8. Formulae, Types, and Objects166Chapter 8FORMULAE, TYPES, AND OBJECTSDuring the last two decades, computer science has turned the Proof Theory of mathematical logicfrom a philosophical investigation of the foundations of human reasoning into an applied sector ofmathematics. Many important logical systems of the beginning of the 1970s, which �fifteen yearslater� proved of great relevance for computer science, were invented by logicians such as Girard,Martin-L�f and Troelstra, who were mostly interested in constructive approaches to mathematics andfoundational problems. Still in 1975, in the first pages of his book on Proof Theory, Takeutiintroduced �the formalization of the proofs of mathematics, and the investigation of the structure ofthese proofs� as a mere �fruitful method in investigating mathematics.� Moreover, he himselfremarked that �while set theory has already contributed essentially to the development of modernmathematics, it remains to be seen what influence proof theory will have on mathematics�.If not on mathematics, Proof Theory has surely proved since that time his influence on theoreticalcomputer science. The modern theory of functional languages and lambda calculus owes much of hisactual settlement to mathematical logic, and what until a few years ago was known as the�denotational semantics of programming languages� has grown under the direct influence of ProofTheory, and together with the understanding of the logical aspects of Category Theory. But far frombeing only a rich field for applications, computer science has also been for mathematical logic aninexhaustible source of mutual enrichment. The leading theme of this stimulating relation, as for thetopic presented in this chapter, has been the so called Curry-Howard correspondence, which exploitsthe connections between Proof Theory and Type Theory. This correspondence, also known by thesuggestive name of �formulae-as-types analogy�, has been a main methodological tool both forunderstanding the relations between intuitionistic logic and typed lambda calculus, and for the designof new functional languages with powerful type systems. The main idea of the Curry-Howardcorrespondence, is that logical formulae can be interpreted as types in a suitable type theory; a proofof a formula is then associated with a l-term of the proper type, and the reduction of a proof by cut-elimination corresponds to the normalization of the associated l-term. As a consequence, if a formulais derivable in a certain logical system, then the corresponding type is inhabited in the associated typetheory. The Curry-Howard correspondence works only for logical systems of Intuitionistic Logic.This restriction should be clear, since the constructive, procedural interpretation of the notion of proofwas the very basis of Brower’s approach to mathematics, which inspired Heyting’s formalization ofintuitionistic logic. Moreover, although the formulae-as-types analogy can also be applied to logicalsystems based on axioms and inference rules, such as that of Hilbert, just switching from l-terms tocombinators in the associated type theory, it has a more elegant application to systems of NaturalDeduction. Indeed the procedural understanding of a logical proof is more clear in a system like

8. Formulae, Types, and Objects167Natural Deduction, where one proceeds by the method of drawing inferences from assumptions, thanin Hilbert’s system, where one draw inferences from axioms. Furthermore, especially in Gentzen’svariant of Natural Deduction, the inference rules of the calculus are closely related to the intuitive�operational� interpretation of the logical signs, and this fact allows one to proceed in the constructionof the proof in a certain direct fashion, affording an interesting normal form for deductions which hasno clear counterpart in Hilbert’s system.8.1 l-NotationConsider the following mathematical definition of the function f: NfiN :f(x) = 5*x + 3 .Note that it is not �f� that has been actually defined, but �f(x),� that is the result of the application off to a formal parameter x which is supposed to range over the integers.f(x) is not a function: it is a polynomial, that is, an operational description of the behavior of fwhen applied to x. The mechanism that allows us to �abstract� from the formal parameter x, andthus to pass from the knowledge of �how the function works� to the knowledge of �what the functionis,� is called lambda abstraction (l-abstraction). The function f in the example above isdefined by the lambda abstraction of 5x + 3 with respect to x, and is denoted by lx. 5*x+3.The complementary action to l-abstraction is called application. The application of two terms Mand N is usually represented by their justaposition (MN). From the computational point of view, l-abstraction and application are related by the following rule, known as b-reduction:(lx.M)N fi [N/x]Mwhere [N/x]M means the substitution of N instead of x in the term M.For example,(lx. 5*x+3)4 fi 5*4+3 = 23The lambda notation was explicitly introduced by the logician Alonzo Church in the lambdacalculus (l-calculus), a formalism invented to develop a general theory of computable functions,and to extend that theory with logical notions providing a foundation for (part of) mathematics.In computer science, the lambda notation made its first appearance in the programming languageLISP; this was also the first language to use procedures as objects of the language. Like the earlylambda calculus, LISP is an untyped language; that is, programs and data are not distinguished, butthey are all elements of a unique untyped universe: the universe of l-terms for the l-calculus, theuniverse of S-expressions for LISP (see next chapter). Anyway, as every computer scientist knowsfrom his or her own programming practice, types arise naturally, even starting from untypeduniverses, when objects are categorized according to their usage and behavior. The ultimate questionis whether it wouldn’t be better to consider types as an a priori schema of human knowledge, insteadof an attempt to organize subsets of objects with uniform properties out of an untyped universe. In

8. Formulae, Types, and Objects168computer science, the debate about typed and untyped languages is very lively today, since it reflectsthe unresolvable conflict between reliability and flexibility of the language. Nowadays, the practicalsuccess of a language is often due to the the more or less successful attempt to compromise securityand freedom; in this respect, the language ML is probably one of the most interesting examples.Anyway, since the first appearance of types in Algol 60, when typing of variables was introduced tocheck at compile time the connections of instances of use with associated declarations, typing hasbeen considered more and more an essential discipline that must not only help, but guide theprogrammer in the design of code.8.2 The Typed l-Calculus with Explicit Pairs (lbhpt)The collection Tp of type labels, over a ground set At of atomic type symbols, is inductively definedbyi. At ˝ Tp;ii. if A,B˛Tp, then AfiB˛Tp;iii. if A,B˛Tp, then A·B˛Tp.For every type A there exists a denumerable number of variables, ranged over by lower caseletters near the end of the alphabet. We use upper case letters M, N, P, . . . , as metavariables forterms. The fact that a term M has type A will be denoted with the expression �M: A.�The well typed (l-)terms (w.t.t.) and their associated types, are defined according to thefollowing formation rules:1. every variable x: A is a w.t.t.;2. if x: A is a variable, and M: B is a w.t.t, then lx:A.M: AfiB is a w.t.t.;3. if M: AfiB is a w.t.t and N: A is a w.t.t, then MN: B is a w.t.t.;4. if M: A is a w.t.t and N: B is a w.t.t, then <M,N>: A·B is a w.t.t.;5. if M: A·B is a w.t.t, then fst(M): A is a w.t.t.;6. if M: A·B is a w.t.t, then snd(M): B is a w.t.t.Given a w.t.t M: B, the set FV(M) of the free variables of M, is defined as follows:1. if M ” x, then FV(M) = {x};2. if M ” lx:A.N, then FV(M) = FV(N)-{x};3. if M ” NP, then FV(M) = FV(N)¨FV(P);4. if M ” <N,P>, then FV(M) = FV(N)¨FV(P);5. if M ” fst(N), then FV(M) = FV(N);6. if M ” snd(N), then FV(M) = FV(N).The substitution [M/x]N: B of a proof M: A for a generic x: A in a proof N: B is defined inthe following way:

8. Formulae, Types, and Objects1691. if N: B ” x: A then [M/x]N: B ” M: A;2. if N: B ” y: A , x„y , then [M/x]N: B ” N: B;3. if N: B ” lx:C.P : B, then [M/x]N: B ” lx:C.P : B;4. if N: B ” ly:C.P : B, x„y, yˇFV(M), then [M/x]N: B ” ly:C.[M/x]P : B;5. if N: B ” PQ : B, then [M/x]N: B ” [M/x]P[M/x]Q : B;6. if N: B ” <P,Q> : B, then [M/x]N: B ” <[M/x]P,[M/x]Q> : B;7. if N: B ” fst(P) : B, then [M/x]N: B ” fst([M/x]P) : B;8. if N: B ” snd(P) : B, then [M/x]N: B ” snd([M/x]P) : B.As an easy consequence of the definition above, it follows that if xˇFV(N), then [M/x]N: B ” N:B. Note also that, if xˇFV(N), then [P/x][M/y]N: B ” [([P/x]M)/y]N: B .Given a sequence M = M1,..., Mn of terms, and sequence x = x1, . . . , xn of variables,[M/x]N denotes the simultaneous substitution of every term Mi for the variable xi in the term N.We also use the notation [M/x]N to express the simultaneous substitution of the term M for all thevariables in x.We consider an equational theory of proofs, defined as the minimal congruence relation �=� whichsatisfies the following axiom schemas:(a)lx:A.M = ly:A.[y/x]M(fib)(lx:A.M)N = [N/x]M(fih)lx:A.(Mx) = M, if xˇFV(M)(· b1)fst(<M,N>) = M(· b2)snd(<M,N>) = N(· h)<fst(P),snd(P)> = P.The previous equations may be read from left to right : then one obtains a rewriting system, whichdefines the operational semantics of lambda calculus as a programming language. Explicitly, wedefine a reduction relation � as the minimal relation between with respect to terms such that(fib)(lx:A.M)N � [N/x]M(· b1)fst(<M,N>) � M(· b2)snd(<M,N>) � NM � M’ implies MN � M’NM � M’ implies NM � NM’M � M’ implies lx:A.M�lx:A.M’M � M’ implies fst(M) � fst(M’)M � M’ implies snd(M) � snd(M’)(fih)lx:A.(Mx) � M, if xˇFV(M)(· h)<fst(P),snd(P)> � P.

