5. Universal Arrows and Adjunctions88Chapter 5UNIVERSAL ARROWS AND ADJUNCTIONSIn chapter 3, we introduced the notion of functor as a uniform way to describe �acceptable�constructions in Category Theory. The reader may have noticed that in some cases, for a givenconstruction F: CfiD, there exists a particular object c in C and an arrow u: F(c)fid , which hasa �universal behaviour� with respect to d, in the sense that every other arrow f: F(c’)fid uniquelyfactorizes through u , i.e., there exists a unique f’: cfic’ such that f = u � F(f’) or the followingdiagram commutes:a: CfiC where C is a CCC and a˛ObC. The arroweval: ba·afib is universal with respect to b, in the previous sense, since for every arrow f: c·afibthere exists a unique arrow L(f): cfiba such that f = eval � L(f), i.e.,CxC , with D(c) = (c,c) and D(f) = (f,f) and observe that the following diagramcommutes:

5. Universal Arrows and Adjunctions89D, if for every d˛D there exists anuniversal arrow ud: F(cd)fid, then the function g: ObDfiObC that takes d to cd may beextended to a functor G: DfiC. Such a functor G is called (right) adjoint to F. Remarkably, if Gis a (right) adjoint to F, then F is a (left) adjoint to G, in a dual sense, and each one describes theother up to isomorphism. From another point of view, F and G can be seen as a pair of �mutuallyrepresentable� functors.The notion of adjointness is probably the most profound and original contribution of CategoryTheory to mathematics. The reader must not expect to understand its relevance upon first reading thedefinition, or the few examples and applications in this chapter: only by a systematic use ofadjunctions will she or he become competent on the subject.5.1 Universal arrowsIn addition to the previous remarks, the careful reader has surely noticed that most of the definitionsof the constructions defined in chapter 2 (products, coproducts, terminal object, exponents . . .) havethe following common pattern:for all . . . there exist a unique . . . such that . . . .As a matter of fact, all those definitions can be seen as particular cases of a same notion (or its dual):the universal arrow. For historical reasons, universal arrows are defined dually with respect to theexamples just mentioned (exponents, products . . . ). Couniversal maps, to be defined next, will fitthe examples.5.1.1 Definition. Let F: CfiD be a functor and d˛ObD. Then <u,cd> is universal from dto F iff u˛D[d,F(cd)], cd˛ObC, and "c’˛ObC, "f˛D[d,F(c’)], $! f’˛C[cd,c’] f = F(f’)� u .As usual, this may be equivalently visualized by

5. Universal Arrows and Adjunctions90a , b ) t o D, where D: CfiC·C is the diagonalfunctor.D be a functor and d˛ObD. <u,cd> is (co)universal from F tod iff u˛D[F(cd),d], cd˛ObC, and "c’˛ObC, "f˛D[F(c’),d] $! f’˛C[c’,cd] f = u � F(f’).The diagrams and examples in the introduction to this chapter refer this �dual� notion. Here are otherinteresting examples:5.1.3 Example Let !C be the unique functor from the category C to the category 1; if id1 = u ˛1[!C(c),1] is universal, then c is terminal in C:C be the embedding functor (see section 2.6). Recall that, by definition,the lifting of a˛ObC is an object a�˛ObC together with a morphism exa˛Ct[a�,a] such that forevery f˛C[c,a] , there exists one and only one f’˛Ct[c,a�] satisfying the equation exa � f’ = f .This says exactly that exa: a�fia is an universal arrow from Inc to a :

5. Universal Arrows and Adjunctions91D be a functor and d˛ObD . Assume that <u,c> is universalfrom d to F . Then1. <u’,c’> is universal from d to F � c @ c’ ;2. c @ c’ via (h,h-1) � <F(h)� u,c’> is universal from d to F.Proof1. $!h˛C[c,c’] $!h’˛C[c’,c] u’= F(h)�u = F(h)�F(h’)�u’= F(h�h’)�u’. But u’ = F(id) �u’.By unicity, h�h’ = id . Similarly, h’�h = id .2. Exercise. ¤By the proof of proposition 5.1.5, one even has that the isomorphism is unique. This is a strongproperty of universal constructions as a very common tool in mathematics (see the examples below).It is hard to think of a more suitable language than the categorical one for expressing properties likethis.We next give two alternative characterizations of the notion of universal arrow: the first one, intheorem 5.1.6, is of an equational nature; the second one, in theorem 5.1.7, makes use only of thenotion of a natural isomorphism. In a sense, the definition of universal arrow given in definition5.1.1 is in the middle way: it is based on one equation and on the existence of an isomorphism (doesthe reader see any analogy with the various characterizations of products and exponents we havegiven?).5.1.6 Theorem Let G: Cfi D be a functor, d˛ ObD and cd˛ ObC . Then there existsu˛D[d,G(cd)] such that <u,cd> is universal from d to G iff, for every c˛ObC there is anoperation tc: D[d,G(c)]fiC[cd,c] such that, for every f˛D[d,G(c)] and every h˛C[cd,c] ,1. G(tc(f)) � u = f2. tc(G(h) � u) = h

