Space and Time in the Foundations of Mathematics, or some challengesin the interactions with other sciences1Giuseppe Longo45, Rue d�Ulm, 75005 Paris (Fr.)+3314432-3328 (fax —2151) longo@di.ens.fr

: has disregarded, goodof of ago, by this, of our is aissue Physics, Biology. focuses on foundations, process�, as : Euclid, B. Riemann, A. Connes Codings

1 Invited Lecture, first American Mathematical Society/SMF Conference, Lyon, July, 2001.

- -21. The geometric intelligibility of spaceof of of behind them¨ [, The origin of Geometry, 1933].space. was by of space. I moments, when unified, now unify, of senses or forms of of space. aim, by I stress by Connes2:them.is space, approaches, is byproposing answers How do we How do we1.1 EuclidIts is group of Byby or length,surface, ... . By this, or of senses is small. now ... ... so on so forth. �vision�, by �shown� by... we know how3

2 1982 A. Connes works ’80�s of3 of on of of lines, ishas no ˙two length¨, i.e. two lines, , by of of twois by as well). of

- -3 1.2 B. RiemannHe as by of[Boi, 1995], 1995]). found Gauss we soundlyas by spaces, shows of of ofbodies). of manifolds, one, by geodesics, ofof ano rigid, goalong varying curbs .... The point is, and this is of his results, situations). H. �20s, would of work, we of Thus of of For purpose, on 4¨. Then, does as as =ij. is how, for we access, on space, by Geometry. proposed, as of

is soundly by [Heath, 1908] 4

- -4concepts", by hypothesis, ground ones are, isotropy, continuity .... H. Weyl will add symmetries as one of properties, course, by Riemann’s of one, of of is space, of of is of scale. is Physics, we access, operations, is Euclid’s Riemann’s approaches, as stressed here. synthesis isc’est ¨.1.3 A. Connesand, thus, X, of as C*- of go way around. C*-X, such C(X) = . Xby of so on so as for .of ofof for do is we by upno observables. is we start. In w.r. by of do of compass, is now byof founds is by few such as non-by ado . His of

- -5is groupoid, group ofspace, aspace. Connes’ work, years, consists spaces, ones ([Connes, 1994]). as of of no Feynman’s of is Connes’ isof of ofpoint", issue is of of of on ofofnos un Some epistemological remarks on the Geometry of Physical Spaceis grounds knowledge, observables, proposes of space, no way knowledge, observable, when has do our by senses. we Physics, we up of senses =space", so proposed by by is no ruler, noof of of by our senses, on our eyes, by our actions, by Euclid’s tools, byof measure. ofas up on basis of or proposedchange, here, is of senses isno space, is method. issurprising we is se", is ontology. is noas space", is of of bysubject, of is whenhis or systems or points�, forms of for measure.

- -6 as (Newton), laws of (Frege), "views nowhere", is no forsound: access, on space, tools, by of our proposes ˙by analysis¨, of or 1998]. genesis, of bodies, as as Helmholtz’s [Nabonnand, is nor a(cf. Husserl’s of Poincar�’s views has by [Nabonnand, 2000] for is on plus for us, beings, world, with our shared biological being. Poincar�’s program, as we understand it, is draw onon grounds of our of it. ofworld (˙Si nous dans pour plus[Poincar�, 1898]). of proposing, our being, of sense. In on web al., 1999], of we"Poincar�’s is as of point, of course, is go shoud ofworld Rome, 2002, on program, acourse, I is is of "how" we knowledge, or of process". In spaces, of is has by onofof world strings ofsymbols. Now, is no is symbolic, of

- -7of)2. Codingsof 2300 Frege’s way of space. was on space. visions of ... so as of of laws ˙... laws of is is [Frege, 1884, p. 20 ff.]. on of number, as 1873, p. 9-10] (see the discussion in [Tappenden, 1995]).by work of Hilbert. writing, [Hilbert, 1899], is issue byaxioms, By work, proofs axiom, ...) ... other. work, ofLobatchevski’s Riemann’s Euclid’s encode, by tools, posing, Paris of of is no space, norof of do = 1". is of Geometry, of of Hilbert’s is by many, Poincar�. In his of Hilbert’s 1899 book, stresses as loss of of our of space, senseless as of Poincar�, of Peano, Padoa, Hilbert, as