8. Formulae, Types, and Objects170The rewriting rules associated with (fib ), (· b1) and (· b2) are called b-reductions, and thoseassociated with (fih) and (· h) are called h-reductions. We put the h-reductions aside, because oftheir lesser computational interest. In the following section we shall see that from the point of view ofthe Curry-Howard correspondence both b- and h-reductions have an interpretation in terms of proofnormalization. Also in this context, however, the b-rules play a major role.A term is in normal form (respectively b-normal form), if it is no more reducible (respectivelyb-reducible). The (b-)reduction relation is confluent and noetherian.Let us now look at some simple examples of programs written in the typed lambda calculus. Asusual, when considering the formal expressiveness of a calculus, we compare it with the problem ofrepresenting integers and arithmetic functions.Given a type s, we call Ns= (sfis)fi(sfis) the type of s-iterators (s-numerals). Thereason for the name is that in the type (sfis)fi(sfis) we have all the terms with the followingstructure:0s ” lxsfis lys.y1s ” lxsfis lys.xy. . . ns ” lxsfis lys.xny, where xny = x(...(xy)) �n times�.The effect of the term ns is to take a function x of type sfis, a term y of type s, and iterate theapplication of x to y n times. It is possible to show that if s is an atomic type, then the terms of theform ns, together with the identity lxsfis.xsfis are the only closed terms in normal form oftype s.We can now define the function succs ” ln: Ns lxsfis lys. x(nxy).The term succs has type NsfiNs and its effect is to increase the iteration of one unit. For example, succs 0s= (ln: Ns lxsfis lys. x(nxy) ) 0s= lxsfis lys. x( 0sxy)= lxsfis lys. x(y)= 1sDefine now adds: Ns·NsfiNs by adds ” lz: Ns·Ns lfsfis lys. fst z f (snd z f y )For example, we have: adds <1s,1s> = (lz: Ns·Ns lfsfis lys. fst z f (snd z f y ) ) <1s,1s>= lfsfis lys. fst <1s,1s> f (snd <1s,1s> f y )= lfsfis lys. 1s f (1s f y )= lfsfis lys. f ( f y )= 2s.Analogously, mults: Ns·NsfiNs is given bymults ” lz: Ns·Ns lfsfislys. fst z (snd z f ) y.As an example of computation, we have

8. Formulae, Types, and Objects171 mults <2s,2s>= (lz: Ns·Ns lfsfis lys. fst z (snd z f ) y ) <2s,2s>= lfsfis lys. fst <2s,2s> (snd <2s,2s> f ) y= lfsfis lys. 2s (2s f ) y= lfsfis lys. (2s f )( 2s f y )= lfsfis lys. f ( f( f ( f y ) ) ) )= 4s.As a final example, we present a test to 0s. That is, we want to define a term test 0s that takestwo terms M and N of type s and a s-numeral n; if n = 0s then the function yields M asresult; otherwise, it outputs N. Here it is: test 0s ” lz: s·s ln: Ns. n( lys.(snd z) )(fst z).It is possible to prove (see references) that these are essentially all the arithmetic functions we cancompute by the (pure!) simply typed l-calculus, that is, all the functions that are defined bycomposition of the previous ones. For example the predecessor function is not representable.The simply typed l-calculus cannot be considered as a real programming language, but only as aparadigm for strongly typed (functional) languages, which allow us to point out their main commonproperties. In the last section of this chapter we shall consider an extension of the language byfixpoint operators. The combined use of these operators with a reasonable set of arithmetic primitivesgives to the language its full computational power.8.3 The Intuitionistic Calculus of SequentsAmong the many variants of intuitionistic logic expressed in systems of Natural Deduction, Gentzen’scalculi of cequents has recently gained much popularity among the computer science community. Inthe first place, one of the main aspects of the procedural interpretations of proofs is that of makingexplicit the assumptions on which a formula occurrence in a deduction depends, and this is just whatthe notion of sequent is meant for. Moreover, since the calculi of sequents can be understood asmetacalculi for the deducibility relation in the corresponding system of natural deduction, it seems tobe the best instrument for the investigation of the structure and the properties of proofs. Note,however, that even when handling sequents, the dependencies of a formula by its premises can bequite hard to understand, if one adopts some common choices on the structure of the sequent, such asavoiding repetitions of formulae in the antecedent, or fixing a certain alphabetic order for them. Thisis very clear if we consider a sequent as an effective process for transforming proofs of the premisesinto a proof of the consequence. It seems not only reasonable, but fair to guarantee the ability ofhandling two or more different proofs for a same formula. In particular, this means allowingrepetitions for a formula in the antecedent of a sequent, each one with an associated hypotheticaldistinct proof. From the same point of view, even the idea of an ordering among the formulae doesnot make any sense; what one really needs, are rather some explicit rules in the calculus which allowus �to move formulae around� (exchange rules). The presence of repetitions of formulae requires a

8. Formulae, Types, and Objects172new rule too, stating that two proofs of a formula can actually be assumed to be the same, and thusaffording to discharge one of them (contraction rule). These rules, together with the so-calledweakening rule, that allows for adding new assumptions to a sequent, are usually referred to as�structural rules.� The reason for this name should be clear, since these rules have nothing to do withlogical signs and their meanings, but only with the structures of the derivations in the calculi. Thisproperty of the structural rules has been often misunderstood, and regarded as a sign of their lesserlogical interest: Takeuti called them �weak inferences,� with respect to the �strong inferences� ofintroduction of the logical connectives. The very recent revival of the structural rules, and the analysisof their impact on the logical systems is mostly due to Girard, and to the invention of linear logic (seechapter 4).The calculi of sequents for classical and intuitionistic logic were introduced by Gentzen at thebeginning of the 1930s, who called them L systems. In these systems the elementary statements arestatements of deducibility. Each statement G |- B (called a sequent) has a conclusion B and acollection G, possibly void, of premises, and it is interpreted as stating the existence of a proofleading to the stated conclusion and having no uncanceled premises other than some of those stated.We consider only the subcalculus that deals with the two connectives of conjunction andimplication, and that will be referred to as �positive calculus.� The principal connective of the systemis implication; the role of conjunction is rather minor, but its analysis will help in clarifying someissues we will be concerned with in the rest of this chapter.The following presentation of the positive intuitionistic calculus of sequents is slightly differentfrom the usual one. In particular, every formula A will be equipped with an associated proof,formally represented by a lambda term M: A. This association between proofs (l-terms) andformulae is defined in the inference rules of the calculus. If there is a derivation of the sequnt G |- M:B, the proof M keeps a trace of the derivation tree. On the other hand, the so-modified inferencerules can be understood as metarules for proof manipulation. This understanding of the calculus ofsequents as a metacalculus for the deducibility relation is one of the most peculiar aspect of this formalsystem.8.3.1 Logical Alphabet1. atomic propositions, ranged over by A, B, C, . . .;2. logical symbols: ·, fi .8.3.2 W.F.Formulae (Types)1. every atomic proposition is a formula;2. if A, B are formulae, then A·B is a formula;3. if A, B are formulae, then AfiB is a formula.

8. Formulae, Types, and Objects173There is a bijective correspondence between formulae and types of the typed lambda calculus withexplicit pairs. We can go further, and associate every formula B with a l-term M of the respectivetype, which intuitively represents its proofs. In particular, if x1: A1,..., xn: An are the free variablesin M, then M: B is a proof of M depending on the hypothesis A1,..., An. The previous approachis sound with the intuitionistic interpretation of the notion of proof as an effective procedure thatshows the validity of the conclusion B, as soon as one has a proof of the validity of the premises.Thus, if M is a proof of B, possibly depending on a generic proof x: A, one gets a proof of AfiBby �abstraction on x: A,� that is lx:A.M: AfiB. Juxtaposition of proofs corresponds intuitively totheir sequential application. In particular, if we have a proof M: AfiB, and we apply it to a proof N:A, then we obtain a proof MN of B. A proof of A·B is given by a pair of distinct proofs for Aand B. Moreover, having a proof of A·B, one can select the two proofs of A and B by means ofthe projections fst and snd .The inference rules of the calculus exactly formalize this process of constructiing complex proofsby means of simpler ones.A (well-typed) term M: A, will be called a proof when it is regarded from a logical viewpoint. Avariable x: A, will be called a generic proof of A.An intuitionistic sequent has the following syntactic structure:x1: A1, . . . , xn: An |- M: Bwhere x1: A1, . . . , xn: An is a finite (possibly empty) list of distinct generic proofs, and M: B is aproof of B whose free variables are among x1, . . . , xn. Every formula in the left-hand-side(l.h.s.) has an associated distinct variable; thus no confusion can arise between formulae, even if theyhave the same name.The intuitive interpretation of the sequent x1: A1, . . . , xn: An |- M: B is that of a process whichbuilds a proof M of B, as soon as it has proofs for A1, . . . , An, that is, a function f of typeA1· . . . ·AnfiB, or equivalently, A1fi( . . . (AnfiB) . . . ), which can be obtained by functionalcompleteness from the polynomial M.Since the name of a generic proof is not relevant, we assume that sequents which differ only by arenaming of variables are syntactically identified. This is consistent with the a-conversion rule ofproofs, in view of the intuitive interpretation of sequents sketched above.We use Greek capital letters G, D, . . . to denote finite sequences of generic proofs in the left handside of a sequent. A sequent thus has the form G |- M: B.An inference is an expression S1S1 S2______________ S S

8. Formulae, Types, and Objects174where S1, S2, and S are sequents. S1 and S2 are called the upper sequents and S is called thelower sequent of the inference. Intuitively, this means that when S1 (S1 and S2) is (are) asserted,one can infer S from it (them).We always suppose that the variables in the l.h.s. of the upper sequents are distinct. This is not aproblem, since the variables of the upper sequents S1 and S2 that contribute to form the l.h.s. of thelower sequent S can be conveniently renamed.The logical system restricts the legal inferences to those obtained from the following rules.8.3.3 Axioms and Rules(axiom) x: A |- x: AG, x: A, y: B, G1 |- M: C(exchange)____________________G, y: B, x: A, G1 |- M: C G |- M: B(weakening) ____________G, x: A |- M: B G, x: A, y: A |- M: B(contraction) ____________________ G, z: A |- [z/x][z/y]M: BG|- M: A G1, x: A, G2 |- N: B(cut)__________________________ G1, G, G2 |- [M/x]N: B G, x: A |- M: BG1 |- M: A G2, x: B |- N: C(fi, r)_______________(fi, l )_________________________G |- lx:A.M: AfiBG1, G2, y: AfiB |- [yM/x]N: CG |- M: A G |- N: B G, x: A |- M: C(·, r)_________________ (·, l, 1) _____________________G |- <M,N> : A·BG, z: A·B |- [fst(z)/x]M: C G, y: B |- M: C(·, l, 2) ______________________G, z: A·B |- [snd(z)/x]M: CRemark Note the identification of the premises of the upper sequents in the rule (·, r).