5. Universal Arrows and Adjunctions92Proof(�) let <u,cd> be universal from d to G. For every f˛D[d,G(c)] define tc(f) as the uniquearrow f’ such that G(f’) � u = f. (1) is then immediate by definition, and (2) follows by unicity.(�) let tc: D[d,G(c)]fiC[cd,c] be an operation which satisfies (1) and (2) above. We mustonly prove that it is an isomorphism. Define then, for every h˛C[cd,c] tc-1(h) = G(h) � u ; thus,we have:tc-1(tc(f)) = G(tc(f)) � u = f by (1)tc(tc-1(h)) = tc(G(h) � u) = hby (2). ¤5.1.7 Theorem. Let C, D be locally small categories, G: CfiD, d˛ObD and cd˛ObC. Thenthere exists u˛D[d,G(cd)] such that <u,cd> is universal from d to G iff C[cd,_] @ D[d,G_] .Proof(�) For c’˛ObC and f’˛C[cd,c’], set tc’(f’) = G(f’) � u ˛ D[d,Fc’] .Then t: C[cd,_]fiD[d,G_] is a natural transformation, since tc’(g � h) = G(g � h) � u = G(g) � tc(h).That is, for g˛C[c,c’], the following diagram commutes:D[d,Fc’] $!f’˛C[cd,c’] f = tc’(f’) , by definition. Thus, by proposition 3.2.3, tis a natural isomorphism.(�) Let t : C[cd,_] @ D[d,G_] and set u = tcd(id). Then u˛D[d,G(cd)] . By the naturality oft, for all c,c’˛ObC , G(g) � tc(_) = tc’(g�_) and, hence, "f˛D[d,G(c’)]G(tc’-1(f)) � u = G(tc’-1(f))�tcd(id)= tc’(tc’-1(f))= f .That is, "f˛D[d,G(c’)] $!f’(= tc’-1(f))˛C[cd,c’] such that f = G(f’)�u . ¤Exercise: Give the dual version of theorems 5.1.6 and 5.1.7.Recall now that a functor F : CfiSet is representable if there exists a c˛C such that F @ C[c,_]naturally.

5. Universal Arrows and Adjunctions935.1.8 Corollary Let C, D be small categories, G: CfiD, d˛ObD and cd˛ObC. Then thereexists u˛D[d,G(cd)] such that <u,cd> is universal from d to G iff the functor D[d,G_]:CfiSet is representable.5.2 From Universal Arrows toward AdjunctionsThe construction of a universal arrow ud: G(cd)fid from G: CfiD to d usually depends on d.If this construction can always be performed, the function d |_ cd can be extended to a functor F:DfiC. We shall see in the next section that such G and F relate in an important way calledadjunction; for the moment we concentrate on the construction of the functor F.In this and in the following section, we assume that we are dealing with locally small categories.5.2.1 Theorem. Let G: CfiD be a functor such that "d˛ObD $<ud,cd> universal from d toG Then there exists a functor F: DfiC such thati. F(d) = cdii. C[F_,_] @ D[_,G_].(Note that C[F_,_], D[_,G_] : Dop·Cfi Set). Moreover, the functor F is unique, up toisomorphism.Proof: By assumption we know that, for all f˛D[d,d’] ,f = G(Ff))�ud . By the uniqueness property, G(id) = id.Moreover, by twice the definition of F,

5. Universal Arrows and Adjunctions94 f), one then has F(f�h) = F(f) � F(h).We need now to define a natural isomorphism j: D[_,G_] @ C[F_,_]. Thus we first need to check,for a suitable j, that for all g˛D[d’,d] and h˛C[c,c’] the following diagram commutes:D[d,Fc] j(G(h)�f�g) = h�j(f)�Fg .Now write u (u’) for ud (ud’, respectively). We know then that "f˛D[d,G(c)] $!f’˛C[F(d),c]f = G(f’) � u . Define j(f) = f’, that is, f = G(j(f))�u (compare with the definition of F ). j isclearly a set-theoretic isomorphism; thus, we have only to prove the naturality (1).By the definition of the functors G and F, the following diagram commutes:

5. Universal Arrows and Adjunctions95g))�u’ = G(j(f)�F(g) )�u’ , since G is a functor. By unicity,2. j(f � g) = j(f) � F(g) .Moreover, for all f˛D[d,G(c)], f � g)= h � j(f � g)by the diagram and unicity= h � j(f) � F(g)by (2).This proves (1), i.e. the naturality of j , and by proposition 3.2.3 the proof is completed. ¤Dually, we have the following:5.2.2 Theorem. Let F: DfiC be a functor such that "c˛ObC $<uc,dc> universal from F toc. Then there exists a (unique) functor G: CfiD such thati. G(c) = dcii. C[F_,_] @ D[_,G_] .

5. Universal Arrows and Adjunctions96Proof The result follows by duality; anyway we explicitly reprove it, but by using a differenttechnique from the one used above. As the reader will see, the difference is essentially notational, butshe or he is invited to study both proofs since they are good examples of two common proof styles inCategory Theory.Let GOb: ObCfiObD be the function defined by GOb(c) = dc, where uc: F(dc)fic is theuniversal arrow. We have"f˛C[F(d),c] $!g˛D[d,GOb(c)] f = uc � F(g)Now define, "g˛D[d,GOb(c)] td,c(g) = uc � F(g) .For every d˛ObD and c˛ObC, td,c:D[d,GOb(c)]fi C[F(d),c] is clearly a set-theoreticisomorphism. Note that, "h˛D[d’,d],1. td’,c(g � h) = uc � F( g � h ) = uc � F(g) � F(h) = td,c(g) � F(h)By taking td,c-1(f) for g in (1), we have td’,c( td,c-1(f) � h ) = f � F(h), or equivalently,2. td,c-1(f) � h = td,c-1( f � F(h) )For simplicity, we now omit the indexes of t and t-1 .Let GMor: MorC fi MorD be the function defined by"k˛C[c,c’] GMor(k) = t-1(k � uc) ˛D[GOb(c), GOb(c’)]We want to prove that G = (GOb, GMor) is a functor: G(idc)= t-1(uc)= t-1(uc � idF(G(c)) )= t-1(uc � F(idG(c)) )= t-1( t(idG(c) ) )= idG(c)and, for every f: c’fic", k: cfic’, G(f � k)= t-1( f � k � uc)= t-1(f � uc’ � F( t-1(k � uc) ) )= t-1(f � uc’) � t-1(k � uc) by (2)= G(f) � G(k)(1) proves the naturality of td,c in the component d . We have still to prove the naturality in c, thatis, "g˛D[d,GOb(c)], "k˛C[c,c’]3. td,c’(G(k) � g ) = k � td,c(g)We have: t(G(k) � g )= t( t-1(k � uc) � g )= t( t-1(k � uc � F(g) ) ) by (2)= k � uc � F(g)= k � t(g) By taking td,c-1(f) for g in (3) we obtain td,c’(G(k) � td,c-1(f) ) = k � f , or equivalently:4. G(k) � td,c-1(f) = td,c’-1(k � f).

