong need to revisit these aspects of Weyl’s reflexion. In particulartoday, in view of the increasing interests in "theories of knowledge" aspart of broadly construed attempts to reconsider our understanding and(possibly mathematical) description of the world. References for the AppendixFeferman, S. [1964] "Systems of predicative Analysis" JSL 29, 1-30.Feferman, S. [1968] "Autonomous Transfinite Progressions and the Extent of PredicativeMathematics." In Logic, Methodology and Philosophy of Science III (Rootsellar, ed.),121-135.Feferman, S. [1975] "A language and axioms for explicit mathematics", in Lecture Notes inMathematics 450, Springer-Verlag, pp. 87-139.Kreisel, G. [1960] "La Predicativit�" In Bull. Soc. math. France 88, 1960, p. 371 a 391.Kreisel, G. [1968] "Functions, Ordinals, Species." In Logic, Methodology and Philosophy ofScience III (Rootsellar, ed.), pp. 145-159.Longo G. [1989] "Some aspects of impredicativity" Invited Lecture, Logic Colloquium 87(European Summer Meeting of the A.S.L.) Granada, Spain, July 1987; Studies in Logic34

(Ebbinghaus et al. eds), North-Holland (pp. 241-274).Longo, G. [1991] "Notes on the foundation of Mathematics and of Computer Science" Invitedlecture, International Conference on the current trends in the Philosophy of ScienceViareggio, Gennaio 1990; CLUB, Bologna 1991.Poincar�, H. [1913] Derni�res Pens�es, (english edition, Dover Publ., Inc., New York, 1963).Tonietti T. [1981] "Inspired Mathematics or Applied Mathematics ? (Epistemological andhistorical notes on Catastrophe Controversy)" Fundamenta Scientiae vol.2, n.3/4, pp. 321-343. Weyl, H. [1918] Das Kontinuum, (italian edition, care of B. Veit, Bibliopolis, Napoli,1977).Weyl, H. [1927] "Comments on Hilbert’s second lecture on the foundations of mathematics."in van Heijenoort, From Frege to Goedel, Harvard U.P., 1987.Weyl, H. [1934] Mind and Nature, Univ. of Pennsylvania publ..Weyl, H. [1949] Philosophy of Mathematics and Natural Science, Princeton UniversityPress, Princeton, New Jersey.Weyl, H. [1952] Symmetry, Princeton University Press, Princeton, New Jersey.Weyl, H. [1985] "Axiomatic Versus Constructive Procedures in Mathematics." (Edited by T.Tonietti) The Mathematical Intelligence Vol. 7, No. 4, Springer-Verlag New York.Giuseppe LongoLIENS (CNRS) and DMIEcole Normale Sup�rieureParis35