8. Formulae, Types, and Objects175The formula A in the weakening rule is called the weakening formula (of the inference).Similarly, we define the cut formula. In the case of the contraction rule we distinguish between thecontracting formulae x: A, y: A and the contracted formula z: A. The formulae AfiB andA·B in the logical rules of introduction of the respective connectives, are called the principalformulae of the inference; A and B are called the auxiliary formulae.Unlike the usual approach, we intend the previous definition to refer only to the specificoccurrences of the formulae pointed out in the inference rules. For instance, consider the followingapplication of the rule (fi, l ):G1 |- M: A w: AfiB, x: B |- N: C(fi, l )______________________________G1, w: AfiB, y: AfiB |- [yM/x]N: CThe (occurrence of the) formula AfiB associated with the proof y is a principal formula of thisinference, but that associated with w is not.It is easy to check that, for every rule of inference, the proof in the right-hand side of the lowersequents is well formed, if those of the upper sequents are as well. A derivation D is a tree ofsequents satisfying the following conditions:1. the topmost sequents of D are axioms;2. every sequent in D except the lowest one (the root) is an upper sequent of an inference whoselower sequent is also in D.The lower sequent in a derivation D is called the end-sequent of D. A path in a derivation Dfrom a leaf to the root is called a thread. A derivation without the cut rule is called cut-free.Examples The following is a derivation: x: A |- x: Ay: B |- y: B_____________________________z: A·B |- fst(z): Az: A·B |- snd(z): B__________________________________ z: A·B |- <fst(z),snd(z)>: A·BThe sequencex: A |- x: Az: A·B |- fst(z): Az: A·B |- <fst(z),snd(z)>: A·Bis a thread.

8. Formulae, Types, and Objects176The tidy display of the introduction of new formulae during a derivation in Gentzen�s calculus ofsequent, allows us to follow the entire �life� of a formula, from the moment it is �created� (by anaxiom, a weakening, or as a principal formula of a logical rule) to the moment it is �consumed� (by acut, or as an auxiliary formula in a logical rule). Note in particular that a step of contraction must notbe regarded as a consumption, but as an identification of a formula A in the lower sequent, with twoformulae of the same name in the upper sequent.Given a thread T and an occurrence of a formula A in the final sequent of T, we call rank ofA in T the number of consecutive sequents in T, counting upward, that contain the sameoccurrence of the formula A (or a formula which has been contracted to it).For instance, consider again the threadx: A |- x: Az: A·B |- fst(z): Az: A·B |- <fst(z),snd(z)>: A·Bof the previous example. The rank of the formula A·B in the l.h.s. of the end sequent is 2, whilethe rank of the formula A·B in the r.h.s. is 1.8.4 The Cut-Elimination TheoremOne of the more interesting properties of Gentzen�s calculus of sequent is the cut-elimination theorem,also known as Gentzen�s Hauptsatz. This result proves that every derivation in the calculus can beeffectively transformed in a �natural normal form� which does not contain any application of the cutrule. Moreover we show that this process of reduction of the derivations toward a normal form is inparallel to the b-reduction of the associated proofs.The identification of the derivations reducible to a same normal form is the base of the so-called�semantics of proofs,� and, a posteriori, it provides a justification for the equational theory we haveintroduced over the language of proofs (at least for the b-conversions).The following presentation of the cut-elimination theorem is meant to study the relations between aderivation ending in the sequent G |- M: A and the proof M: A. Indeed, it should be clear that givena proof M: A, with FV(M) ˝ G, it is possible to obtain a derivation of the sequent G |- M: A bybuilding a sort of �parse tree� for the term M: A . Anyway, this correspondence between derivationsand proofs is not a bijection: the problems arise with the structural rules, since their application is notreflected in the terms. In particular, it is not possible to recover the order in which the structural ruleshave been applied during the derivation.The exact formalization of the equivalence of derivations that differ only in �structural details� isnot at all trivial, and it is the main goal of Girard�s research of �a geometry of interaction�. From thisrespect, the language of proofs is a very handy formalism that allows us to abstract from suchstructural details.

8. Formulae, Types, and Objects177Before the cut-elimination theorem, we state a first, simple result that relates cut-free derivationsand proofs in b-normal form.8.4.1 Proposition Let G |- M: A be the end sequent of a cut-free derivation. Then the proof M:A is in b-normal form.Proof Exercise. Hint: Show, by induction on the length of the derivation, that the proof M: Acannot contain any of the following subterms:1. (lx:B.N)P: C2. fst(<N,P>)3. snd(<N,P>). ¤One of the aims of this chapter is to put in evidence the logical aspects underlying functional typetheories. For this reason we state and prove Gentzen�s Hauptsatz and stress the equivalence of thenormalization of a derivation D ending in a sequent G |- M: A and the b-reduction of M.8.4.2 Theorem (The Cut-Elimination Theorem) Let D be a derivation of the sequent G |-M: A . Then there exists a cut-free derivation D’ of the sequent G |- N: A, where N is the b-normalform of M.It is difficult to appreciate at first sight the cut-elimination theorem in its whole meaning. Indeed, itlooks like a mere result about the redundancy of one of the inference rules in the calculus, and onewould expect, as a next step, to drop the cut rule from the logical system. This is not at all the case.The fact is that the cut rule is a very relevant and deep attempt to express one of the crucialmethodological aspects of reasoning, that is, the decomposition of a complex problem in simplersubproblems: in order to prove G |- B , we can prove two lemmas G |- A and A |- B. This is veryclear from the computer science point of view, where the emphasis is not on the results - that is, theterms in normal form - but on the program�s synthesis, and its reduction (computation) when appliedto data.An important consequence of the cut-elimination theorem is the following. One can easily see thatin any rule of inference except a cut, the lower sequent is no less complicated than the uppersequent(s). More precisely, every formula occurring in an upper sequent is a subformula of someformula occurring in the lower sequent. Hence a proof without a cut contains only subformulae of theformulae occurring in the end sequent (subformula property). From this observation, theconsistency of the logical system immediately follows. Suppose indeed that the empty sequent |-were provable. Then by the cut-elimination theorem, it would be provable without a cut; but this isimpossible, by the subformula property of cut-free proofs.

8. Formulae, Types, and Objects178In order to prove theorem 8.4.2, it is convenient to introduce a new rule of inference called a mix.The mix rule is logically equivalent to the cut rule, but it helps deal with the contraction rules, whosebehavior during the cut elimination is rather annoying. We shall discuss again this problem at the endof the proof.A mix is an inference of the following form:G|- M: A G1 |- N: B__________________ G, G1* |- [M/x]N: Bwhere x is a vector of variables in G1, G1* is obtained from G1 by erasing all the assumption x:A with x˛x, and [M/x]N denotes the simultaneous substitution of M for all variables in x,inside the term N.The previous notion of mix rule is slightly different from the usual one. In particular the formulaA can still appear in the lower sequent G1*.An occurrence of A in the upper sequents of a mix rule is called a mix formula (of theinference) if and only if it satisfies one of the two following conditions:1. it is in the r.h.s. of the left upper sequent;2. it is in the l.h.s. of the right upper sequent, and it is associated with a proof x:A , with x˛x.Clearly a cut is a particular case of mix, where the vector x contains only one variable. Moreover,every mix can be simply obtained by a sequence of exchanges and contractions, a cut, and anotherseries of exchanges.Since a proof without a mix is also a proof without a cut, theorem 8.4.2 is proved if we prove thefollowing:8.4.3 Theorem (The Mix-Elimination Theorem) Let D be a derivation of the sequent G |-M: A. Then there exists a mix-free derivation D’ of the sequent G |- N: A, where N is the b-normal form of M.Theorem 8.4.3 is easily obtained from the following lemma, by induction on the number of the mixrules occurring in the derivation D.8.4.4 Lemma Let D be a derivation of the sequent G |- M: A that contains only one cut ruleoccurring as the last inference. Then there exists a cut-free derivation D’ of the sequent G |- N: A,where N is the b-normal form of M.The rest of this section is devoted to the proof of this lemma.