5. Universal Arrows and Adjunctions97(2) and (4) state the naturality of t-1.Note that since G must satisfies (4) , thenG(k) = G(k) � id = G(k) � t-1(uc) = t-1(k � uc)which shows that the adopted definition for G was actually forced. This proves the unicity of thefunctor G. ¤5.2.3 Example An interesting example of application of theorem 5.2.2 refers to Cartesian closedcategories. By the previous section, we know that if C is a CCC, then for all a,b in ObC, (p:a·bfia, p2: a·bfib) is universal from D to (a,b), and evala,b: ba·afib is universal from _·ato b. Then the functions _·_: ObC·CfiObC and _a : ObCfiObC which respectively take (a,b)to a·b and b to ba, can be extended to two functors _·_: C·CfiC and _a : CfiC. The explicitdefinition is the following: for every f: afic , g: bfid(_·_)(f,g) = f·g = < f � p1, g � p2 > : a·bfic·d(_a)(g) = L(evala,b � g) : bafidaFor every object c in C, even the unique arrow !c: cfit may be seen as universal arrow from theunique functor !C: Cfi1 to t. In this case, the extension of the function that takes 1˛Ob1 to tto a functor T: 1fiC is trivial, but it is interesting that the existence of the terminal object t in Cmay be expressed by the natural isomorphism 1[!C(c)=1 ,1] @ C[c,T(1)=t].5.2.4 Example Consider C, Ct and Inc as in example 5.1.4, and assume that for each objecta˛ObC there exists the lifting a�. By example 5.1.4 we know that exa: a�fia is an universalarrow from the embedding functor Inc: CtfiCp to a. By theorem 5.2.2 the function _�: ObCfiObCwhich takes every object a to its lifting a�, may be extended to a functor _�: CpfiCt. The explicitdefinition of the functor _� on a partial arrow f: bfic is the following(_�)(f) = f� = t(f � exb)˛Ct[b�,c�]where t(f�exa) is the only arrow such that exc � t(f�exb) = f�exb.Note that nearly all the facts about partiality and extendability we proved depend directly onproperties of natural transformations and adjunctions. That is, it was not possible to derive theproperties of the lifting of b by assuming just a set-theoretic isomorphism between Cp[a,b] andCt[a,b�] for all a, as one may be tempted at first thought. The expressive categorical notion ofnatural transformation turns out to be essential for these purposes.5.3 AdjunctionsIn this section we derive a general notion from the previous constructions and say that the functors Fand G in theorems 5.2.1 and 5.2.2 are �adjoint� to one another. The idea is that an adjunctionestablishes a relation between two categories C and D through two functors F: DfiC and G:

5. Universal Arrows and Adjunctions98CfiD; this relation creates a bijective correspondence j of arrows in the two categories of the kinddescribed by the following picture:C and G: CfiD be functors. Then an adjunction from D to C isa triple <F,G,j> such that j: C[F_,_] @ D[_,G_] is a natural isomorphism. F is called leftadjoint of G, and G is called right adjoint of F.The naturality of the isomorphism j deserves to be spelled out. For any f˛C[F(d),c], k˛C[c,c’]and h˛D[d’,d], we have1. jd,c’(k � f) = G(k) � jd,c(f)2. jd’,c(f �F(h) ) = jd,c(f) � h

5. Universal Arrows and Adjunctions99It is equivalent to require that j-1 is natural, that is, for any g˛C[d,G(c)], k˛C[c,c’] andh˛D[d’,d],3. j-1d,c’(G(k) � g) = k � j-1d,c(g)4. j-1d’,c(g � h) = j-1d,c(g) � F(h) .Examples1. Let D, C be partial order categories, and (ObD,£D), (ObC,£C) the associated p.o.sets. Anadjunction from D to C is a pair of monotone functions f: ObDfiObC, g: ObCfiObD such that,for every d˛ObD , c˛ObC,f(d) £C c � d £D g(d) .Consider for example the partial order Z of relative numbers, and the partial order R of realnumbers. Let I: ZfiR be the obvious inclusion, and º_ß: RfiZ be the function that takes a realnumber r to its lower integer part ºrß. Then I and º_ß define an adjunction from Z to R , since 1. I(z) £R r � z £Z ºrßConversely let Ø_ø: RfiZ be the function that takes a real number r to its upper integer part Ørø.Then Ø_ø and I define an adjunction from R to Z, since2. Ørø £Z z � r £R I(z)Note that º_ß and Ø_ø are respectively the right and left adjoint to the same functor I. Note,moreover, that º_ß and Ø_ø are the unique functions that respectively satisfy conditions (1) and (2)for all r and z.Another interesting example of adjunctions between partial orders as categories is the following:consider the p.o.set of positive integers N. For every natural number n , let _ .n : NfiN be thefunction that takes a natural numbers m to the product m.n . The right adjoint to _ .n is the thefunction div(_,n): NfiN that takes q to (the lower integer part of) q divides n .Indeed, for every m, q, m.n £ q � m £ div(q,n)Analogously the �minus� operation is right adjoint to �plus.�2. This further example uses familiar notions and applies the categorical understanding of afundamental technique in (universal) algebra. Given a category C of structures and a category D ofslightly more general ones, the right adjoint of the forgetful functor from C to D defines the �freestructures� over the objects in the category D. This technique is widely explained in several places(see references), so that we just hint at it here.The category Graph was defined in the example 4.1.5. Recall now that a graph G is given by:- a set V of objects (nodes)- a set T of arrows (edges)- a function ¶1: TfiO which assigns to each arrow f its range ¶1(f)- a function ¶2: TfiO which assigns to each arrow f its target ¶2(f) .

