1The Lambda-Calculus:connections to higher type Recursion Theory,Proof-Theory, Category Theory1Giuseppe LongoDipartimento di Informatica, Universit� di Pisaof las of for of (Church[1932-3]). Church’s of Hilbert’s school, whose was of In years, though, growth of Theory, soon power of lof functions. himself,Turing, proposed his welknown "Thesis", is power of systems for issue of as by however, of on of systems methods, on suggests is no of - Brouwer nowadays that, as as we do we onChurch’s Thesis, provided that its use is Namely, is do we when working Inso ! ). Church’s Thesis. book on Theory, for use of Church’s Thesis, isis on of

1 A short course in -calculus, University of Rome I, Spring 1998˚; these notes are based on an lecture delivered at the Conference, 50 years" Zeiss (NL), June 1986 Church’s Formal Theory of Functions and Functionals, published in Annals Pure Appl. Logic, 40: 133, 1988).

2whose is reader.use of by frequent,area. "non of view, of of say, ofhas do, though, Church’s soon go towards of Church, is should asof as is of Numbers. as of stressed by survey of Theory, Proof Theory. of proposed of of as asby Frege’s theory, Church’s of postulates", Martin-L�f’s was on of mind, onon of are, of was two ways, of topic. Firstly, by of calculus (see Curry&al[1958,1972] or ⁄.3). Secondly, by types, For while, strong of of book of theory. few years, of

3of area. Inofon Proof Theory, on (Reynolds[1974], as errors is of few of (Gordon&al[1979], Nordstrom[1981], sound "dimensions", of is used for of as Programming. point, of whose success is of fact, for goes of of by or or offounders of -on of theory". By field, such as Church-Rosser’s or B�hm’s or on of system. is area, as l-calculus, for is of should case, is that,is has as of of function, thus, of By by discussed below, should no as of is of as

4on them, as sense of stressed asfor of aof sets, sense ofsets subsets of⁄3, us theories, ⁄4, and, models, ⁄5. In ⁄5sets four (plus for Thus, Scott[II-1980], say, found II, is group. Aof of was 1. From g�del-numberings to higher types. w of g(x,y) | usual, (P)R on 1.1 below is based.us PR is PR . now (1) is use fi C

5 n , of functions C(n+1)

˝ C C , Functionals, by C

˝ C C(n) .1.1 Definition (HPEF; Longo[I-1982]). (i) f : Cfi . ..In 1.1, should of . However, is two of HPEF: of pairs". for (2) C(n)xC(n) @ C(n) found sense of 3.5, suffice). understand, 1.2 Definition. Let U be a set and F

˝ U. Then < , > : UxU U is an acceptable pairing w.r.t. 1) $ p1 , p2˛F "x1,x2˛U pi (<x1,x2>) = xi (pi total).Thus we n w.r.t. is weassumed at type 0, the numbers, w.r.t. type 1 , functions. types as well.Remark (s-m-n theorem): for any g�del-numbering f1 : w fiC(1) , one hasC$f C f = f1of. n $ffnofn. Thus,

6 (4) work of morphisms. good for Malcev’s EN of sets1.3 Definition. The Category has as pairs

A =), where A is a set and :w fi A is a surjective map. are defined by

A ,B ] iff R f¡ A = eB¡ is has properties. For byusing of numbers. However, we as by HPEF, we kinds of objects, such as is no way ofof two , wants ofi.e. EN[

A ·B ,C ] EN[

A ,C ]. Consider, say, w = ,id) as set. Then, EN[ w ,w ] = R. is

R =(R,e), one has EN[ w xw ,w ] EN[ w ,R ], as would of R, is or, preferred, RRof EN of . we HPEF for. Scott’s was offunctions, was as Theory, by of Scott[I-1970,1976,1982], surveys is used, way, given, on of is, sets subset of X use

7(Compact) x˛Xo iff , for all directed subset D of X , xsupD implies $d˛D xd. is for aby inclusion. By as orThen (X,X,) is iff, for all xX , = x } is x =sup ^x . A directed complete poset, cpo, (X,) is bounded complete iff subset of is ›˛1.4 Definition. Let

X = ,£) be a domain. The Scott topology s on

X is given the base { / xo .o , by , bound Xo , smaller than x .of o sets (of numbers). is, domain ,) is effectively isbound o1.5 Definition.

X c = (X,) is a Constructive Domain iff there exists

X = (X,X,) such that XX and, for any directed subset D of X , one has:x˛Xc iff {n / eo(n)x} is a recursively enumerable set1.5,

X = ,), is (up

X sets of

X c = (X,) is subsets of (use for of e00(m)). By property, r.e. sets for

8o,jo of , by graph, :

X has ,say, as ˘ is directed. By this, w = (w, , is

X , eis as However, such

X (Poset) ( xy � ( xA � yA ) ) .of of sets, when exist. usual, pontwise. more basic than others: consider, say, for xo˛Xo and yo˛Yo , xoyo(x) = xx yo By sups of of functions, say. e’ of o ={ fCont(X,Y) / {n / e’(n) f } is r.e.}.1.6 If

X )

Y ) domains, , , e’, ) is a Constructive Domain. Moreover, if f , thenc c .)Cont(X,Y)c , when Xc1.7 The CD of morphisms CD[A,B] = Cont[A,B]c , is Cartesian Closed.