8. Formulae, Types, and Objects179We define two scales for measuring the complexity of a proof. The grade of a formula A(denoted by g(A) ) is the number of logical symbols contained in A. The grade of a mix is the gradeof the mix formula. When a derivation D has only one cut as the last inference, we define the gradeof D (denoted by g(D) ) to be the grade of this mix.Let D be a derivation which contains a mixG|- M: A G1 |- N: B__________________ G, G1* |- [M/x]N: Bas the last inference. We call a thread in D a left (right) thread if it contains the left (right) uppersequent of the mix. The rank of a thread is the number of consecutive sequents in D (countingupward from the upper sequents of the cut rule) that contain the mix formula or a formula which hasbeen contracted to it. The rank of every thread is at least 1. The left (right) rank of a derivation D isthe maximum among the ranks of the left (right) threads in D. The rank of a derivation D is the sumof its left and right ranks. The rank of a derivation is at least 2.We prove the lemma by double induction on the grade g and rank r of the derivation D. Theproof is subdivided into two main cases, namely r = 2 and r > 2.Case 1 : r = 2We distinguish cases according to the forms of the proofs of the upper sequents of the cut rule.1.1. The left upper sequent S1 is an initial sequent. In this case D is of the formy: A |- y: A G |- N: B____________________ G1* |- [y/x]N: BAnd we obtain the same proof by a series of contractions starting from the sequent G |- N: B.1.2. The right upper sequent S2 is an initial sequent. Similarly.1.3. Neither S1 nor S2 is an initial sequent, and S1 is the lower sequent of a structural inference.It is easy to check that, in case r = 2, this is not possible.1.4. Neither S1 nor S2 is an initial sequent, and S2 is the lower sequent of a structural inference.The structural inference must be a weakening, whose weakening formula is A. The derivation Dhas the structure

8. Formulae, Types, and Objects180G1 |- N: B ____________G |- M: A x: A, G1 |- N: B________________________ G, G1 |- [M/x]N: BSince xˇFV(N), [M/x]N ” N, and we obtain the same proof N: B as follows:G1 |- N: B______________some weakenings______________ G, G1 |- N: B1.5. Both S1 and S2 are the lower sequents of logical inferences. Since the left and right ranks ofD are 1, the cut formulae on each side are the principal formulae of the logical inferences, and the mixis actually a cut between these two formulae.We use induction on the grade and distinguish two cases according to the outermost logicalsymbol of A.(fi) the derivation D has the structure G, x: A |- M: BG1 |- N: A G2, y: B |- P: C_______________________________________G |- lx:A.M: AfiBG1, G2, z: AfiB |- [zN/y]P: C___________________________________________G, G1, G2 |- [lx:A.M/z][zN/y]P: Cwhere, by assumption, the proofs ending with G, x: A |- M: B, G1 |- N: A or G2, y: B |- P: C donot contain any cut. Note now that[lx:A.M/z][zN/x]P: C ” [(lx:A.M)N/y]P: C = [ ([N/x]M) /y]P: C,which also suggests how to build the new derivation.First consider the derivationG1 |- N: A G, x: A |- M: B_________________________G1, G |- [N/x]M: BThis proof contains only one mix as its last inference. Furthermore, the grade of the mix formula isless than g(AfiB). By induction hypothesis, there exists a derivation D’ of the sequent G1, G |-M’: B, where M’ is the b-normal form of [N/x]M. Then, with another mix we get

8. Formulae, Types, and Objects181G1, G |- M’: BG2, y: B |- P: C______________________________G, G1, G2 |- [M’/z]P: CAgain we can apply the induction hypothesis, obtaining the requested derivation.(·) we only consider the case in which the right upper sequent is obtained by a (·,r,1), the other casebeing completely analogous. The derivation has the structureG |- M: A G |- N: B G1, x: A |- P: C______________________________________ G |- <M,N> : A·BG1, z: A·B |- [fst(z)/x]P: C_____________________________________________G, G1 |- [<M,N>/z][fst(z)/x]P: Cwhere by assumption the proofs ending with G |- M: A , G |- N: B or G1, x: A |- P: C do notcontain any mix. We have[<M,N>/z][fst(z)/x]P: C ” [fst(<M,N>)/x]P: C = [M/x]P: C.Consider the derivation:G |- M: A G1, x: A |- P: C__________________________ G, G1, z: A·B |- [M/x]P: CThis proof contains only one mix as its last inference. Furthermore the grade of the cut formula is lessthan g(A·B). By induction hypothesis, we have the requested cut-free derivation D’.Case 2 : r > 2The induction hypothesis is that we can eliminate the cut from every derivation D’ that contains onlyone cut as the last inference, and that satisfies either g(D’) < g(D), or g(D’) = g(D) and rank(D’) <rank(D).There are two main cases, namely, rankr(D) > 1 and rankl(D) > 1 (with rankr(D) = 1).2.1. rankr(D) > 1: we distinguish several subcases according to the logical inference whose lowersequent is S2.2.1.1. The sequent S2 is the lower sequent of a weakening rule, whose weakening formula is notthe cut formula. The derivation D has the structure

8. Formulae, Types, and Objects182 G1 |- N: B_____________G |- M: A y: C, G1 |- N: B___________________________G, y: C, G1* |- [M/x]N: BConsider the derivation D’G |- M: A G1 |- N: B___________________________G, G1* |- [M/x]N: Bwhere the grade of D’ is the same of D, namely g(A). Moreover, the two derivations have thesame left rank, while rankr(D’) = rankr(D) - 1; thus we can apply the induction hypothesis. With aweakening and some exchanges we obtain the requested mix-free derivation.2.1.2. The sequent S2 is the lower sequent of an exchange rule. Similarly.2.1.3. The sequent S2 is the lower sequent of a contraction rule. This is the main source of problemswith the cut rule (see discussion at the end of the proof). With the mix rule, everything is instead veryeasy. For instance, let us consider the case when the contracted formula is a cut formula (the othercase is even simpler). The derivation has the structure G1, x: A, y: A |- N: B____________________G |- M: AG1, z: A |- [z/x][z/y]N: B_______________________________G, G1* |- [M/x][z/x][z/y]N: Bwhere z˛x .Consider the derivation D’G |- M: A G1, x: A, y: A |- N: B______________________________G, G1* |- [M/x’]N: Bwhere x’ is obtained from x by erasing z and adding x, y.The grade of D’ is the same of D, namely g(A). Moreover, the two derivations have the sameleft rank, while rankr(D’) = rankr(D) - 1; thus we can apply the induction hypothesis, and we obtaina cut-free derivation D" of G, G1* |- N’: B, where N’ is the b-normal form of [M/x’]N: B. Since[M/x][z/x][z/y]N: B ” [M/x’]N: B, the proof is completed.2.1.4. The sequent S2 is the lower sequent of a logical inference J, whose principal formula is nota cut formula.

8. Formulae, Types, and Objects183The last part of the derivation D looks likeG1 |- N: B________ JG |- M: A G2 |- P: C____________________ G, G2* |- [M/x]P: Cwhere the derivations of G |- M: A and G1 |- N: B contains no mixes, and G1 contains all the cutformulae of G2. Consider the following derivation D’:G |- M: AG1 |- N: B_____________________ G, G1* |- [M/x]N: BThe grade of D’ is the same as that of D, namely g(A). Moreover, the two derivations have thesame left rank, while rankr(D’) = rankr(D) - 1; thus we can apply the induction hypothesis, and weobtain a cut-free derivation D" of G, G1* |- N’: B, where N’ is the b-normal form of [M/x]N: B.Now we can apply the J rule to get:G, G1* |- N’: B_____________ JG, G2* |- P’: Cand clearly P’ is the b-normal form of [M/x]P: C (the inference rules are sound w.r.t. equality ofproofs).2.1.5. The sequent S2 is the lower sequent of a logical inference J, whose principal formula is a cutformula. We treat only the case of the arrow.(fi) the derivation D has the structureG1 |- N: A G2, y: B |- P: C________________________G |- M: AfiBG1, G2, z: AfiB |- [zN/y]P: C___________________________________________G, G1*, G2* |- [M/x][zN/y]P: Cwhere z˛x.Let v1, v2 be the variables of x, which are respectively in G1 and G2. Note that v1 and v2cannot be both empty by the hypothesis about rank.If v1, v2 are both nonempty, consider the following derivations D1 and D2:

8. Formulae, Types, and Objects184D1: D2:G |- M: AfiB G1 |- N: AG |- M: AfiBG2, y: B |- P: C__________________________________________________ G, G1* |- [M/v1]N: A G, G2*, y: B |- [M/v2]P: CIf v1 (v2) is empty, and thus G1 = G1* (G2 = G2*), let D1 (D2) be as follows:D1:D2: G1 |- N: A G2, y: B |- P: C __________ ____________ weakenings weakenings__________________________G, G1* |- N: AG, G2*, y: B |- P: CThe grade of D1 and D2 is the same as that of D, namely g(AfiB). Moreover, rankl(D1) =rankl(D1) = rankl(D), and rankr(D1) = rankr(D1) = rankr(D) - 1. Hence, by induction hypothesis,there exist two derivations D1’ and D2’ respectively ending in the sequentsG, G1* |- N1: Awith N1 b-normal form of [M/v1]N: AG, G2*, y: B |- P1: C with P1 b-normal form of [M/v2]P: C.Let w be the vector of variables in G, and let w’, w" be two vectors of fresh variables of thesame length. Let G’ = [w’/w]G, G" =[w"/w]G be the sequences of assumptions obtained byrenaming the variables in G. Let also N1’ ” [w’/w]N1 and P1’ ” [w’/w]P1 be the results of thesame operation on the two terms N1 and P1.Consider the derivation D’G’, G1* |- N1’: A G", G2*, y: B |- P1’: C_______________________________________G |- M: AfiB G’, G1*, G", G2*, z: AfiB |- [z(N1’)/y](P1’): C_________________________________________________________G, G’, G1*, G", G2* |- [M/z][zN1’/y]P1’: C.The grade of D’ is the same of D, namely, g(AfiB). Moreover, rankl(D’) = rankl(D), andrankr(D’) = 1, since z: AfiB is the only cut formula. We can apply again the induction hypothesis,getting a mix-free derivation of the final sequentG, G’, G1*, G", G2* |- P2: C with P2 b-normal form of [M/z][zN1’/y]P1’.Identifying by means of contractions (and exchanges) the variables in G, G’, G", we get a mix-freederivation of G, G1*, G2* |- P3: C , where P3 is a b-normal form of [w/w’][w/w"]P2.Note now that: [w/w’][w/w"]P2= [w/w’][w/w"][M/z][zN1’/y]P1’” [M/z][z([w/w’]N1’)/y]([w/w"]P1’)