5. Universal Arrows and Adjunctions100Morphisms of graphs G, G’ are pairs <f,g>, where f: TfiT’ and g: VfiV’ have the properties inthe example 4.1.5. We already mentioned (see the exercise following that example) that each smallcategory C may be regarded as a graph G = U(C), just forgetting identities and composition. Ofcourse, U takes objects to nodes and arrows to edges. Moreover, every functor F: CfiD gives amorphisms H = U(F): U(C)fiU(D) between the associated graphs; the reader should have checkedthat U: Cat fiGraph is actually a (forgetful) functor. Conversely every graph G generates acategory C = C(G) with the same objects of G, and, for arrows, the finite strings (f1,...,fn) ofcomposable arrows of G, i.e., of arrows in the due types (the empty strings are the identities inC(G)). Composition in C(G) is just string concatenation, that is,(f1, . . . ,fn) � (g1, . . . ,gm) = (f1, . . . ,fn,g1, . . . ,gm) .Note that (f1,...,fn) = f1 � . . . � fn. The category C(G) is called the free category generated byG.This construction may be extended to morphisms of graphs: if H: Gfi G’ then C(H):C(G)fiC(G’) is the functor that coincides with H on objects, and that is defined on morphisms by:C(H)(f1,...,fn) = (H(f1),... H(fn)).It is easy to prove that C is a functor from Grph to Cat. Actually, we have an adjoint situation, sincethere is an isomorphism Q : Cat[C(G), C] @ Grph[G, U(C)] which is natural in G and C. Theisomorphism Q takes every functor F: C(G)fiC to the morphism Q(F): GfiC, which is the�restriction� of F on G. For the nature of C(G), every functor F: C(G)fiC is uniquely determinedby its behavior on the arrows of G, indeed if (f1,. . . ,fn) is an arrow in C(G), by definition of afunctor, F((f1,. . . ,fn)) = F( f1 � . . . � fn) = F(f1) � . . . � F(fn). This proves that Q is injective. ButQ is also surjective, since if H: GfiU(C) , we can define a functor F: C(G)fiC by F((f1,. . . fn))= H(f1) � ... � H(fn), and clearly Q(F) = H. We leave it to the reader to prove the naturality of theisomorphism.Exercise In section 4.3 we turned each Petri net N into a monoidal category C~(N) . DescribeC~(N) as a freely generated category.Exercise Let C and D be discrete categories (i.e., the only morphisms of the categories areidentities). Prove that <G,F,t>: Cfi D is an adjunction if and only if G and F define anisomorphism between C and D.In the previous section, we have actually shown how to construct an adjunction when one canuniformly obtain a universal arrow <ud,cd> from each object d . Now we show how to obtainuniversal arrows out of an adjunction, and put together the two results.5.3.2 Theorem. If < F: DfiC , G: CfiD ,j > is an adjunction from D to C, then1. < u =j(idF(d)) : dfiG(F(d)) , F(d)> is universal from d to G

5. Universal Arrows and Adjunctions101u is called unit of the adjunction2. <u’=j-1(idG(c)): F(G(c))fic ,G(c) > is universal from F to cu’ is called counit of the adjunction.Conversely, if G: CfiD is a functor and (1) holds (or F: DfiC is a functor and (2) holds), then<F,G,j > is an adjunction from D to C.Proof. (1) is given by theorem 5.1.6 (�) and the definition of G. Note that (2) follows dually. Theconverse is stated in theorems 5.2.1 and 5.2.2. ¤Thus, if < F, G ,j > is an adjunction, then the functor F of theorem 5.2.1 is the left adjoint of Gand, conversely, G in theorem 5.2.2 is the right adjoint of F. In view of the expressive power of thenotion of adjunction, we can now state in one line some of the concepts we introduced in theprevious chapters.5.3.3 Corollary Let C be a category. Theni. C has a terminal object iff the unique functor !C: C fi 1 has a right adjoint;ii. C has finite products iff the diagonal functor has a right adjoint;iii. C is a CCC iff it is cartesian (i.e., !C: Cfi1 and D : CfiC·C have right adjoints) and, foreach a˛ObC, the functor _·a : CfiC has a right adjoint.Proof. Immediate by theorem 5.2.2 and the considerations in example 5.2.3. ¤5.3.4 Corollary Let C be a category of partial morphisms. The lifting functor _� : CfiCt is theright adjoint of the embedding functor Inc: CtfiC.Proof Immediate by 5.2.2 and the considerations in example 5.2.4. ¤As the reader probably expects, it is also possible to give a fully equational characterization ofadjunctions.5.3.5 Theorem An adjunction <F, G,t> : CfiD is fully determined by the following data:- the functor G: DfiC- a function f: ObCfiObD such that, for every object c of C, f(c) = F(c)- for every object c of C, an arrow unitc˛C[c, G(f(c))]- for every object c of C and d of D, a function tc,d-1: C[c,G(d)]fiD[f(c),d]such that, for every h˛C[c,G(d)] and k˛D[f(c),d],1. G(tc,d-1(h)) � unitc = h ;2. tc,d-1(G(k) � unitc ) = k .