BX , is obvious

9for 1.7), for of however, of sets (or of1.8 Remark. In subposet of it), sets manysubsets. This is if of effective Indeed,

X 1 with of

X ,X then, for , 0 is infinite. This understood, by

Recently, following Scott’s domains, of subsets of powersets only functions, which of As type x ^x . functions some with Theory, his moreover, is given functions This seems suggest type explored, 1.10 of Malcev’s .is so ison functions, , of awhen is continuous, i.e. sup{f(^x)} ) f is (X,e) , { A˝X is r.e.} requiremennts for a topological base. Call the induced topology the Malcev-Ershov 1.9 Lemma (Generalized Rice-Shapiro Theorem). Let

X ,) . Then Scott topology on (X,) coincides with the Malcev-Ershov topology on (X,e).

has do above, say, non is , does . turns continuous, w.r.t. this topology, just by an obvious of an r.e. set by a is r.e.). proof of 1.9 found 1984] or Rosolini[II-1986]. In discussion is on sound for proof of is is Hyland[II-1982], of 1.9 is topology, isas structure, is by of of, as numbered sets.for functions. Namely, (X,e) (Y,e’) as (X,e) (Y,e’) as 1.10 Theorem (Generalized Myhill-Shepherdson). The CCC is a full subCategory of .(

X ,YX ,Y ] f is by domains and, thus, of for1.9 or 1.0, of obvious of inclusion. !.9 for of is of as CD such as

X @

X Smyth[I-1977], Kanda[I-1979],

(2) (4) 1.11 below). .

of ,P (n) ) . c n } functions, as P=PR . 1.11 Theorem. For all n>1,c 2) C(n) @ in .)cn˛C C$fn˛Cjo fn.

proof goes by by use of 1.10 found From 1.11(2) follows (n) @ is w.r.t C, in the sense of 1.2.by HPEF by tools, no use, of orwhatsoever. However, for above). In sense, say Longo[1984]). Second, Ershov of isPR of it. way of is Ershov[I-1976] Moggi[I-1984].1.12 Remark (Why are the HPEF partial ?). Indeed, definition 1.1 begins with PR which is However functions defined, thus maps in C, C etc. Why do we soundly Of course, of the morphisms : they morphisms well, we they type At is very empty terms. isof morphisms, sense of "possibly

for for definition). In , may by isomorphismCT[A,B^] @ C[A,B] , where CT are the total morphisms. This simply says that with B ones with . Inan object B is iff , i.e. B is of The is amorphism. is now with obvious of morphism 2. From countable to subcountable sets of was of EN as for purposes of⁄1, sets soundly ; as we R of functions. In sensethough, say R , is i.e. by subsets of .thus, ofon Indeed, now

A of w , where n

A sets

AB , R [

] , as f’

A is n

A �B f’(m). suggests way .

(Quot.) p

BA pB (m) .

A is a partial equivalence relation on , as it is defined on a of . Indeed, for

A ,B non

B = {p p

B } , (i.e.

B AA

A : C (or partial ) conversely). new w .2.1 Definition. The category M of partial equivalence relations on modest ) of modulo Given

A )

B =(B,pBA , pB f[

] iff PR f = pf’ .˛M[

�AB [A ,B by subset of w

B A p(i) = f iff f� pA= pB� ji .By this, one obtains, for of R = w by

.2.2 Theorem. is a CCC and includes EN as a full subCartesian Category.Indeed, prove, by using 1.10 , ENM CD into M. for purposes of Proof Girard[III-1972] and ⁄.5 below). of , on lHindley[1983], Coppo[1984], 2.3 . PR R ways. R PR while we looking

^ following fordomains, on of 1.5); ^ , by of r.e. non By of PR s-m-n aweakly whose was for of discussion 1.2 1.3). Note way of which gives of PR, is for of 1.9 gives of which and, hence, 3. The formal theory of functionsofon ground of data. was on sets, of for of for we assumed. work has of new proposed. It of we on of symbolss, t˛ � sfit, s·t˛ .3.1 Definition (Typed -terms). x (variable of type s )(MNs)t , N)s .

3.2 Definition (Typed -calculus with surjective pairing). The axioms of : (b) (lxst)Ns = [Ns/xst(h) lxstxs = Mt (fst) fst(M) = Ms(snd) snd(M, N = N (SP) (fst(M), )) = M .for is "=" as a for sets, needed, In spaces, sound for3.3 Theorem (Types-as-objects). The models of are exactly the (concrete) CCC’s.found Thus, we for functions, we Functions, . of cube, numbers....) way, are many more CCC’s than CD or . However, of Indeed, when first of fortypes. is, SP is by does (SP) was as ofCurry on how a

3.4 Definition (Combinatory Logic, CL). Terms of CL are variables x, y...S, K(MN) .(KM)N = M((SP)Q)R = (PR)(QR) . obvious for "=", turns [x]x = (SK)K[x]y = Ky for yx[x](MN) = S([x]M)([x]N) . x , or, x is not free in lx.M). But now comes the rub. In was by we of Curry’s , operator, lbhY of by(Church&Rosser[1936]). However, is ) , as of terms. Indeed, use ) of of Kleene’s ) , of CCC 2.1 CCC f˛D[A,AA..b = f(a)(b).3.5 Definition. Given objects A and B in a category , a from B into A is˛˛�BA morphism