8. Formulae, Types, and Objects185” [M/z][zN1/y]P1= [M/z][z([M/v1]N)/y]([M/v2]P)” [M/z][M/v1][M/v2][zN/y]P” [M/x][zN/y]P: C.2.2. rankl(D) > 1 (and rankr(D) = 1)This case is proved in the same way as is 2.1 above.This completes the proof of lemma 8.4.4 and, hence, of the cut-elimination theorem. ¤8.5 Categorical Semantics of DerivationsIn this section we will study the categorical semantics of the intuitionistic proof theory developed inthe last section. The main idea is that a formula A is interpreted as an object I(A) in a category C.A provable sequent B1,..., Bn |- A is then associated with a morphism f: I(B1)~...~I(Bn)fiI(A),where ~: C·CfiC is a suitable bifunctor that gives meaning to the comma in the l.h.s. of thesequent. Since the comma is associative and commutative, ~ is a symmetric tensor product.Moreover, we need some sort of projections for the weakening rule, and a diagonal map in thecontraction rule. Actually, all these morphisms, together with a few reasonable equations, turn ~into a categorical product.Since C |- A�B iff C, A |- B, it is natural to interpret the implication � as the right adjoint tothe functor ~.Also the binary connective · is bifunctor of the category. In particular, the fact that C |- A·B iff(C |- A and C |- B) suggests that · should be interpreted as a categorical product. As aconsequence ~ and · coincide to within isomorphism, that is consistent with the well-known factthat the comma in the l.h.s. of a sequent has the same logical meaning of a conjunction. Anyway,since they are different concept, we prefer to maintain the distinction at the semantical level.8.5.1 Definition A categorical model of the positive intuitionistic calculus is a pair (C,IAt),where C is a Cartesian closed category (possibly with two specified products ~ and · ), and IAt isa map that takes every atomic formula to an object of C.Notation In the rest of this chapter, we shall use the same symbols � and · for indicating boththe connectives of the calculus and the associated functors of the category: the intended meaning isclear from the context.

8. Formulae, Types, and Objects186The analysis of the cut-elimination theorem will provide a more convincing justification for theprevious notion of model. Now we concentrate on the interpretation.I is extended to all the formulae in the following way:I(A) = IAt(A)if A is atomicI(A�C) = I(A)�I(C)I(A·C) = I(A)·I(C)The categorical interpretation does not give meanings to sequents, but to derivations. Every derivationD whose final sequent is B1, . . . , Bn |- A is interpreted by a morphismI(D) = f: I(B1)~ . . . ~I(Bn) fi I(A)Before giving the details of the interpretation, we recall a few results about Cartesian closedcategories, and fix the notation.We call weak-lA,B: A~BfiB, weak-rA,B: A~BfiA the projections associated with the product~, and fstA,B: A·BfiB, sndA,B: A·BfiA the projections associated with the product ·.We have the natural isomorphisms assocA,B,C: (A~B)~CfiA~(B~C) and exchA,B:A~BfiB~A, given by the symmetric monoidal structure associated with ~. Moreover, we have adiagonal map DA = <idA,idA>: AfiA~A and an the evaluation map evalA,C: (A�C)~AfiC.The interpretation is given by induction on the length of the derivation. We define it in a somewhatinformal but suggestive (and concise) way, associating with every inference rule of the calculus in8.3.4 a respective semantic rule. This will be enough as for the categorical meaning of theintuitionistic system in section 8.3.8.5.2 Interpretation(axiom)idA : A fi A f: A~(B~C) fi D(associativity)_________________________f � assocA,B,C: (A~B)~C fi D f: B~A fi C(exchange)___________________f � exchA,B: A~B fi C f: B fi C(weakening) _____________________f � weak-lA,B: A~B fi C

8. Formulae, Types, and Objects187 f: (A~A)~B fi C(contraction) ____________________f � DA~idB: A~B fi Cf: B fi A g: A~D fi C(cut)______________________ g � f~idD : B~D fi C f: B~A fi C f: E fi A g: C fi D(fi, r)_____________(fi, l ) _____________________________L(f): B fi A�C g � evalA,C � id~f: (A�C)~E fi Df: C fi A g: C fi B f: A~C fi D(·, r)__________________ (·, l, 1)_________________________ <f,g>: C fi A·Bf � fstA,B~idC: (A·B)~C fi D f: B~C fi D(·, l, 2)__________________________f � sndA,B~idC: (A·B)~C fi D.8.6 The Cut-Elimination Theorem RevisitedIn this section, we look at the cut elimination theorem from the categorical point of view. Our goal isto provide a more convincing justification of the categorical notion of model, not a further proof ofcut-elimination. Indeed the notion of CCC imposes some identifications between derivations that arenot evident at the logical level of the inference rules. The fact is that we are not interested in givingsemantics to the provability relation among formulae, but more generally to the whole proof system,with its associated normalization procedures. The point is that the equalities, which define CCC’s,reflect the identity of derivations up to normalization. In particular, we have the following result.8.6.1 Theorem (The Cut-Elimination Theorem) Let D be a derivation of the sequent A |-B. Then there exists a cut-free derivation D’ whose final sequent is A |- B, and such that in everymodel I(D) = I(D’).We do not prove the previous result, but instead analyze in detail some examples of derivationsidentified by the cut-elimination process. Our aim is to show that the Cartesian closed structure isimposed by this identification of proofs up to normalization. The examples are instrumental to this.

8. Formulae, Types, and Objects1888.6.2 Example If in the following derivation the left upper sequent A |- A is an initial sequent,the cut is eliminated by taking the derivation of the right upper sequentA |- A A |- B____________________A |- BAt the semantic level, we have the situation:idA: A fi A f: A fi B_____________________f � idA: A fi Bthus a model must satisfy the equation f � idA = f . Analogously, when the right upper sequent is anaxiom, we derive the equation idA � f = f8.6.3 Example Consider a derivation whose final part looks like B |- C________D |- AA, B |- C___________________D, B |- Cthe cut is eliminated in the following way: B |- C________D, B |- CAt the semantic level we have the following situation:f: B fi C_____________________g: D fi A f � weak-lA,B: A~B fi C__________________________________ f � weak-lA,B � g~idB: D~B fi Candf: B fi C_____________________f � weak-lD,B: D~B fi Cthus, for every g: DfiA, we must haveweak-lD,B = weak-lA,B � g~idB : D~BfiC(*)

8. Formulae, Types, and Objects189The previous equation is clearly true if ~ is a categorical product, and weak-lD,B is the associatedright projection.8.6.4 Example Consider a derivation whose final part looks likeA, A |- B________D |- A A |- B__________________D |- BThis is the annoying case of the contraction. With the help of a mix rule, the derivation reduces toD |- AA, A |- B___________________D |- BRegarding the mix as a simple abbreviation of a series of cuts and structural inferences, the previousderivation is logically equivalent toD |- AA, A |- B___________________D |- A D, A |- B___________________D, D |- B_________D |- BAt the semantic level we have f: A~A fi B______________g: D fi A f � DA : A fi B________________________f � DA � g: Dfi Bwhich reduces tog: D fi A f: A~A fi B________________________g: D fi A f � g~idA : D~A fi B___________________________________f � g~idA � idA~g : D~D fi B__________________________ f � g~g � DD : D~D fi B

8. Formulae, Types, and Objects190This implies that in a model we expectDA � g = g~g � DD(+)that is the naturality of D .8.6.5 Example Consider the derivationB, A |- CE |- A C |- D_____________________B |- A�C (A�C), E |- D________________________________B, E |- DThe last cut is eliminated by introducing two other cuts of lesser grade, namelyB, A |- C C |- D________________E |- A B, A |- D______________________________ B, E |- DAt the semantic level this gives h: B~A fi C f: E fi A g: C fi D__________________________________________L(h): B fi A�Cg � evalA,C � id~f: (A�C)~E fi D________________________________________________g � evalA,C � id~f � L(h)~id: B~E fi Dthat reduces toh: B~A fi C g: C fi D______________________ f: E fi A g � h : B~A fi D_______________________________________g � h � id~f : B, E fi DNote that in a Cartesian closed category, by the b-axiom of exponents, one hasg � evalA,C � id~f � L(h)~id = g � evalA,C � L(h)~id � id~f = g � h � id~f.This completes the observation that the Cartesian closure may be described in terms of equivalence ofproofs, up to normalization.

8. Formulae, Types, and Objects1918.7 Categorical Semantics of the Simply Typed Lambda CalculusIn sections 8.3 and 8.4, we have investigated the relation between typed lambda calculus andintuitionistic logic, and in sections 8.5 and 8.6 we have established the connection betweenintuitionistic logic and Cartesian closed categories. In this section we want now to �fill the triangle�among typed lambda calculus, intuitionistic logic and Cartesian closed categories, studying themissing edge - namely the categorical semantics of the Typed Lambda Calculus, over CCC’s.The main idea of the categorical semantics of the typed lambda calculus is to interpret types asobjects and terms as morphisms of a category C. In particular, the reader has probably noted someanalogy between the axioms of lbhpt and the axioms defining products and exponents in Cartesianclosed categories. The relation is quite evident in the case of products: fsts·tfis and snds·tfitare easily understood as the projections associated with the categorical product of s and t. Apartfrom the problem of switching from �application� to �composition,� the axioms of lbhpt regardingthe product are essentially identical to the axioms in definition 1.3.3 of categorical product. Lessimmediate is the connection between b (and h) and the rules defining the exponents of a CCC: themain problem is that the definition in the calculus is based on the process of substitution, for whichwe do not have any immediate equivalent in Category Theory. Let us look a little closer at ourtentative interpretation: the intuitive idea is that a term Mt with free variables among x1s1, ...,xnsnshould be interpreted as a morphism Mt from D = s1·...·sn to t. Suppose now that we havetwo terms Mt and Ng, such that the free variables of [Ng/ xg]Mt are in D= s1·...·sn. Thenlook at Mt like an arrow from D·g to t, and at Ng like an arrow from D to g. The effect ofsubstituting Ng for xg in Mt is simply achieved by composing Mt with < idD, Ng >.bcat) eval � <L(f),g> = eval � L(f)·id � <id,g> = f � <id,g>which, by our interpretation of substitution, is just the categorical equivalent of b-conversion in l-calculus.