5. Universal Arrows and Adjunctions102Proof The theorem is an immediate consequence of theorems 5.3.2 and 5.1.6. A direct proof is notdifficult, and its study is a good exercise for the reader since it summarizes many of the previousresults. Here it is:The function f may be extended to a functor F by setting, for k˛C[c,c’], F(k) = tc’,d-1(unitc’ � k).Note that F(idc)= tc,f(c)-1(unitc)= tc,f(c)-1(idG(f(c)) � unitc)= tc,f(c)-1(G(idf(c)) � unitc)= idf(c) .by (2)and moreover, omitting the indexes for notational convenience, F(h � k)= t-1(unit � h � k )= t-1( G(t-1(unit � h)) � unit � k )by (1)= t-1( G(t-1(unit � h)) � G(t-1(unit � k)) � unit ) by (1)= t-1( G( t-1(unit � h) � t-1(unit � k) ) � unit )= t-1(unit � h) � t-1(unit � k) by (2)= F(h) � F(k) .Let now, for every object c of C and d of D, tc,d: D[f(c),d]fiC[c,G(d)] be the function defined bytc,d(k) = G(k) � unitc . Equations (1) and (2) express exactly the fact that tc,d and tc,d-1 define anisomorphism. We have still to prove their naturality. Let k˛D[d,d’], h˛C[c,G(d)], h’˛C[c’,c],and k’˛D[f(c),d] ; thennat-1. t-1(G(k) � h )= t-1(G(k) � G(t-1(h)) � unitc )= t-1(G(k � t-1(h)) � unitc )= k � t-1(h) ;nat-2. t-1(h � k )= t-1(G(t-1(h) ) � unit � k )by (1)= t-1(h) � t-1(unit � k )by (nat-1)= t-1(h) � F(k) ;nat-3. t(k’ � F(h’) )= t (t-1(t(k’)) � F(k) )= t (t-1(t(k’) � h’)by (nat-2)= t(k’) � h’ ;nat-4. t(k � k’ )= G( k � k’) � unit= G( k ) � G(k’) � unit= G( k ) � t(k’). ¤5.3.6 Proposition Let <F,G,t>: Cfi D be an adjunction. Then there exist two naturaltransformations h : IdCfiGF and e: FGfiIdD such that, for every c in C and d in D, h(c) ande(d) are respectively the unit and counit of the adjunction.Proof: exercise. ¤

5. Universal Arrows and Adjunctions103In other words, one may construct the unit and counit �uniformely� and naturally. Observe alsothat, if h : IdCfiGF and e: FGfiIdD are the natural transformations in proposition 5.3.6, then thefollowing diagram commutes:D and G: DfiC are functors, and h : IdCfiGF , e: FGfiIdD are natural transformationssuch that(Ge) � (hG) = idG ;(eF) � (Fh) = idF .We leave it as an exercise for the reader to prove the equivalence of this notion with the one we haveadopted. We shall use the definition of adjunction as a quadruple in the next section, since itsimplifies the investigation of the relation between adjunctions and monads.Exercises1. An adjointness (F, G, h , e) from C to D is an adjoint equivalence if and only if h and eare natural isomorphisms. Prove that given two equivalent categories C and D (see section 3.2) itis always possible to define an adjoint equivalence between them.2. Given an adjointness (F, G, h, e) from C to D, prove the equivalence of the followingstatements:i. hGF = GFh;ii. hG is an isomorphism;iii. eFG = FGe;iv. eF is an isomorphism.5.3.7 Example In section 3.4 we defined the CCCs of limit and filter spaces, L-spaces and FILrespectively, which generalize topological spaces, Top. The functorial �embeddings� mentioned inthat example are actually adjunctions. Recall that H : Top fi FIL is given byH((X,top)) = (X,F) where F(x) = {F | F is a filter and "0˛top (x˛0 � 0˛F)}.H(f) = f by the definition of continuity. H has a left adjoint T : FIL fi Top defined byT((X, F)) = (X,top) where 0˛top iff "x˛0 "F˛F(x) 0˛F .Also in this case, filter continuity corresponds to topological continuity, i.e., T(f) = f . The readermay easily define the natural isomorphism t .

5. Universal Arrows and Adjunctions104In general, limits are not unique in filter spaces. A stronger notion of convergence, to be used forcomputability (see the final remark in section 8.4), may be given as follows. For (X,F) in FILconsider (X,top) = T((X, F)) and define(s-conv.)Fflsx iff F˛F(x) and "0˛F˙top x˛0 .Then top is T0 iff s-convergent filters have a unique limit.Let N = (w, F) be the natural numbers with the filter structure induced by the discrete topologyand M = NN. With some work (see references) one can show that MM is not topological, i.e. forno (X,top) one has MM = H((X,top)). The idea is that each topological filter space has a least filterfor each F(x), the neighborhood filter at x; deduce from this that the associated adjointness(T,H,h,e) to (T,H,t) is not an adjoint equivalence (which one of h and e is not a naturalisomorphism?).Exercises (based on the previous example and exercises)1. Consider the full subcategory of FIL given by the filter spaces (X,F) such that, for each x, thereis a least F˛F(x). Give an adjoint equivalence between Top and this category.2. Check that the functors between L-spaces and FIL defined in the exercise in section 3.4.2 yieldan adjunction, which is not an adjoint equivalence.3. Give directly an adjunction between Top and FIL, and compare the definition with the adjunctionobtained by composition of functors. (Hint for the direct construction: given an L-space (X,fl),define (X,top) by 0˛top iff "x˛0, "{xi}flx, {xi}˝ 0 eventually. Conversely, for (X, top)topological space, define (X,fl) by {xi}flx iff "0˛top (x˛0 � {xi}˝ 0 eventually).5.4 Adjunctions and MonadsIn this section we study the relation between two seemingly distant concepts as adjunction andmonad. As a matter of fact, every adjunction immediately defines a monad, and conversely everymonad can be thought of as generated by an adjunction, called a resolution for the monad (see5.4.2 below). Resolutions for a given monad can be build up in a category by introducing a naturalnotion of morphism between them; it then happens that the Eilenberg-Moore and the KleisliCategories associated with the monad (see definitions 4.2.3 and 4.2.4) are respectively the terminaland initial object of the category.The presentation is rather technical; at first reading, the reader may just look at the first theorem,which will be applied in the next section.5.4.1 Proposition Let (F, G, h , e) be an adjunction from C to D; then (T = GF, h , m = GeF)is a monad on C and (T = FG, d = GhF, e) is a comonad.