C[A,B] is principal if C[A,B] C[A,A] f �g . Isomorphisms " well3.6 Theorem. Let be a CCC and A an object of . Then(1) AA @ A � A is a model of (2) A A � A is a model of (3) $p˛A] principal and A·A < A � A is a model of CL . (1) A is a model of � AA A in A(2) A is a model of � A A in A(3) A is a model of CL � p] principal and AA < A in . < lb .of (1) (2) 3.6 is Berry[II-1979], Koymans[II-1982] (as usual, though, for is In CCC was given, of 3.7 Remarkarrows", sense of Theory, is no g 3.5 isunique. The may morphisms key on of type is some Theory type of PR . The (n.5) 1.2 gives CC of for of proof of 1.11, work on isis no known of of is a

In words, known sense of 3.6(2). course, of PR is is CD ), as ^^< w^ isclearly lost, in . of such would shed on for of ·3.6 of lb, lbh. 3.3, instead, (plus SP). Indeed, has categorical meaning: CCC’s, were C[AxB,C] @ ] is C[AxB,C] < ] , case. as of such or3.6(2-3) hold. Conversely, (A,.) A..type, and, terms, Curry, issound w.r.t. of by AHindley[1983], Coppo[1984] or Inis shown by of 3.8 (Some As may we afrom A followed mayfor functions extenso, such Phisics, known Curry’s of Theory Even if mind, of was

However, of example, Church’s of Theory, l-of new A @ models, say, which nonturn, models of SP is proofs of lbh , by is given forsystems: is given by Logic, of "fi" The of However, of is of of 4. From higher types to higher orderworking of c.p.o., say) or sets or ofsets c.p.o.’s element...). In of byIn we for (i.e. x.... ) was w.r.t. ground so on, type. as of thus, as is setsof a given type.However, we . Indeed, is as type schemata: e.g. the identity lx.x has type schema afia , i.e. lx.x has type sfis for by a use of suggest

), whose is below, is of system " Girard[III-1972]. The F was for purposes of as of as well. of for us and, once, of Tpfor of ) types, of or Terms: = Tp | Atomic | var | (aa) | ( | (var:a.a ) for or itself, | .Well formed assignments: (x:A) stands for {(x:A)} ; is an ordered list. .ass.2 ___________________________ ass.3 ________________ by ass.2, A:Tp) or to be ass.3, ” Tp). applies, Typing rules:

_____________________ (types’ quantification) C.3 ____________________(abstraction or intro )C.4 (application or -elim )C.5 ____________________ (conversion for types) . If xFV(B) , set A fi B ” "A.B . has on terms, as we F (by 4.1). of _______________

is basis for ok by by ass.2, ),..., (x)} is ok and xi) , then x = xj , for some j < i .The congruence relation "=" above is derived by the following conversion rules.) ) C.1 on C.2 is rule. If is (i.e. C.2 C.4 rules, astype. (i.e. Tp), Now, two follow. we x:Tp.B (i.e. x:Tp.B):Tp), is defined, of layers, , .... In short, for , , ("1 , while ("12 and so on.C.3 C.4 us how behave. In" asonof for as for proof of rules, such as C.2,

l , say, is an effective proof of x:A.B , as, (proof) b of , aversion, of of Coquand&Huet[III-1985], work by of i.e. (Girard[III-1972], Coquand[III-1985]). proof of as of correspondson of proofProof Theory, as follows. ______________________________ (reduces toBy looking at terms, the above reduction rule for types (propositions) corresponds toblObserve that, if xˇFV(B) (and A„Tp), one obtains exactly Gentzen-Prawitz rule:______________________________ (

reduces toAgain, this corresponds to (lx:A. b)a > [a/x]b , which is exactly classical b4.2 (Second order) typed have a normal form(actually, they Strongly Normalize).4.3 Corollary. Any deduction can be reduced to a normal deduction[i.e. where (intro) and (-elim) are not used sequentially]There are two more very relevant results which relate -calculus and Proof Theory, this framework. One is concerned with the computational expressiveness l2 other is a "concrete" independence result.4.4 Theorem. (Girard[III-1972]) Let f : w fi w . ThenPA2 |-- "x$� L2Thus exactly the recursive functions which are provably total in PA2 are definable l2 .independence, observe the normalization property in 4.2 ), can be formalized in PA2 and, by very theorem, is true in the standard 4.5 Theorem. PA2 (The

in (Girard[III-1972]) is given by showing that 2 l2) Cons(PA2) ) .proof the independence result is very informative, as also guaranties (truth of the) consistency of PA . However, a simpler one may be given, based on 4.4. Define then the function b’ course, modulo g�delization this is a number theoretic map and a function or "interpeter" in the sense programming. Assume now PA2 Norm(l22 |-- "x$yFby F would L-

definable, which is impossible, by the usual diagonal argument.. One the earliest and relevant contributions the connection -calculus, higher type Recursion Theory, Proof Theory has been omitted here: namely, G�del’s system T in his [1958]. It may suffice say the in Girard[1972] may be viewed as an extension to Analysis (PA) of G�del’s work An introductory account to G�del[1958] may be found in Hindley&Seldin[1986].5. Constructive Domains and Modest Sets as models for .forof ; ⁄.1) was byway l-calculus, of of CCC’s; ⁄.3). of In this section, we see how those structures, CD and M, yield also models for l2 .is order, up C.2, C.3, C.4). In morphisms. In has ("x:Tp.B):Tp , i.e. has x:Tp.B) , isnon for structure. In of Tp, i.e. x:Tp.B) such as (lof C.2, and C.4).The first model, over , by of of) is on on aof Moggi, who of , as