8. Formulae, Types, and Objects192We now begin a formal discussion on the categorical interpetation of typed l-calculus, byoutlining a simple and very intuitive, set-theoretic definition of model for lbhpt. This is just adefinition and will be instrumental to the categorical characterization below. In particular, it will allowus to relate the category-theoretic approach to the Tarskian view in semantics. For a more directconnection between lbhpt and CCC’s, see the references.The collection Tp of types over a set At of ground types has been defined in section 8.2. Astypes will be largely used as indexes (of terms), in this section we go back to the use of small greekletters s,t.... as metavariables for types.8.7.1 Definition Let C = {Ci | i˛At} be a collection of sets. Then TSC = {Cs}s˛Tp is atype structure over C iff, for all s,t˛Tp,Csfit ˝ Cs fi Ct (= Set[Cs,Ct])Cs·t = Cs·Ct .8.7.2 Definition A type structure TSA = ({As}s˛Tp, [ ]) is a model of typed l-calculus (withproducts) iff [ ] yields an interpretation for lbh(p)t. That is, for any environment h: Var fiUs˛Tp (As} with h(xs)˛As, one has [Mr]h˛Ar, for each r˛Tp and for [ ] defined byVar.[xs]h = h(xs)App.[MsfitNs]h = [Msfit]h ([Ns]h)b.[lxs.Mt]h(a) = [Mt]h[a/xs] for a ˛ Asp.[ fsts·tfist]h = p1 , [ snds·tfist]h = �p2where p1, p2 are the set-theoretic projections (of proper types).This is a good definition of model, i.e., the axioms and rules are realized and, given a model TSAlbh(p)t, one actually haslbh(p)t |� Ms = Ns � TSA |= Ms = Ns.Indeed, the reader will be asked to check the validity of axiom (b) in the exercise before 8.7.7.Note also that, in a model, axiom (h) and rule (x) trivially hold, since l-terms are interpreted asfunctions in extenso and, hence, one hash. "a [lys.Msfitys]h(a) = [Msfit]h(a) , for ysˇFV(Msfit), andx. "a [Mt]h[a/xs] = [Nt]h[a/xs] � [lxs.Mt]h = [lxs.Nt]h ,by (b) and by [lxs.Pt]h˛Asfit ˝ AsfiAt.The properties of projections and pairing, in case one considers lbhpt, are trivially realized bythe definition of product.Thus a type-structure TSA is a model of lbh(p)t ifflbh(p)t |� Ms = Ns � TSA |= Ms = Ns.

8. Formulae, Types, and Objects193Since the previous definition of model is set-theoretic, a suitable notion of �concreteness� forcategories can help in studying categories as models. The minor loss of generality, in this case, isbalanced by the gain in intuition.In general, concrete categories are widely used in denotational semantics; they are (usually)defined by an �enough points� requirement.8.7.3 Definition. Let C be a category. t˛ObC is a generator iff for all a,b˛ObC and allf,g˛C[a,b], f „ g � $h˛C[t,a] f�h „ g�h .C has enough points if there exists a generator t that is terminal in the given category.The terminology derives from the idea that the arrows in C[t,a], when t is terminal, may beunderstood as the points (or elements) of a. Indeed, we can associate with each category C havingenough points a category of sets Cset as follows. For a,b˛ObC and t terminalobjects: |a| = C[t,a]morphisms: f˛Cset[|a|,|b|] iff $f’˛C[a,b] f = f’� _ .Observe that f’ is unique once f is given.8.7.4 Proposition. If C is a CCC with enough points, then Cset is also a CCC with enoughpoints.Proof If csfit and cs·t are the exponent and product objects, in C, of cs and ct, then |csfit|and |cs·t| are the exponent and product objects, in Cset, of |cs| and |ct|. As for the exponent, justset evalset = eval�_ , and Lset(f) = L(f’)�_ , where f’ defines f as above. The rest is easy. ¤Note that one obtains type structures from all categories with enough points That is, let K be a CCCwith enough points and C = {ki | i˛At} ˝ ObK. Let also ksfit and ks·t be the exponent andproduct objects, in K, of ks and kt. Then KC = {K[T,ks] | s˛Tp } is the type structuregenerated by K and C.Examples. The simplest type structures are the �full� type-structures and the �term model� oflbh(p)t . That is, SetC, where C is a collection of sets, and Term = ({Terms}s˛Tp, [ ] ), whereTerms is the set of terms of type s modulo bh convertibility.8.7.5 Definition Let C be a CCC, with terminal object t and projections fst, snd. Suppose onehas a map I associating every atomic type A with an object of C. Then the categoricalinterpretation is as follows:-Types:[s] = I(s) if s is atomic[sfit] = [t][s]

8. Formulae, Types, and Objects194[s·t] = [s] · [t]- Terms: let Ms be a term of lbhpt, with FV(Ms) ˝ D = {xs1,�,xsn}, and assume thatA, A1,�,An interpret s, s1,�,s n (we omit typing, when unambiguous, and writepi˛C[t·A1·...·An ,Ai] for the projection pi : t·A1·...·An fi Ai ). Then [Ms]D is themorphism in C[t·A1·...·An,A] defined by[xsi]D = pi[MN]D = eval � <[M]D, [N]D>[lxt.M]D = L([M]D¨{xt} )[<M, N>]D = <[M]D, [N]D >[fst (M)]D = fst � [M]D[snd (M)]D = snd � [M]D .8.7.6 Substitution Lemmai. If ysˇFV(N) , then [N]D¨{ys} = [N]D � fstii. [ [N/xs]M ]D = [M]D¨{xs} � <id,[N]D> (types are omitted when unambiguous).Proofi. By induction on M. The following is the typical case:[lxt.P]D¨{ys}= L([P]D¨{ys, xt} )= L([P]D¨{xt,ys}�x)for x: (aD·as)·at @ (aD·at)·as= L([P]D¨{xt}�fst�x )by induction= L([P]D¨{xt}�fst·id)as fst�x = fst·id= L([P]D¨{xt}) � fst by the naturality of L.ii. By induction on M:M ” xs[xs]D¨{xs} � <id,[N]D>= snd � <id,[N]D>= [N]D= [ [N/ xs ] xs ]DM ” xsi[xsi]D¨{xs} � <id,[N]D> = pi � fstT·A1·...·An ,A � <id, [N]D> (si„s)= pi= [xsi]DM ” QP[QP]D¨{xs} � <id,[N]D> = eval � <[Q]D¨{xs},[P]D¨{xs} > � <id,[N]D>= eval � <[Q]D¨{xs}�<id,[N]D>,[P]D¨{xs}>�<id,[N]D>= eval � <[ [N/xs] Q ]D,[ [N/xs]P ]D>= [ [N/xs] PQ ]D

8. Formulae, Types, and Objects195M ” lyt.P [ [N/xs] lyt.P ]D= L([ [N/xs]P ]D¨{yt})= L([P]D¨{yt,xs}� <id,[N]D¨{yt}>)by induction= L([P]D¨{yt,xs}� <id,[N]D�fst>)by (i)= L([P]D¨{xs,yt}) � <id,[N]D>by naturality (as in (i))= [lyt.P]D¨{xs} � <id,[N]D>.As for pairing and projection, the computation is easy and is left for exercise. ¤The lemma may suffice to give an interpretation of lbhpt over an arbitrary CCC. Indeed, nothingelse is required from a purely categorical perspective, i.e., adopting a more suitable notion of model.In particular, it is worth noting that the previous categorical semantics of the typed lambda calculusreally �fills the triangle� we talked about at the beginning of this section. We leave it as an exercise forthe reader to verify that a term and its categorical interpretation with respect to the previous definitionare actually associated with the same derivation in intuitionistic logic.However, as many, since Tarski, are used to interpreting formal systems into mathematicalstructures by first assigning values to variables by means of environments as set-theoretic maps, wecomplete the construction of models (as defined at the beginning of the section) with the followingexercise and theorem.Exercise Prove a version of lemma 8.7.6 in the style of definition 8.7.2. That is, show that in anymodel and for any environment h, one has (we omit types for simplicity)[M]h[[N]h/xs] = [ [N/xs]M ]h .This gives axiom (b) in the model.8.7.7 Theorem Any CCC with enough points C and any collection {ai}i˛At of objects in Cyield a model of lbhpt .Proof Let C be the given category and let A = {|ai| / i˛At} be the collection of sets in Cset thatinterpret the atomic types. Then the model is given by the type structure TSA = CsetA, i.e., thehigher types are interpreted by |cs·t| and |csfit| . As a matter of fact, let h : Var fi Us˛Tp{|cs|}be an environment. Fix Ms and let FV(Ms) ˝ D = {xs1,�,xsn} . By definition, h(xsi)˛|csi|,then set hD = <id,h(xs1),...,h(xsn)>˛C[t,t·cs1·...·csn] and define[Ms]h = [Ms]D�hD˛ |cs|.It is now easy to check that the map Fh, defined by Fh(e) = h[e/x]D, for e˛|cs|, is inCset[|cs|,|cs1·...·csn| ]. Thus, there exists h’˛C[cs,cs1·...·csn] such that Fh = h’�_ and,hence, h[e/x]D = h’� e. This fact and the substitution lemma guarantee that [ _ ] is a well-definedinterpretation map and, thus, that CsetA is a model. ¤