5. Universal Arrows and Adjunctions105Proof Note first that GF, h, and GeF have the correct types, i.e., T = GF: CfiC, h: IdCfiGF,and m = GeF: GFGFfiGF. We must prove the unity and associative laws for the monad.As for the unity laws we havem � Th = GeF � GFh = G(eF � Fh) = G(idF) = idGFm � hT = GeF � hGF = (Ge � hG)F = idG(F) = idGFFor the associative law, note first thate � eFG = e � FGe .Indeed, for any d˛ObD , and letting f = ed: FG(d)fid, ed � eFG(d) = f � eFG(d)= ed � FG(f)by naturality of e= ed � FG(ed)Then one has the following: m � mT= GeF � GeFGF= G(e � eFG)(F)= G(e � FGe)(F)= GeF � GFGeF= m � Tm .The rest is an exercise in duality. ¤5.4.2 Definition Let (T, h , m) be a monad over a category C. A resolution for (T, h , m) is acategory D and an adjunction (F, G, h , e) from C to D such that T = GF and m = GeF. Amorphism between two resolutions (F, G, h , e): CfiD and (F’, G’, h , e’): CfiD’ (for thesame monad) is a functor H: DfiD’ such that F’ = H � F, G = G’ � H , and He = e’H.It is easily proved that resolutions with the associated morphisms form a category. Now we are goingto prove that the Eilenberg-Moore and Kleisli categories associated with a monad (T, h , m) both giverise to resolutions. In particular, they are respectively the terminal and initial objects in the category ofall resolutions for that monad.5.4.3 Proposition Let (T, h , m) be a monad over a category C , and let CT be the Eilenberg-Moore category associated with the monad. Then there exists a resolution for (T, h , m) which is anadjunction from CT to C.Proof Let UT: CTfiC be the forgetful functor that takes every algebra (c,a) to c, and everymorphism of algebras h to the same h regarded as a morphism in C. Let FT: CfiCT be thefunctor which takes every object c to its free algebra (T(c),mc), and every morhism f: cfic’ toFT(f) = T(f). Let eT: FTUTfiidCT be the natural transformation defined by eT(c,a) = a (notethat a: T(c)=FTUT(c,a)fic). We want to prove that (FT, UT, h , eT) is a resolution for (T, h , m).

5. Universal Arrows and Adjunctions106Obviously UT � FT = T . UT eT FT = m, since for any object c one has (UT eT FT)(c)= UT(eT FT(c))= UT(eT(T(c), mc))by def. of FT= UT(mc)by def. of eT= mcby def. of UTWe still haveto prove that (FT, UT, h , eT) is an adjunction from CT to C, that is,(UTeT) � (hUT) = idUT(eTFT) � (FTh) = idFTOne has, for every T-algebra (c,a), (UTeT � hUT) (c,a)= UT(eT(c,a) ) � hUT(c,a)= a � hcby def. of eT and UT= idc by def. of T-algebraAnd for every c˛ObC : (eTFT � FTh) (c)= eTFT(c) � FT(hc)= mc � T(hc) by def. of eT and FT= idT(c)by the unity law of the monad.¤We say that the resolution (FT, UT, h , eT) from C to the Eilenberg-Moore category CT, and givenby proposition 5.4.3, is associated with CT.5.4.4 Proposition Let (T, h , m) be a monad over a category C .Then the resolution (FT, UT,h, eT): CfiCT, associated with the Eilenberg-Moore Category CT, is a terminal object in thecategory of all the resolution for the monad (T, h , m).Proof Let (F, G, h , e): CfiD be another resolution for (T, h , m). We must prove that thereexists a unique arrow from (F, G, h , e) to (FT, UT, h , eT). Remember (cf. definition 5.4.2) thatsuch an arrow is a functor H: DfiCT , such that FT = H � F, G = UT � H , and He = eTH.Define, for any object d, and any morphism f of D,H(d) = (G(d), G(e(d)) )H(f) = G(f).Then one has, for any c˛ObC, any h˛MorC,H(F(c)) = (G(F(c)), G(e(F(c))) ) = (T(c), mc) = FT(c)H(F(h)) = G(F(h)) = T(h) = FT(h)that proves the equality H � F = FT.Moreover, for any d˛ObD, and any f˛MorD,UT(H(d)) = UT(G(d), G(e(d)) ) = G(d)UT(H(f)) = UT(G(f)) = G(f), as UT is the identity on morphisms.That proves the equality G = UT � H .

5. Universal Arrows and Adjunctions107Finally, for any d˛ObD,eTH(d) = eT(G(d), G(e(d)) ) = G(e(d)) = H(e(d))that proves the equality He = eTH.We have still to prove that H is the unique morphism from (F, G, h , e) to (FT, UT, h , eT).Let H’ be another morphism; then, for any f˛MorD,H’(f) = UT(H’(f) = G(f) = UT(H(f) = H(f)and, for any d˛MorD, H’(d)= ( UT(H’(d), eTH’(d))by def. of UT and eT= ( G(d), H’(eT(d)) )as G = UT � H’= ( UT(H(d), H(eT(d)) )as H’(f) = H(f)= ( UT(H’(d), eTH(d))= H(d).This completes the proof. ¤The unique functor to (FT, UT, h , eT) in the category of all resolutions for a given monad (T, h ,m) is called comparison functor and it is usually denoted by KT.The category of resolutions of a monad has also an initial object, which is based on the Kleislicategory associated with the monad.5.4.5 Proposition Let (T, h , m) be a monad over a category C, and let CT be the Kleislicategory associated with the monad. Then there exists a resolution for (T, h, m) that is an adjunctionfrom CT to C.Proof: Let UT: CTfiC be the functor defined by the following:for any object c of CT (i.e., of C ), and any morphism h˛CT[c,c’] (and thus h˛C[c,T(c’)])UT(c) = T(c);UT(h) = mc’ � T(h).Let FT: CfiCT be functor defined by the following:for any object c of C, and any morphism f˛C[c,c’]FT(c) = c;FT(f) = hc’ � f ( = T(f) � hc ).Let eT: FTUTfiid be the natural transformation defined by the following:for any object c of CTeT(c) = idT(c) (in C).We want to prove that (FT, UT, h , eT): CfiCT is a resolution for (T, h , m).Obviously, UT � FT = T .Moreover, UT eT FT = m, since for any object c one has (UT eT FT)(c)= UT(eT (c) ) by def. of FT