- -8saucisses pigs sausages 2001], of XX ofcodings¨. Hilbert’s program, on ofcodings), trend. times, for Logic, Turing’s software, of his is of Inof Programming", (as hardware. of was bound go so far. ishow wrong programs, on wrong of was by wrong by is of them.of of ideas, of Logic, XX century, is on of codings. is of of(or, as proves of is (of course, or 0-1 is consequences. Words do of we (I by — Theory, 1991], [Longo, 2002]). XXth [Hilbert, 1899], (or isof course, of views also, underlying assumptions, proposed new relevant problems .... Not less of

- -9by is sense for In we by ⁄.1 of space, as us 5.Let’s section, by stressing Proof do on nor on isnow new proposals. J.-Y. Girard, by first, proofs sense6. In theories, is course, spaces, is of proofs: is as of space, Proof Theory, by that, for Poincar�, by moreover, his is w.r. to meaning [Poincar�, 1905, 1908] (see the discussion in [Heinzmann, 1998]). Weyl’s of of7.2.1 Geometry in computingno for space, up

5[Hilbert, 1899], ... Hilbert’s for was of Logic. However, 1899 book, his Program, as 1900 of ofEuclid’s Riemann’s, for sure, Connes’ subsystems of [Simpson, "strength", for misses of for of of XX century, is6 of as was proposed by 7 proofs of of use proof as by is - - as [Longo, 2002]. is

- - (or exponent), process does course, isof of steps or head, 0 or 1 on adiscussions you process, does on In so for Physics, is as is is by clock. Now, Physics, is as goes Newton’s absolutes. by of is us steps towards of and, thus, how work has of of Programming,on software. software, up has for on basisof proposed by his (Turing’s Church’s issues of of and, by this, (or for asynchronous of sections, (or of or states), of Physics, proposed forms of do on say least, as of or as of of possibly asynchronousIn few decades, born of Hilbert), bypossibly processes no vacuum, run In 60’s 70’s was stake, change, is now of

- -space. processes run First no ofborn ’30s, on functions, Church’s of author’s for of course, by few functions, or steps, Thus, is orof composed. In processes (or oris by process results, processes so: In of only, system, e.g. of system, is is should no is Suppose you two processes, . In system, you possibility.now two borders go, (0,0), resource, good of is by now as of when process goes areservations). (i.e. crossing a hole).of steps in. of (as as processes). is surprising work by Serre, Geometry, iscourse, as way it, isby of by y(as above, parenthesis). of (or

- -of now that, of vs. changes, frame, onesas of aclass, results, of [Goubault, 2000]).of of of no . Not issue of discussion. on of on paths, is or unique, is or issues ofis is "observable". In short, systems tasks, posed. I of way classes, missing. as of fact, is when of today. is so slow as go 30 Thus, system, of systems), problems, as for is obvious. does 8-9.

8on byissue of - of ... - is lessas myth". systems as of of as systems", Theory. course, Concurrency, for 9

- -space, world isit, - ones, of of is change, answers, 3. Living in space and time is here, life, man. for on Sirius, or for sorts of computers, is ecosystem, of memory). on onof XVIIIth, d’automates" functions. our view, on life, is Biology, as on History. is, ourof cannot, as is, aof required, so far, ofanalysis, such as our of History. synthesis ison posed bythem. of of - of should our minds, as is towards of such as on of⁄. 2.1). functions, we of is today’s systems for no see ⁄. 2.1. And yet, by recursion, is expressive. of two bodies, by Newton’s of two more, systems