The Constructive Finitary Projection Model for ), is, by such < U . of such U say, of Scott’s maps, pointwise. is of was by Scott[II-1980b]). usual, we a5.1 Definition. Let A , B be constructive domains. ) is a projection f ˛ = idA, id

˙Note that a projection pair is more than a retraction pair in the sense of ⁄.3.5.5.2 Definition. Let A , B be constructive domains such that AB and = £B ØA. f is a iff for all b B, fB ˛ff

— if is onto.Thus a projection is a retraction less or equal to the identity.is easy show

˙ and

— are reflexive and transitive (although

˙ iṡ@— B .Next we show how define a constructive domain which represents a collection ofconstructive domains. This will be done by taking as constructive domains the of a particular class of projections.5.3 . projection in CD is said be the range is adomain (and thus a constructive domain).

We note here that essentially all projection pairs which normally arise are finitary. Weare now ready define the constructive domain which will represent the type types, that is the domain of the Constructive Finitary Projections.5.4 . Let be a constructive domain such U U

˙ U Then U = { CD[U,U] | is a finitary projection}.U as in 5.4 exists by the effective construction recalled above, which gives @ . One may also find an object U which satisfies U U

˙ U take,the constructive part the model" in Barendregt&al[1983] and variant If U is obvious from the context then we write simply . U as in the 5.5 Theorem. (i) CFP is a constructive domain.

— jThe constructive domains we will be interested in are the subdomains U by 5.5(ii), there is a one-to-one correspondence between elements constructive domains

— . Thus represents the collection of subdomains U. Somewhat surprisingly, can be isomorphically embedded as a subdomain of U .5.6 Lemma. CFP

— U and hence CFP

˙ .Proof hint: Define ] by Clearly f(g) g and if g then Thus ) ˚ ˚ range(f) since is consistently complete w.r.t. CD[]. Therefore

— U

˙ U by transitivity. DLet now U, UU] be the projection pair into U CFP = {Y(f) / f˛CFPCFP within U . there is no ambiguity we identify and CFP .5.7 Corollary. There exists pCFP such that range(p) = CFP.Types will be interpreted by finitary projections. More precisely, types are of

finitary projections. Note first that finitary projections are particular retractions, and ,˛Uru the fixed points. finitary projections and their ranges tidily relate, by the following fact.5.8 Proposition. Let f,g ˛ CFP. Then f g iff range(f) ˝ range(g) .are now ready define our second order model. sketch how types: details about the interpretation may be found in Amadio&al[II-1986] or asimpler syntactic translation, sufficient the guidelines the interpretation, may seen in Amadio&Longo[1986].Recall that we interpret Tp by equivalently, by p Ground types booleans..., given in the theory) are interpreted as subdomains U which is enough this purpose, since is a model lb order give an explanation on how to interpret higher types, we mix up syntax and semantics; the informal lambda notation functions. The key point is in all interpretations oftypes as retractions, is interpreted by a ˛ ) equivalently, by a Aa ,where the retraction A interprets type The definitions and elementary notions in Category Theory (see Scott[I-1976,II-1980b], is just a special case by discuss this simple via then as a "subtype" ofidentified with (i,j) by some abuse language, since categories do need have points or elements, may be identified with the fixed points j range of ij, which is a retraction).If C is a CCC, let CA be the exponent of C and in ; then, is a Bvia (i’,j’) and C is a retract of D via (i,j), one hasCA is a retract of DB via (lx.i�x�j’, lx.j�x�i’) .Indeed, i’) is a retraction and fixed points may be identified CA as a subtype DB other words, one writes j and j’ then Acoincides with r�x�s s) where and lx.r�x�s are In our case, over the type-free universe U , if (i,j) and (i’,j’) are projection pairs, also j’, i’) is and thus and lx.r�x�s are all finitary whose ranges are subdomains of .Thus, if types A and C are interpreted as finitary projections A and C , one has:

( Interpret.) AC is interpreted as A (or its range)."meaning is thatterms which have an applicative behaviour (-abstractions) can be only applied termsthe intended imput type in the rule). The idea, in models where types retractions, is interpret those as functions which coerce each input be right type. That is, l�A , where f depends on a .As for rule C.4, the intuition is that a has type a is a function which any b in (the range of) A into an element ab of (the range Since types particular retractions, this means ab is a fixed point of [b/x]B :lx.BA ab = (lx.B)(AAb)) .Observe now that a be a -abstraction, by is interpreted by for� coerces argument b be in (the range the retraction one may abstract (generalize) w.r.t. b : Indeed, ( turns out be a retraction, when and "point the The informal argument above shows soundly as we derived exactly the intended meaning universal as dependent product, i.e. as PA([b/x]B) . This may be summarized as follows:5.9 Theorem. CFP is a CCC. Moreover, for A,B CFP , one has.A category-theoretic understanding of this may be found in Seely[1986]. In conclusion:

( Interpret.) x:A.B is interpreted as t)) (or its range). is a special case " Interpret.) one may easily check by -reduction a side remark, p pp the model also interprets an extension the given language by i.e.the collection of types is a type (see Amadio&Longo[1986] for a discussion).. In Amadio&Longo[1986] a simple extension p of is proposed, can be easily "interpreted" (or translated). Add this a constant symbol jointly with the following two axioms and rule:pp = pClearly, p is directly inspired by semantics and provides a very simple for l2, by the translation described above. However, is not a mathematical for p and p is not Church-Rosser (more precisely, there is no simple of p to a CR reduction system, Amadio&Longo[1986]). p is consistent; it should even be conservative over .The Modest or HEO The cartesian closed extension the category numbered has defined in ⁄.2. In that category, types are interpreted as quotient subsets of w .In Girard[III-1972] and Troelstra[1973c] some hints are given on how build a in : the model. Second order are interpreted by erasing from them and universally quantified types are interpreted as intersections. then, information is lost and no apparent connection is given intersection and the natural interpretation universally quantified types as products. This is not a criticism early work, because pioneering second because some deep mathematical intuition was already present also in thatsketchy model construction: example, in Girard[1972], are more interpreted as pairs (type-free Surprisingly enough this is sufficient torecover the information preserved in the interpretation summarized below, since may easily prove the interpretation a typed is the equivalence class itstype (a quotient set), which contains that term, as pointed out below. 1986Tp] suggested how to turn the into a fully satisfying model of .Remark (Some more references) We refer to Moggi’s version this result, which not been fully written down (see the conclusion on how the discussion started elettronic mail). However, since Moggi mentioned have proved the completeness" the closure under all limits) within the topos in 5.12, other relevant categories, in the same framework, have been shown be complete by Martin Hyland, Pino Rosolini, Dana Scott. (Hyland’s lecture in this should present a broader and less elementary account this the reader recommended refer a more category-theoretic oriented presentation. Freyd and Carboni recently devised a generalization of the results below).

A = (A,pa) is an object in M, write

AmAn} the equivalence class n

A,Btypes are interpreted by (quotient will be elements i.e.equivalence classes: for

A interpreting A, a is an equivalence class in

AaAxMore precisely, A is interpreted as

B and universally quantified types

" the collection of types: the crucial, impredicative case. For the other case see 5.10.2.keep using an informal -notation functions and -notation function (not necessarily formal terms and types).Note may be understood as "(l where is aM, "fi each function l xBa an object all have to do is to find a meaning in to least each formally definable

AClearly, (f) is a partial equivalence relation. Thus,

( Interpret.) x:Tp.B is interpreted as

xB5.10 Remark. 1 - (f) = ˙

A"ABwhich collapses to (Quot) of ⁄.2, if xˇFV(B) .An other key point, formalized in rule is type may applied to a type: thus, elements of (f) , that is equivalence classes, must be to quotient sets, that is to collections of equivalence classes.5.11 Definition (Moggi; Polymorphic application). Let f : ObM Ob. Setf(

A){n}.Note that this is a good definition, since Appf depends on as " is not relevant information from f could be lost when trying to recover f(

A aim now is prove the interpretation second order types based on definition of "(f) above, i.e. as intersection, preserves the naive mathematical one would attach namely, corresponds a product indexed over interpretation other words, a suitable framework, or category, (Iso)"(f) is (isomorphic to) �Mf(

A Clearly, (Iso) would give a strong closure property of , as (f) is trivially in Ob .The embedding in one direction is easy and true for every set-theoretic functionf : ObM fi ObM. Indeed, by 5.11, one may injectively associate to each element "l

AlA Conversely, given g

A) , by definition of dependent product, one has(1) "

A $And here is the key point. In order to prove that g has indeed the structure l

A){n}) ,i.e. that, for some n , g is the same as an equivalence class "(f){n}, one has the quantification in (1) and proven "

AThe observation under certain circumstances, one can actually go (1) tois independently due Hyland and Moggi and is based on the use a

constructive framework, i.e. a particular model Intuitionistic Set Theory Effective Topos (; Hyland[II-1982], Hyland&al[II-1980]). We give some hints for that structure and sketch how one can view once as afull subCCC and an of , in the sense of 5.13 below.5.12 Definition. () Objects: (A, =) , with = : A x A fi partial ;1212(i.e. total, single-valued , strict and substitutive relations).Observe now is a small category; and the collection morphisms are objects Set (they are just More formally, this amounts M is an internal , the classical category Johnstone[1977]). The nice is may be also seen as an internal category of representing the objects and the morphisms ,5.13 Theorem is a full subCCC of Eff an internal category of . (

Proof

(A, =A) ˛ ObEff. Note that (A, =A) ˛ ObEff is (isomorphic to an object) in ObM iff in this case set eA(n) = a iff n ˛(a =Aa) . Thus the embedding is full and faithful.In order to turn M into an internal category, set Mo = (X0, =0) with X0 := ObM and=0: X0 x X0 fi Pw given by (

ABAB.MoM111

ABAB111 w((

AB(A’{m},

AB,˚BBA{n} else .) D is a topos and, a model intuitionistic Logic. also satisfies, among properties, the Uniformity Principle (or K�nig’s Lemma), for M is as in 5.13:"

ĄM0 $F(

A"ĄM0 F(

Aapplying (UP) on can go (1) (This requires some work, within ; also that the isomorphism in (Iso) above depends on f .)