5. Universal Arrows and Adjunctions108= UT(idT(c)) by def. of eT= mc.by def. of UTWe have still to prove that (FT, UT, h , eT) is an adjunction from C to CT, that is,(UTeT) � (hUT) = id: UTfiUT(eTFT) � (FTh) = id: FTfiFTOne has, for every object c of CT: (UTeT � hUT) (c) = UT(idT(c)) � hT(c) by def. of eT and UT= mc � T(idT(c)) � hT(c)by def. UT on morphisms= mc � hT(c)as T is a functor= idc.by the unity law of the monadAnd, for every c˛ObC, (eTFT � FTh) (c)= eT(c) � (hT(c) � hc)by def. of FT= idT(c) � (hT(c) � hc)by def. of eT= mC � T(idT(c)) � hT(c) � hcby def. of composition � in CT= mC � hT(c) � hc= hcby the unity law of the monad= idcby def. of the identity in CT. ¤5.4.6 Proposition Let (T, h, m) be a monad over a category C. The resolution (FT, UT, h , eT):CfiCT associated with the Kleisli Category CT is an initial object in the category of resolutions forthe monad (T, h , m).Proof Let (F, G, h , e): CfiD be another resolution for (T, h , m). We must prove that thereexists a unique arrow from (FT, UT, h , eT) to (F, G, h , e), that is a unique functor K: CTfiD,such that F = K � FT, UT = G � K , and KeT = eK.Define, for any object c of CT, and any morphism f˛CT[c,c’],K(c) = F(c);K(f) = eF(c’) � F(f).where c and f are regarded as object and morphism of C.Then one has, for any c˛ObC, any h˛C[c,c’],K(FT(c)) = K(c) = F(c) K(FT(h))= K(hc’ � h)by def. of FT= eF(c’) � F(hc’ � h)by def. of K= eF(c’) � F(hc’) � F(h)as F is a functor= F(h)as (F, G, h , e) is an adjunctionThis proves the equality K � FT = F .Moreover, for any object c of CT, and any morphism f˛CT[c,c’],G(K(c)) = G(F(c)) = T(c) = UT(c)

5. Universal Arrows and Adjunctions109 G(K(f))= G(eF(c’) � F(f)) by def. of K= G(eF(c’)) � G(F(f)) as G is a functor= mc’ � T(f)as (F, G, h , e) is a resolution= UT(f)by def. of UTthat proves the equality UT = G � K .Finally, for any d˛ObD, K(eT(c))= K(idT(c)) by def. of eT= eF(c’) � F(idT(c)) by def. of K= eF(c’)as F is a functor= eK(c’)by def. of Kthat proves the equality KeT = eK.We have still to prove that K is the unique morphism from (FT, UT, h , eT) to (F, G, h , e).Let K’: CTfiD be another morphism; then, for every object c of CT, K’(c)= K’(FT(c)) by def. of FT= F(c)as K’ � FT = F= K(FT(c)) as K � FT = F= K(c)by def. of FTand, for any f˛CT[c,c’], K’(f)= K’(idc’ � f )= K’(mc’ � hT(c’) � f) by the unitary law of the monad= K’(mc’ � T(idT(c’)) � hT(c’) � f)= K’(idT(c’) � (hT(c’) � f) )by def. of composition � in CT= K’(idT(c’)) � K’(hT(c’) � f) )as K’ is a functor= K’(eT(c’)) � K’(FT(f)) )by def. of eT and FT= eK’(c’) � F(f)as K’eT=eK’ and F=(K’�FT)= eF(c’) � F(f)as K’(c) = K(c) = F(c)= K(f).by def. of KThis completes the proof. ¤For consistency with the terminology adopted for the comparison functor, we shall denote by KTthe unique arrow from the initial object (FT, UT, h , eT) in the category of all resolutions for amonad (T, h , m).Consider now the comparison functor from the initial to the terminal object. Of course, it must beKT = KT; let us check this explicitly.For any object c in CT, KT(c)= (UT(c), UT(eT(c)) )by def. of KT= (T(c), mc � T(idT(c)) )by def. of UT and eT

5. Universal Arrows and Adjunctions110= (T(c), mc)= FT(c)by def. of FT= KT(c).by def. of KTAnd for any morphism f˛CT[c,c’], KT(f)= UT(f)by def. of KT= mc’ � T(f) by def. of UT= eT(T(c’), m(c’)) � T(f)by def. of eT= eTFT(c’) � FT(f)by def. of FT= KT(f) .by def. of KTExercises1. Prove that the comparison functor KT = KT : CTfiCT is full and faithful.2. Prove that the Kleisli Category is isomorphic to the full subcategory of CT consisting of all freealgebras.5.5 More on Linear LogicIn this section, we complete an introductory presentation of linear logic and its categorical meaning,initiated in section 4.4. As already mentioned, the leading idea of this system refers to the �linear� useof �resources� or logical assumptions. From assuming A, one derives less than from assuming A, A,i.e., twice A . The logic-oriented reader, mostly used to classical or intuitionistic reasoning, may findthis a little strange. Probably, though, this habit hides a nonconstructive view which may result in alimitation of our understanding of effective processes. Indeed, the alternative approach proposed bylinear logic, which enriches and complements the traditional ones, seems to suggest formalizationsand understanding of processes, such as parallel ones, which have so far escaped to a description byusual tools (see the examples on monoids and Petri nets in section 4.3 and the references, for recentdevelopments of this idea).As the reader may recall, the changes in the structural rules motivate a duplication of theconnectives (see section 4.4). However, there is a way to recover the usual possibility, in classical aswell as in intuitionistic logic, of an iterated use of assumptions. The idea is to introduce a connective�!� (read �of course�), which allows to assume as (finitely) many times one wishes a givenassumption. This connective has a categorical meaning, which may be given in the terms ofadjunctions and monads, following the previous section. The interesting categorical significance ofthis relation to classical and intuitionistic logic, as well as the categorical understanding we describedin section 4.4, via structures such as the categories Stab and Lin, is probably what makes thedifference between linear logic and previous formal experiments with the structural rules in otherareas of logic.