- -orbits, as by Kepler. If you four by ofPoincar�, behavior, as new space, emerges, no way new "four of or of rules, systems for orsystems, is required. ofof when of of few or of few bodies. If or of two no way or by system, such as a course, of (or should ... of Hilbert’s 1899 book. is and, yet, show of [Longo, 2002] for aHowever, is life, we agrasp of systems few laws of processes by signals, by ... forms of structures", of or few is for (and, yet, we goodfor for of - flows borders, is 1996] - etc.).Now, discussing is of ofof systems as [Brown, 1994], al., 1991] for applies. growth physical, as for For the purposes of this discussion, let’s view living as of two(cells), groups of anew unity). In al., 1993], is that,

- -found organs, of systems. is, cases, by organs, Note, cells, first, sort of of of used frames, two when changes, 3.1 Multiscale phenomena and the mathematical complexity of the neural systemfunctions, we Neurons first, of on of proteins. of channels), of ions neuron. role, oflife, is scale, of as whole. should neurons as six dimensions, plus ofresponse profile. is rough neurons, asneurons as of neurons of cortex. response has of gaussian, (or of oddof gaussian, as sort of contrasts). of field. In aof field,or curb. or by of neurons

- -al., 1991]). And, on, of of assemblies.... ofis However, of is of of of response profile, of assemblies, of neurons. goes levels, of thus is for we systems, life. on function,shapes of proteins...) endeavors, is as functions. of fall-outs. above, of of us for of strings of symbols, 4. Theories Vs Modelsis Logic, Models. isuseful, so far. In Physics is sharp has nature. ofby few Theories, instead, Rutherford’s is orTheory. is cases, Theories, is used as afor by laws as as possible. description’s (as vs. is asas soon as is "facts", as of up instruments, of of ⁄.1

- -is no such as or on few sparks, on screen, Theory. as of is as well, when ofIt is not so in Biology. First, contours, membranes of cells, say, there, drawn by us, by as of planets). course, Biology, given, is of is etc.rates, ... of is Soon or often, isscales, of of model. Thus, of us should propose Theory, Edelman’s for is another. focus pose Biology, as is Physics, is by by orof Biology. Thus, of ofso far.so for 200 of birds ([Gould, 1989]). How you is any, or as with, let’s another,

- -In Physics, we know how as as By (on of of state). species, state", of of is when In short, we as we on we do well. so do species. is no such as or and, by ones above. of is of phases draw described. on other, of as as orsay, new should dynamics, "swing" spaces. How of ⁄. 3 it), of grow by proposing novel , as by sense of ⁄. 1) or newbelow). And, asstressed in [Parrini, 1995], nor of10.used of EPR[Ghirardi, 1997]). For of was of Physicists (Bell, ...) is so: is non-

10 analysis, say, is of "new symbols" or for — whose of of of is of [Longo, 1999]. should as for Grothendieck’s ToposesThom’s [Patras, 2001] for

- -non Or, is roots for say is In sense, Physics is "scales", (microphysics, systems is soundly autonomy, of beings, forof or is issue. Physics, new is of ⁄.1, we used how we propose should us rigorous of use ofw. r. approaches, is so. should us, is (oror you Physics of systems or as of does microphysics). is God given, nor is today’s or Newton universes, use of by of on tools, Euclid’s axioms, use course, was History, ideas, of swung by work by Gauss’ Riemann’s Geometry, Geometry. of or by we draw on bycontours. This, I isfor Biology, as 5. Conclusion: epistemological and mathematical projects

- -I now work side, other, of has of (Hilbert’s is forms of knowledge, such as Physics of Life, 5.1 Epistemologyhas places, ⁄. 1.4. of of is towards XX of on of formalisms), would now of is or is wrong. Consider, say, orsystems. by as Church-Rosser is as soon as you is11.of processes us propose structures, of proofs. us world, on world, by being, History, for Biology, as by us. of should

11 for as soon as expressivity, of of orders al., 1989]), thus of or (of nature, [Longo, 2002]). non-obvious theorems. for or hasend, of proof of of functionals (see [Longo&Moggi, 1984], [Longo, 2001a]).