In the model, then, the quantification over types (or ObM), is the same as over M0 , object, now, . Moreover, we can the class functions which holds: they are just the morphisms in Eff from Mo to Mo (i.e. the internal functions). Bythis and by the Uniformity Principle the isomorphism in Eff between

A) is proved.The strong closure property , within , we have sketched, is under products indexed over is the mathematical meaning impredicative definition of second order types, over this very natural model, the w .5.14 . (Models and Intuitionistic Logic) The proof-theoretic between calculus and Intuitionistic Logic were clear since Curry-Howard remark thatthe inhabited types l-teare exactly the propositions (positive) propositional calculus. This analogy was fruitfully extended higher orders by and Martin-L�f. The relevance of the intuitionistic perspective should now be clear in the model theory -calculus. the order case, this is stressed by constructive approach we followed here, which can be framed within a approach to the semantics of Intuitionistic Logic, as shown in Rosolini[II-1986] (see MItchell&Moggi[II-1987], for an elementary, elegant use of Kripke models). the just presented, this is even more striking in the second order case. As a matter of fact, Reynolds[II-1984] is shown there is no non trivial model Girard’s second language in the category classical Set Theory is taken. words: polymorphism is not set-theoretic. the discussion above, a model may be found, provided a suitable model is taken; "polymorphism is set-theoretic".As pointed out before 3.5, the definition M may be easily relativized an (partial) model of Combinatory Logic, CL; the same applies to the definition of . Thus,instead of Kleene’s (w,.) , take a model V of type-free lb and consider and V.Given a second order term a let be the erasure a the untyped termobtained a by erasing all type information. course, er(a) may be interpreted over call meaning. induction one can easily establish following tidy connection between and the interpretation of a in V. Assume thatl2

aA{ the interpretation the typed a is the equivalence class

A(details may be found in Mitchell[1986]). the interpretation sketched in Girard 1972] contained enough information.We conclude this section by relating the various constructions above by some category-theoretic embeddings. These will only relate, by cartesian the order structures the various categories presented here, ordinary products exponents, as products indexed over different categories do not seem bear relevant connection.worked out in Amadio&al[II-1986], the construction in the part section may be performed over any Scott domain U such that

Namely, over l-model where the retraction in 3.6 is indeed a finitary projection the category domains (see when dropping the request on costructivity 5.4, call the corresponding model of . In this general case, one has that is a full subCCC of , which is a full subCCC and an internal category of U .This may be proved by putting toghether the previous work and Scott[I-1976], 1982], Longo&Moggi[II-1986].Within the constructive appoach followed here, where we began with numbers enumerations, analogue embeddings may be factorized through without the constructions of and . That is:5.15 Theorem.

fullCD full full and an i nternal

Eff .With some more work, one can look also as an internal category ; an internal subcategory of .lof issues discussedof is worth few of design, l-calculus, of i.e. of by the results in and Hyland[1976] was by ( of is as of languages. work issue of by of on by of is by of of is by nowadays up use of or for newby for purposes of proof-of ways proof-theory, topos oflanguages. For Moggi’s was as answer, byon of of languages. model, up of design, of study ofnow (Nordstrom [III-1981], new polymorphism, work of Reynolds[1985], Under as ⁄4), (deBruijn[III-1980], [III-1985]) serves as for motto, as objects", ⁄3 enough, ⁄3

in, of by of . I his me. In know on of Curien, Pino Rosolini, Moggi, Hindley, Spreen,

Thus Part is should is as as any. For uses however, 2 doesTheory, role. Ershov[I-1976]or Moggi[I-1984], say, do structures, though, of l-calculus. Finally, III of is of of of terms, found Part IH., G. [1982] of Sets," M.I.T., Lab. for Tech. Mon. 194, Fundamenta CXIX (pp. 49-62).Ershov Yu. L. [1976] C of Logic Colloquium (Gandy, Hyland eds.) North Holland, 1977.Friedman, H. [1975], Logic ed.), 453, Springer-Verlag.P., G. [1984] Information and Control 62, 1 (36-63).

A. [1979] of Proc. of LNCS 74, Springer-Verlag.Kleene S. C. [1936] "Lambda definability and recursiveness," Duke Math. J., 2, (pp. 340-353). type," f�r Mathematik E.T.H. Z�rich, 1982.Longo, G. [1984p] languages," ,Prague (Chytil, Koubek eds.), LNCS 176 , Springer- Verlag, 1984 (pp. 96-114).G., S. [1984] types, Pw of assignement," Theor. Comp. Sci. 46, 2-3 (197-218).Longo G., Moggi E. [1984] in higher types," J. Symb. Logic, vol. 49, 4 (pp. 1319-1332).D. [1984] Ph. D. Thesis, D. [1984] r.e. of sets" al. eds) LNCS Logic D. [1970] of of Ann. Princeton on Info. Syst. Sci.(pp. 169-176).Scott D. [1976] "Data types as lattices," SIAM Journal of Computing, 5 (pp. 522-587).Scott, D. [1982] "Some ordered sets in Computer Science," in Ordered Sets (Rival Ed.), Reidel.D. [1982] for version), 82, 140, Springer-Verlag).

Smyth M. [1977] "Effectively Given Domains", Theoret. Comput. Sci. 5, pp 255-272.on al. eds) LNCS Part IIT. [1983] of of Info. Tokyo Inst. Tech., n. C-49.R., K. B., G. [1986] ofIEEE Conference on Logic in Computer ,Boston, June 1986.A., G. [1986] of Semester on theory of , Berry G. [1979] des types", Doctorat, Universite’ Paris VII.of V., A.[1985] Logic , Parikh (ed.), LNCS 193, Springer-Verlag.K., G. [1985] of languages," 1985 A.C.M. Symposium on Theory of (STOC 85), Providence (R.I.) , May 1985 (pp. 263-272).Curien P.L., [1986] "Categorical Combinarors" Info.&Contr. (to appear).