8. Formulae, Types, and Objects196We now need to prove the converse and construct a CCC out of every model of lbhpt. Observe firstthat by functional application, over a type structure, one may define algebraic functions as follows.8.7.8 Definition Given a type-structure TSC = {Cs}s˛Tp, the typed monomials over TSCare defined byconstantsas˛Cs, ... are typed monomials, for all s˛Tpvariables xs, ys,.... are typed monomials, for all s˛TpapplicationMsfit(Ns) is a typed monomial, when Msfit and Ns are typed monomials.A function f : CsfiCt is algebraic if f(as) = [as/xs]Mt for some typed monomial Mt .The intuition is that algebraic functions will give the morphisms of a �rich enough� category as tointerpret typed l-terms. It is clear, for example, that projections are algebraic functions: just setsend((xs, yt)) = xs, then snd : Cs·t fiCt is the second projection.8.7.9 Lemma Given a type-structure TSA = {As}s˛Tp , one obtains a category with enoughpoints by taking the singleton set, the As ’s as objects and the algebraic functions as morphisms.Call this category CTSA.Proof Exercise. ¤8.7.10 Theorem Let TSA = {As}s˛Tp x be a model of lbhpt and let CTSA be as in thelemma. Then CTSA is a CCC.Proof Products are defined by taking As·At = As·t. Then, if the typed monomial M defines fand N defines g, <M,N> defines <f,g>, as the formal pairing and projections behave as requiredin Cartesian categories.As for exponents, set AtAs = Asfit . Theneval : Atfir·AtfiAr is defined by x |_ fst xtfir·t(snd xtfir·t).Moreover, if f : As·AtfiAr is defined by M,L(f) : AsfiArAt is defined by lxt.M.Finally observe that axiom (b) gives (bcat) in definition 2.3.1, while (h) gives (hcat). ¤By the following exercise we let the careful reader relate the two interpretations of l-terms given sofar.Exercise Compare in detail the categorical and set-theoretic meanings of terms. Namely, start witha TSA, which is a model, and construct a CTSA as in 8.7.9. (Note that in this construction, lots of- irrelevant - morphisms may be lost). Then construct a new TS’A as in 8.7.7 (this will be a�substructure� of TSA, up to an obvious identification). Consider now an interpretation [ - ]h over

8. Formulae, Types, and Objects197TSA, where the range of h, though, is restricted to TS’A. Define [ - ]D as in 8.7.5 over CTSAand, finally, give [ - ]’h over TS’A by using h and [ - ]D as in 8.7.7. Prove then that [ - ]hand [ - ]’h coincide. Thus, we moved from TSA to CTSA and to TS’A, preserving the meaningof terms.Conversely, by an even longer and more tedious proof, go from an interpretation [ - ]D over aCartesian closed category C, to a model TSA, where the interpretation [ - ]h is given by 8.7.7.Construct then a CTSA as in 8.7.9 and observe that it may be faithfully embedded into C. Relate bythis [ - ]D, over C, and the interpretation [ - ]’D, given as in 8.7.5, over CTSA. (The connectionbetween set-theoretic and categorical meaning of terms will be more closely investigated for the type-free case in the next chapter).8.8 Fixpoint Operators and CCCsThe typed lambda calculus is strongly normalizable, that is:1. every computation terminates, and2. the computation is independent from the evaluation strategy.The latter property is surely very attractive for a computational language since it greatly simplifies itssemantics: the programmer, in the design of the code, does not have to fuss over the operationalevolution of reduction, but can concentrate on the denotation of the program in its strongest meaning.Considered by itself, the first property also seems to be quite interesting, but it has the ratherannoying corollary that not all �computable� functions (e.g., Turing-computable) will be computablein the language. The problem is not only related to the abstract expressiveness of the language; intoday�s computer science, the idea of �general purpose� language is no longer considered as central asit was twenty years ago, and the loss of the ability to compute, for example, the Ackermann function,does not worry anybody: primitive recursive functions are surely enough for most interestingapplications. What makes the general recursive formalism more attractive than the primitive recursiveone, is that it is much easier to write code in the general formalism (also for computing a primitiverecursive function).Coming back to the typed lambda calculus, it is otherwise too poor for any application, so we facethe problem of extending the language with more powerful constructs. In chapter 11, we shall studythe �second order� or �polymorphic� extension, which still has the nice property of strongnormalization together with a great formal expressiveness (although, as a programming language, itimposes on the programmer a completely new approach to the design of the code). We study for themoment a simple extension by means of fixpoint operators, which enables us to write recursivedefinitions of functions.The reader should be aware, though, that a price must be paid when extending typed languages byfixpoint operators. The problem is related to the Curry-Howard analogy (see section 8.3). Remember

8. Formulae, Types, and Objects198that a (constructive) proof of a formula A corresponds with a closed l-term of type A in typetheory, and, thus, a formula is provable in the logic if and only if the corresponding type is�inhabited� in type theory. The existence of fixpoint operators has as a consequence that all types areinhabited, or, from the logical point of view, that all formulae are provable (see later). Thus fixpointoperators have no logical correspondent; nevertheless, the calculus they originate is not inconsistentfrom the point of view of the equational theory of programs (that is, not all terms happen to beprovably equal). This is shown by the models below.In conclusion, the programmer, in the present context, must decide whether to acquire the fullexpressive power and the elegance of programming by �recursive definitions� or to preserve theadvantages of the �types as formulae� paradigm. This choice depends on the specific applications heor she has in mind.8.8.1 Definition A fixpoint operator of type s is a term Qs of type (sfis)fis such that , forevery term Msfis one hasMsfis (Qs Msfis) = Qs Msfis.By fixpoint operators one can simulate recursive definitions in the following way:letrec fs be Ms[f] in Ng[f]becomes(lhs.Ng) ( Qs(l fs.Ms))Note that for every type s we have at least an object of that type, obtained as a fixpoint of theidentityQs (lxs.xs).We consider next the problem of giving an interpretation to fixpoint operators. As we need tointerpret typed l-calculi, this will be done in suitable CCC’s.8.8.2 Definition Let b be an object of a CCC C. A fixpoint operator for b is a morphismFixb: bbfib such that Fixb = evalb,b� <id,Fixb>. A category has fixpoint operators if eachobject b has a fixpoint operator Fixb .In every CCC with fixpoint operators, it is easy to give meaning to the axiomfix. Msfis ( Qs Msfis) = Qs Msfisby letting{Qs}D = L( Fixs � snd) � !D,where snd: t·ssfiss, and !D is the unique arrow from D to the terminal object t.Indeed, one has the following:

8. Formulae, Types, and Objects199{ M(Qs M) }D= eval � <{M}D, { (Qs M) }D>= eval � <{M}D, eval � < L( Fixs � snd) � !D, {M}D> >= eval � <{M}D, Fixs � {M}D >= eval � < id, Fixs > � {M}D= Fixs � {M}D= eval � < L( Fixs � snd) � !D, {M}D>= { (Qs M) }D.It is not difficult to find CCC�s with fixpoint operators. The most well-known example isprobably the category CPO, with complete partial order for objects and continuous functions formorphisms (remember that, in CPO, f: AfiB is continuous if and only if f is monotonic and forevery directed subset D of A, f(¨(D)) = ¨f(D); every c.p.o.has a least element, ^ = ¨˘ ).Observe that, given a c.p.o. C and a continuous function f , we can form a chain{fn(^C)}n˛w = ^C £ f(^C) £ f(f(^C)) £ .... £ fn(^C) £ ....starting from the bottom element ^C. The next two results develop this example.8.8.3 Theorem Let C be a CPO, let ^C be its least element, and let f: CfiC be a continuousfunction. Then ¨{fn(^C)}n˛w is the least fixed point of f .Proof: Note that ¨{fn(^C)}n˛w = ¨{fn+1(^C)}n˛w . Then f(¨{fn(^C)}n˛w)= ¨f{fn(^C)}n˛w)= ¨{fn+1(^C)}n˛w).Moreover, if c is another fixed point, then we prove by induction that, for all n, fn(^C) £ c.Indeed,^C £ cfn(^C) £ c � fn+1(^C) £ f(c) = c.Then, by definition of least upper bound, ¨{fn(^C)}n˛w £ c. ¤8.8.4 Definition Let C be a c.p.o. Define then FixC: CCfiC the function that takes everycontinuous function f: CfiC to ¨{fn(^C)}n˛w .8.8.5 Proposition FIXC: CCfiC is continuous.Proof Exercise. ¤In a more general setting, the existence of exponents, in CCC’s, suggests the investigation ofthose �paradoxical� objects that �contain,� as a retract, their own function space; namely, the reflexiveobjects of section 2.3 (see also below). They will turn out to be rather relevant in the next chapter,where examples are given, and in chapter 10, where the idea will be generalized to fixpointconstructions over types, namely to the categorical counterpart of recursive definitions of data types.