- -on used stress "autonomy", In of us forms of or terms, is ofof Geometry,by was by perhaps, by Connes’). of sciences. should of researches. is do so Biology). of of by tools. on is of aof for of or5.2 Geometry in InformationIn ⁄. 2, we on "codings". Hilbert’s of G�del’s is first, of was as of of Theory, by of numberings. of world of supposed "pass codings", or Shannon of on Turing’s as of 0 1’s or whatever. results). As times, us ofas required,is slow. as is of our memory, of our of ones, [Longo, 2001]). is

- -unreliable ... for purposes, storing, of or of Mozart’s concerts. meanings, forms, harmonies, emotions.... The claim, here, is that processes onbroad, of as codings", conjunction to Girard’s work (⁄. 2). of code, for a(R), by Cantor’s of (0.a1a2a3 ..., ...) is 0.a1b1a2b2a3b3 ...). is aconstruct, misses of space, as of is is is, is Cantor’s coding. Or, (neighborhood, ...) lost. is "coding". Girard’s Proof Theory, of of proofs, as as of it, is broader. of on ais as as Ponens, proof. of of is misses proofs; as as rule. Nature, as [Weyl, of patterns ([Berthoz, 1997]).is of as for proposal). of of systems ideas. In sense, isof Nets. is of ofof of points, of of is Thom’s Philosophy of drop of wax or ais is by forces, when water. morphogenes, "do by on grounds of discussed, oforgans,

- -as models, do for as Thom’s of life. is, on side, weof life, such as function, analysis. other, we w. r. Nets approach, 1987] for as growth has of sort, of of aof forms, whose is scales, structures, ofcourse, of of should on of fashion. by Thom, of or of measure, frame, shouldevolutions. shouldon grounds of wants preserve. orof is is such Geometry. it, of of Just view point, possibly of method, w.r. to the 0 and 1 or thresholds’ paradigms.of of of Shannon, whose changing our world.5.3 Geometric Forms and Meaningon such In life, of) forms meaningful. Or, forms or oror reproducing. For or is The signal’s is way And neurons, as cells, have a six form, of response profile, Thus, signal, one, is for neuron, way or by Then, networks of neurons, of etc., by of non-

- -fashion, as ⁄. 3, no way of spikesof net. for is (as of of life. has and, for humans, of it. is of of is forms of of is of scales, up of our Sciences, consists go up down, another, aby of methods, of History. on other, was proposed, we languages. is strings of is problem, of course, forof 1’s or instead, when or meanings, harmonies, ... systems Thus, forms is of ofsense, up our beings, as of In few years, two working groups (CeSEF, on Cognition�, has discuss Physics, Philosophy. I work discussions versions of Longo’s http://www.di.ens.fr/users/longo

- -Aceto L., V., G. (eds.) The difference between Turing Computability Concurrent Systems Special issue, Mathematical Structures in Computer ,Cambridge U.P., to appear, 2002.S., K., Methods of Information , ofby D. Harada), (AMS) and Oxford University Press, 2000.Asperti A., Longo G. Categories, Types and Structures, M.I.T. Press, 1991.Bahsoun J., J. D. (eds) Proof Theory of Concurrent Oriented , Mathematical Structures in , Cambridge U.P., vol. 9, n. 3, 1999.F. L’anneau des , Revue Internationale , vol. 5, n. 3, 1991.F., F., R. Biology", Biotheoretica 41, 3-11, 1993.F., F., R. un pour La biologie th�orique a , 65-94, 1994.H. The lambda calculus: its syntax and , NorthHolland, 1984. Le sens du , Od. transl., U.P.; trad.