Curien P.L., [1986] Categorical Combinators and Functional Programming, Pitman.P. [1983], of programs," Ph.D. Thesis, University, Goeteborg.Ph. D. Thesis, Comp. Dept., C.M.U..S. [1985] of calculus" Theor. Comp. Sci. 4.M. [1982] Topos," The Brouwer M., Johnstone P., A. [1980] Theory," Math. Proc. Camb. Phil. ,88 (205-232).Koymans K. [1982] "Models of Information and 52, pp. 306-J. [1968] " systems I. J. Math Systems Theory ,J. [1974] of Ann. Math. Logic ,J. [1980] "From andSeldin[1980], (pp. 375-402).J., P.J. [1974] of 30 (145-174).J., P.J. [1986] Introduction to higher order Categorial , University Press.

G., E. of Structures," Symposium on Semantics of Data (Khan, LNCS 173, Springer-Verlag, (pp. 235-247).G., E. [1986] morphisms, aof Dip. Pisa Math. Found. Comp. , 1984 (Chytil, Koubek eds.) LNCS 176 ,Springer-Verlag, 1984 (pp. 397-406)).for D.[1984] Ph. D. Thesis, Merton ,N. [1984] for Information and Control (to appear).G.E. (G.E. [1977] of proofs," im. V.A. SSSR (pp. 83-114).Mitchell J., Moggi E. [1987] "Kripke-style models for typed lambda caculus" LICS 87, Cornell.Moggi E. [1986Tp] Message of Jan. 1986 on Type e-mailing List.Moggi E.[1987] Ph. D. Thesis, Edinburgh, in preparation.Moggi E. [1986] "Partial Morphisms in Categories of effective objects," , to appear.A. [1986] The logic of categories of partial functions and its Obtulowicz A. [1985] "Algebra of constructions I", Information and Control (to appear)

A. , A. [1982] of vol. 9, (399-422) -Polish Scientific Publishers, Warszawa.P., M.I. [1985] Theory". Plotkin G. [1978] "T as a universal domain," J. Comp. Syst. Sci., 17 (pp. 209-236).Reynolds J. [1984], "Polymorphism is Symposium on Semantics of , (Kahn, MacQueen, Plotkin, eds.) LNCS 173, Springer-VerlagRosolini G. [1986] "Continuity and efffectiveness in Topoi" D. Phil. Thesis, Oxford University.Robinson E., Rosolini P. [1987] "Categories of partial maps" Math. Dept., Univ. of Cambridge.D. [1972] Toposes, algebraic Geometry and , ed.), SLNM 274, (pp.97-136) Springer-Verlag.Zeitschr. f. Math. logik Grundlagen d. Math. 24 (pp. 553-575).R.A.G. [1984] Math. Cambridge Phil. Soc., 95, 33, pp. 33-48.R.A.G. [1986] for M., G. [1982] of SIAM Journal of Computing 11, (pp.761-783).M. [1979] " Theoret.

(pp. 13-30).Coll. Math. , (153-165), Warszava.Part IIIP [1980] of proposition, set." The , ed. J. Barwise et al., Northe-Holland, pp. 31-59.S.F. [1987] of Andrews P.B. [1971] "Resolution in type theory". Symbolic Logic, v.36 pages 414-432.N.G. [1980] survey of Essays in Logic, Lambda Calculus, and ", J.P. J.R. Hindley, eds. Press, New York, 1980, pages 589-606.M.W.V. [1983] proof for systems of combinatory logic," JSL 48, pp. 771-76Church A. [1940] "A formalisation of the simple theory of types" JSL 5, pp. 56-58.Constable R.L. [1980] "Programs and types" 21st I.E.E.E. Symposium on Foundations ., pp 118-128.R.L., T.B., J.L. [1984] Automated Reasoning, v.1 n.3, (1984), pages 285-3236.R. L. al. [1986] Implementing Mathematics with the Nuprl Development System. Prentice-Hall.

Coquand T. [1986] "An analysis of Girard paradox", LICS 86, Boston.T., G. [1985] proof for mathematics" Report 401 INRIA, presented at 85.Curry H. B., [1930] Amer. J. 52 (pp. 509-J.Y. [1971] " Une l’analyse, son al’analyse des types". In 2nd Scandinavian , J.E. Festand, ed. North-Holland, Amsterdam, 1971, pages 63-92.Girard, J. [1972] des dans superieur," These de Doctorat d’Etat, Paris.K. [1958] des vol.12, pp.280-287.Harper R., Honsell F., Plotkin G. [1987] "A framework for defining logics" LICS 87, Cornell.Howard W. [1980] of 1980pp.479-490. (MS written in 1969).Huet G. [1986] "Formal Structures for Computation and Deduction" Lecture Notes, .T.B., R.L. [1986] Theory". InProceedings of Symposium on Logic in Computer Science, 1986, pages 237-248.J., P.J. [1980] topos," J. Pure (215-257).P. [1971] of types," Report , of of

Logic Colloqium , Rose Shepherdson(Eds.), North-Holland (73-118).In , Methodology Philosophy of Science VI, ed. L.J. Cohen et al. (eds.) North-Holland (pp. 153-175).Martin-L�f P. [1984] Intuitionistic Type Theory Bibliopolis, Napoli.D.[1984] Ph. D. Thesis, Merton ,R.P. [1980] on basis of SLNCS 87, (pp.182-194).Nordstrom B. [1981] In 1981 Conference on Functional Programming Languages and . Portsmouth, England, pages 141-153.J.P. [1978] of for -calculus," 43, (pp.643-649).Seldin J.P. [1980] " Curry’s program," In Hindley and Seldin 1980, (pp.3-34).S. [1972] "Combinators, -terms, Proof Theory". D. Netherlands, 1972.