8. Formulae, Types, and Objects200Remember (see definition 1.4.2) that in a category C, a < b via the retraction (i,j) iff j ß i = ida.In these assumptions, i turns out to be mono and j epic. Thus a retract a of b is a subobject ofb, up to isomorphisms. An object V is reflexive iff VV < V (see definition 2.3.5). We next showhow to construct another simple model of the typed lambda calculus with fixpoint operators, by usingthe category RetV of retracts over a reflexive object V. Recall that, given an object V in a categoryC, the category RetV is defined as follows (see definition 1.4.4):ObRetV = { f˛C[V,V] | f � f = f }MorRetV = { (f, k, g) | f, g˛ObRetV , k˛C[V,V] , k = g � k � f }dom( (f, k, g) ) = f , cod( (f, k, g) ) = gidf = (f, f, f)(f, k, g) � (g’, k’, f) = (g’, k � k’, g)Proposition 8.8.6 below proves that, if V is a reflexive object in a CCC C, then RetV is Cartesianclosed too. In theorem 8.8.8 we will prove that, given a reflexive object V in an arbitrary CCC,every object f in RetV has a fixpoint operator Fixf .8.8.6 Proposition If C is a CCC and V is a reflexive object in C, then RetV is a CCC.Proof By proposition 2.3.6, we know that the terminal object t and V·V are both retracts of V(by definition of reflexive object also VV<V ). Suppose the following:t < V via in, outV·V < V via in’, out’VV < Vvia in", out".Let 1= in � out : Vfi�V. 1 � 1= in � out � in � out = in � out = 1. 1 is the terminal object of RetV . Iff is an object in RetV, then !f: ffi1 is (f,1,1). Note that (f,1,1) is a well-defined morphism, since1= 1 � 1 � f for the terminality of t. Moreover, if (f,g,1) is another morphism, then g = 1 � g � f =1, again for the terminality of t .Given two objects f and g in RetV, their product is f~g = in’ � f·g � out’: VfiV. (In thepresent proof only, ~ has this meaning)Note thatf~g � f~g= in’ � f·g � out’� in’ � f·g � out’= in’ � f·g � f·g � out’= in’ � f·g � out’= f~g.The projections are ( f~g, fst, f), ( f~g, snd, g) wherefst = p1 � out’ � f~g : VfiVsnd = p2 � out’� f~g : VfiVand p1, p2 are the projections associated in C to the product V·V.The pairing operation <,>ret is defined as follows: given two morphisms (c,h,f) and (c,k,g) set

8. Formulae, Types, and Objects201< (c,h,f), (c,k,g) >ret = (c, in’� <h,k>,f~g)where <,> is the pairing in C.This is a good definition, since f~g � in’� <h,k> � c = in’ � f·g � out’ � in’� <h � c, k � c >by def. of f~g= in’ � f·g � <h � c, k � c >= in’� <f � h � c, g� k � c >= in’� <h, k >.We have still to prove the equations associated with the product; we only prove that( f~g, fst, f) � < (c,h,f), (c,k,g) >ret = (c,h,f)and leave the other proofs as an exercise for the reader. We have the following:( f~g, fst, f) � < (c,h,f), (c,k,g) >ret == ( f~g, fst, f) � (c, in’� <h,k>,f~g)= ( c, fst � in’� <h,k>, f) by composition in RetV= ( c, p1 � out’ � f~g � in’� <h,k>, f)by def. of fst= ( c, p1 � out’ � in’ � f·g � out’ � in’� <h,k>, f)by def. of f~g= ( c, p1 � f·g � <h,k>, f) = (c,h,f).The functor ~ is defined on morphisms in the usual way (namely, f·g = <p1 � f, p2 � g> ).Specifically, given two morphisms (c,h,f) and (d,k,g):(c,h,f) ~ (d,k,g) = < (c,h,f) � (c~d, fst , c), (d,k,g) � ( c~d, snd, d) >ret= < (c~d, h � fst , f), ( c~d, k� snd, g) >ret by composition in RetV= ( c~d, in’ � < h � fst, k� snd >, f~g )by def. of <,>ret= ( c~d, in’ � < h � p1 � out’ � c~d, k � p2 � out’� c~d >, f~g )by def. of fst, snd= ( c~d, in’ � < h � p1, k � p2> � out’ � c~d, f~g )= ( c~d, in’ � h·k � out’ � c~d, f~g ).We are now in a position to define the exponents. If h, k : VfiV, let [h,k] = L(k � evalV,V �(id·h)) : VVfiVV. Given two objects f and g in RetV, their exponent is:gf = in" � [f,g] � out": VfiV.This is a good definition, since gf � gf= in" � [f,g] � out" � in" � [f,g] � out"by def. of gf= in" � [f,g] � [f,g] � out"= in" � L(g � evalV,V � (id·f)) � L(g � evalV,V � (id·f)) � out"by def. of [f,g]= in" � L(g � evalV,V � (id·f) � L(g � evalV,V � (id·f))·id ) � out"= in" � L(g � evalV,V � L(g � evalV,V � (id·f))·id � (id·f) ) � out"= in" � L(g � g � evalV,V � (id·f) � (id·f) ) � out"by (b)= in" � L(g � evalV,V � (id·f) ) � out"since g, f are retractions= in" � [f,g] � out"by def. of [f,g]= gfby def. of gf.

8. Formulae, Types, and Objects202The evaluation function is ( gf~f, ev, g) whereev = evalV,V � (out"·id) � out’ � gf~fThe currying operation Lret is so defined: given a morphism (c~f,h,g),Lret(c~f,h,g) = (c, in"� L(h � in’), gf ).This is a good definition of morphism in RetV; indeedgf � in"� L(h � in’) � c == in" � L(g � evalV,V � (id·f) ) � out" � in"� L(h � in’) � cby def. of gf= in" � L(g � evalV,V � (id·f) ) � L(h � in’ � c·id)out" � in" = id= in" � L(g � evalV,V � (id·f) � L(h � in’ � c·id)·id)= in" � L(g � evalV,V � L(h � in’ � c·id)·id � (id·f) )= in" � L(g � h � in’ � c·id � id·f )by (b)= in" � L(g � h � in’ � c·f)= in"� L( g � h � c~f � in’)by def. of c~f= in"� L(h � in’).We only prove the axiom b, and leave as an exercise for the reader to prove h .(gf~f, ev, g) � ( Lret(c~f,h,g) ~ (f, f, f) ) == (gf~f, ev, g) � ( (c, in"� L(h � in’), gf ) ~ (f, f, f) ) by def. of Lret= (gf~f, ev, g) � ( c~f, in’ � (in"� L(h � in’))·f � out’ � c~f , gf~f)by def. of ~ on arrows= (c~f, ev � in’ � (in"� L(h � in’))·f � out’ � c~f , g)by composition in RetV= (c~f, evalV,V � (out"·id) � out’ � gf~f � in’ � (in"� L(h � in’))·f � out’ � c~f, g)by def. of ev= (c~f, evalV,V � (out"·id) � gf·f � (in"� L(h � in’))·f � out’ � c~f , g)by def. of gf~f= (c~f, evalV,V � (out" � gf � in"� L(h � in’))·f � out’ � c~f , g )as f � f = f= (c~f, evalV,V � (L(g � evalV,V � (id·f)) � L(h � in’))·f � out’ � c~f , g)by def. of gf= (c~f, evalV,V � ( L(g � evalV,V � L(h � in’)·id � (id·f) )·f � out’ � c~f , g)= (c~f, evalV,V � L(g � h � in’� id·f )·f � out’ � c~f , g)by b= (c~f, g � h � in’� id·f � c·f � out’ , g)by b= (c~f, g � h � c~f , g)= (c~f,h,g).This completes the proof that RetV is a CCC. ¤8.8.7 Lemma If V is a reflexive object in a CCC C, then there is a fixpoint operator Fix:VVfiV.Proof LetF = eval � <id, in"> : VVfiVH = L( eval � (id·(F�out")) ) : VVfiVVFix = F�H is a fixpoint operator for V; indeed,

8. Formulae, Types, and Objects203F�H= eval � <id, in"> � L( eval � (id·(F�out")) )= eval � L( eval � (id·(F�out")) )·id � <id, in" � L( eval � (id·(F�out")) ) >= eval � id·(F�out") � <id, in" � L( eval � (id·(F�out")) ) >= eval � <id, F � L( eval � (id·(F�out")) ) >= eval � <id, F�H >. ¤8.8.8 Theorem Every object f in RetV has a fixpoint operator Fixf .Proof Let Fix: VVfiV be a fixpoint operator for V. DefineFixf = (ff, Fix � out" � ff , f).We leave it to the reader to prove that this is a good definition, that is:(*) Fix � out" � ff = f � Fix � out" � ff � ff.We must prove thatFixf = ( ff~f, ev, f) � < (ff, ff, ff), Fixf>,where ev = evalV,V � (out"·id) � out’ � ff~f.Compute thenFixf = (ff, evalV,V� <id,Fix> � out" � ff, f)by def. of Fixf= (ff, evalV,V � < out" � ff, f � Fix � out" � ff>, f)by (*)= (ff, evalV,V � (out"·id) � ff·f � < ff, Fix � out" � ff>, f)= (ff, evalV,V � (out"·id) � out’ � ff~f � in’ � < ff, Fix � out" � ff>, f -)by def. of ff~f= (ff, ev � in’ � < ff, Fix � out" � ff>, f)by def. of ev= ( ff~f, ev, f) � (ff, in’ � < ff, Fix � out" � ff>, ff~f)by composition in RetV= ( ff~f, ev, f) � < (ff, ff, ff), (ff, Fix � out" � ff, f) >by pairing <,> in RetV= ( ff~f, ev, f) � < (ff, ff, ff), Fixf >. ¤References. For an introduction to Proof Theory, natural deduction, and intuitionisitic logic, thereader can consult Prawitz (1965) and Takeuti (1975). In particular, the latter inspired ourpresentation of the cut-elimination theorem. The �formulae as types� analogy is explained in Howard(1980), but the main ideas go back to work of Curry. The connections between l-calculus andCCC�s were first explored by Lambek. The equivalence is shown in Lambek (1980) and Scott(1980). A full account of the relation between l-calculus, CCC�s, and Proof Theory may be found inLambek and Scott (1986). We tried here to complement that work by relating it to Tarskian semanticsand emphasizing the role of �structures,� for the convenience of the reader who may begin with ourapproach and continue with further, more abstract readings. In section 8.7, we dealt only withCCC’s, i.e., with the models of lbhpt. Weaker calculi, that is, typed combinatory logic and lbpt,are discussed in Hayashi (1985) and Martini (1988), which introduce various notions of �weakCartesian closedness� for this purpose.