Bottazzini U., , Le Scienze, 1999.U., R., Riemann’s d’Histoire des Math�matiques n. 1, 3-38, 1995.Boi L. Le probl�me math�matique de l’espace, Springer, 1995.Brown J.H., West G. Scaling in Biology, Santa Fe Institute Publication, 1999.Connes A. Non-commutative Geometry, Academic Press, 1994.Edelman G. Neural Darwinism, Basic Books, 1987.G. A Universe of Consciousness. How Matter Becomes ,Basic Books, 2000.M., N., V., E. Proceedings the IEEEE, 84, n. 4, p. 639 - 669, 1996G., of Forms Plane", Papers on Mathematics, Logic and , McGuiness, B. (ed.), Blackwell, Oxford (1984), 1873.Frege G. The Foundations of Arithmetic, 1884 (english transl. Evanston, 1980).Ghirardi G.-C. Un’occhiata alle Carte di Dio, Il Saggiatore, 1997.

- -Gilbert H. "Horizontal integration and cortical dynamics", , 9, p. 1-13, 1992Girard J.Y., Lafont Y., Taylor R. Proofs and Types, Cambridge University Press, 1989.J.-Y. Locus , issue, Mathematical Structures in , Cambridge U.P., vol.11, n.3, 2001.E. (ed.) Geometry in , issue, Mathematical Structures Computer Science, Cambridge U.P., vol.10, n.4, 2000.Gould S. J. The Panda’s Thumb, WW. Norton, 1982.Gould S. J. Wonderful Life, WW. Norton, 1989.Heath T.L. The Thirteen Books of Euclid’s Elements, Cambridge Univ. Press, 1908.G. on Philosophia Scientiae J., Krogh A. R. Introduction to the Theory of Neural ,Hilbert, Les fondements de la g�om�trie, 1899 (trad. fran., Dunod, 1971).Husserl E., The origin of Geometry, 1933.Jennings C., S. Computational Approaches to Brain , , Suppl., vol. 3, November 2000.types" Journal of Symbolic Logic, 49 (4), 1319 - 1332, 1984.Longo G., Milsted K. and Soloviev S., of the polymorphic Lambda-calculus" Theor. Comp. Sci. vol. 121, 1993.G., J., B. Cognition, available on http://www.di.ens.fr/users/longo , 1999.G. Journal Consciousness Studies, special issue on Cognition, vol. 6, 11-12, 1999.G. Le R�el en , Longo G. "Some Topologies for Computations" invited lecture, colloque G�om�trie au si�cle: 1930 - 2000, Paris, September 2001a (to appear).Proofs Types , (GB), Lecture Notes Computer Science, vol. 2277, Springer, 2002.Nabonnand P. "Les recherches sur l’oeuvre de Poincar�", Gazette des Math�maticiens, n. P. Poincar�", dansLa revue d’Histoire des Math�matiques, 2001.

- -T.F., G.A., E.R. Fractals in Biology and ,Birkhauser, 1994.Parrini P. Conoscenza e Realta’, Laterza, 1995.Patras F. La pens�e math�matique contemporaine, Press Univ. de France, 2001.G., of of J. Theor. Biology, 99, p. 509 — 552, 1987J., F., B. Roy J.-M. Naturalizing Phenomenology: issues comtemporary Phenomenology and Cognitive , (J. al., eds)Stanford U.P., 1999.J. Rapport , Polytechnique, 2000.Poincar� H. La Science et l’Hypoth�se, Flammarion, Paris, 1902.Poincar� H. La valeur de la Science, Flammarion, Paris, 1905.Poincar� H. Science et M�thode, Flammarion, Paris, 1908.Poincar� H. Derni�res Pens�es, Flamarion, Paris, 1913.basis of Geometry", 1854 transl. by NatureSimpson , S. Subsystems of second order arithmetic, Springer, 1999.J. Frege’s of , n. vol. 102, March 1995.of XIX de Synth�se, � para�tre, 2002.Thom R. Stabilit� structurelle et Morphog�n�se, Benjamin, Paris, 1972.Thom R. Apologie du Logos, Hachette, 1990.F. of Consciousness" al., 1999].Weyl H. Das Kontinuum, 1918.H. on Hilbert’s on of [1927] van Heijenoort J., From Frege to Goedel, 1967.H. Philosophy of Mathematics and of Natural , 1927 Princeton University Press, Princeton, New Jersey, 1949).Weyl H. , Princeton University Press, 1952.