R., G. [1986] of IFIP onFormal description of Programming (DK), North Holland, 1987 appear).H. [1984], The lambda calculus; its syntax and , H., Coppo M., M. [1983] of assignment," J. Symb. Logic 48, H., G. [1980] of ," To Curry: Essays in Combinatory Logic, Lambda-calculus and , Hindley eds.) Academic Press, London, (pp. 303-337).Beeson M.[1980] Foundations of Constructive Mathematics, Springer- Verlag.Berry G., [1978] "Stable models of typed calculi". SLNCS 62, pp.72-89.G., P.L. [1982] on Comp. Sci. 20, , Cornell.M.R., B. [1984] for modules". InSemantics of Data Types, LNCS, Vol. 173 Springer-Verlag, New York, 1-50.L. [1983] Polymorphism: The I.L., P. [1985] types,

Comp. Surveys, 17, 4.Church A. [1932-3] of for of Annals of Math. (348-349) and XXXIV (839-864).Church A., [1940] "A formalisation of the simple theory of types" J. Symb. Logic 5, pp. 56-58.Church A. [1941] The Calculi of Lambda Conversion, Univ. Press, 1963by University Microfilms Inc., Ann Arbor, Michigan, U.S.A.Church A., Rosser J.[1936] "Some properties of conversion", Trans. A.M.S. 39 (472-482).Constable R.L. and Zlatin D.R. [1984] "The type theory of PL/CV3". ACM Trans. Prog. , v.7, n.1 pages 72-93.Coppo, M. [1984] of Comp. Sci. 29 (309-324).Coppo M., M. [1979] new for terms," Archiv Math. 19, M., F., G. [1984] models," Logic Colloquium 82 Longo, eds.), North-Holland, 112, (241-262).G., P.L., M. [1985] LITP, Paris 7, Janvier 1985.Curry H. B., Hindley J. R., Seldin J. [1972] Combinatory Logic vol. II, North-Holland.A. [1985] Ph. D. Thesis, Comp. Sci. Girard J.Y.[1987] "Linear Logic", , to appear.

Gordon M., Milner R., Wadsworth C.[1979] Edindurgh LCF, LNCS 78, Springer-Verlag.van Heijenoort J. (ed.) [1967] "From Frege to G�del," Harvard University Press.Hindley, R. [1969] of Logic," , 146 (22-60).Hindley, R. [1983] "The completeness theorem for typing lambda-terms," Theor. Comp. Sci. 221-17 (also TCS 22, pp. 127-133).R., G. [1980] Zeit. Logik Grund. Math. n. 2, vol. 26 ( 289-310).R., Seldin, J. (eds.) [1980] To H.B. Curry: Essays in Combinatory Lambda calculus and formalism, Academic Press.Hindley R., Seldin J. [1986] Introduction to Combinators and Lambda-Calculus, Hyland M. [1976] of of J. London Math. Soc. 2, 12.Jones N.[1980] (ed.) Semantics-Directed Compiler Generation, LNCS 94, Springer-Verlag.Johnstone P. [1977] Topos Theory. Academic Press.D. [1983] 1oth ACM Symposium on Principles Prog. Langs., publ. ACM, (pp.88-98).Longo, G. [1983] of Theories, Expansions, Isomor-phisms," Annals Pure Applied Logic vol. 24, (153-188). Coll. on Trees in Algebra and , Cambridge University Press, 1984 (pp. 1-22).

D.B. [1986] "Using Express Structure". In 13th Symposium on Principles of Programming Languages.A. R., J., E., R. [1987] calculus" (ACM Conference on) POPL ’87 , M�nich.Meyer, A. R. Reinhold, M.B.[1986] " is not a type" , Proc. Popl 86, ACM. Journal of Computer Systems Sci., 3 (348-375).R. [1986] "Is for J. C. [1984] Symposium on Semantics Data Types (Kahn, MacQueen, Plotkin eds.),SLNCS 173, Springer-Verlag (257-278).J. C., G. [1985] POPL , Ph. D. Thesis, Comp. Sci. Dip.Odifredi P.G. [1987] Classical Recursion Theory, North-Holland.Reynolds J. [1974], "Towards a theory of structures," Colloque sur la ,LNCS 19, Springer-Verlag (pp. 408-425).Reynolds J.C. [1985] "Three approaches to type structure," SLNCS 185, (pp. 145-146).

models, philosophy," The Kleene (Barwise et al. eds.) North-Holland.Theor. Sci. 9, pp. 67-72.J. Symb. 47, 1 ,(pp. 17-26). H. Friedman’s research on found. of Math. (Harrington et al. eds), North Holland.A.S. [1973] " Notes in Math Logic, Springer 337 (pp. 171-203).A. [1973] Metamathematical investigation of Intuitionistic Arithmetic . LNM 344 , Springer-Verlag, Berlin.A.S. D. (eds) [1982] The L.E.J. Brouwer Centenary ,Turner R. [1984] Logics for Artificial Intelligence. Halsted Press (John Sons), York, 1984.-models of the lambda-calculus," S.I.A.M. J. Computing 5 (pp.488-521).