5. Universal Arrows and Adjunctions111The rules below are meant to extend the system in section 4.4. Observe that the structural rules ofweakening and contractions apply with respect to the connective !. This is exactly what it isintroduced for: it is meant to allow copies of assumptions and observe that they lead to the sameconsequences. This is expressed also by the rules (!,r) and (!,l) . Following Girard�s work, weexplicitly introduce the dual �?� (read �why not�), of the connective ! . Its operational behaviour isdescribed by the rules, which mimic those for ! on the other side of the entailment (cf. the duality of(-)^ in 4.4.3), and by the equivalence of !A and (?(A^))^, proved below.The exponential fragment of Linear Logic is as follows:5.5.1 exponential unary connectives: ! (of course), ? (why not)5.5.2 exponential rules G |- D G |- D(weak-l)________(weak-r)________G,!A |- DG |- ?A,DG,!A,!A |- DG |- ?A,?A,D(contr-l)___________(contr-r)___________ G,!A |- D G |- ?A,DG, A |- D!G |- A,?D(!,l)________(!,r)________G,!A |- D!G |- !A,?D !G, A |- ?DG |- A,D(?,l)_________(?,r)_______!G,?A |- ?DG |- ?A,DThe duality between ! and ? is easily obtained by the following deductions: A |- A A |- A(!,l) _______(^,r) _______ !A |- A |- A^, A(^,l) _______(?,r) _______ !A, A^ |- |- ?A^, A(?,l )_________(!,r) ________ !A, ?A^ |- |- !A,?A^(^,r)__________(^,l)__________!A |- (?A^)^ (?A^)^ |- !A

5. Universal Arrows and Adjunctions112Exercise Prove that !(A˙B) |- !A ~!B and !A ~!B |-!(A˙B).5.5.3 Remark The connective �!� is exactly what is needed to recover the intuitionistic calculus: itis possible to prove that there is an embedding of intuitionistic (and classical) logic into linear logic.The embedding maps every intuitionistic formula A to a linear formula

A in the following way:

A = A if A is an atomic formula

A�B =A ˙BA�B = !

A ¯ !BA�B = !

A__oB( ! is supposed to bind tighter than

__o and ¨ ).The absurdum F of intuitionistic is translated into 0, the identity for ¯ . Thus

~A = !

A__o0.In other words, the iterated use of the premises, in a linear implication, gives exactly the intuitionisticimplication. Then, if, G |-i A, in intuitionistic Logic, then ! G |-

A in Linear Logic.Our aim now is to give categorical meaning to the connective !, of course. By duality, in linearcategories (see definition 4.4.4), we also obtain an interpretation for ?, why not.We have already remarked that a resource such as !A can be duplicated and erased, and in asense these properties characterize the meaning of the connective ! . Thus, at the sematic level, weexpect to have two morphisms d: !Afi!A ~!A , and e: !Afi1 where 1 is the identity of themonoidal category. (Commutative) comonoids in 4.3.4 seem the right structure for this, as they arecharacterized by a sort of diagonal map, such as d, and a map e which dualizes the map h indefinitions 4.2.1 and 4.3.3.We start then with a monoidal category C. By definition, C must satisfy certain naturalisomorphisms, given in 4.3.1, which we rebaptize in this section, for convenience, with moresuggestive names1. assoc: X ~ ( Y ~ Z ) @ ( X ~ Y ) ~ Z2. ins-l: X @ 1 ~ X 3. exch: X ~ Y @ Y ~ XLet also:4. ins-r = exch � ins-l : X @ X ~ 1As mentioned in section 4.4, the connective of linear implication

__o is interpreted by the rightadjoint to the tensor product ~ , when C is a monoidal closed category, as defined in section 4.3.Recall that the category CoMonC of commutative comonoids over a monoidal category C, hasas objects, for c in C, (c, d: cfic~c, e: cfi1), and morphisms f: (c, d, e)fi(c’, d’, e’), for eacharrow f: cfic’ in C , such thatd’ � f = (f~f) � d : cfic’~c’,e’ � f = e: cfi1 .

5. Universal Arrows and Adjunctions113Given a commutative comonoid (c, d: cfic~c, e: cfi1) observe that the following equations hold:(e~idc) � d = ins-l : cfi1~cexch � d = d : cfic~cassoc � (idc~d) � d = (d~idc) � d : cfi(c~c)~c .Exercise As pointed out after definition 4.3.6, if C is Cartesian, in the sense that ~ is actually acartesian product ˙ and the isomorphisms are the canonical ones, then all the maps andisomorphisms above can be constructed for each object in C (in particular, recall that d and e arecanonically given; namely, d = <id,id> : cfic˙c is the diagonal and e: cfit is the unique map tothe terminal object). Prove that, if C is Cartesian, then C is actually isomorphic to CoMonC. Doesthe converse hold?5.5.4 Definition A ! - model is a linear category C and a comonad (!,D,E) such that thereexist natural isomorphismsI : !(A˙ B) @ !(A)~!(B)J : !t @ 1where t and 1 are the identities for ˙ and ~ , the Cartesian and tensor products in C.Indeed, by definition, in a linear category one has both a monoidal and a Cartesian structure. Therelation established by the natural isomorphisms gives the monoids we need.5.5.5 Lemma Let <C,(!,D,E)> be an !-model. Then, for each object c in C, there exist mapsd’:!cfi!c~!c and e’: !cfi1, such that (!c, d’, e’) is a comonoid.Proof. Just set d’= Iß!d : !c fi!(c˙c) fi!c~!ce’= Iß!e : !c fi !t fi1where d = <id,id> : cfic˙c and e: cfit are the monoidal maps in the remark above, w.r.t. theCartesian product ˙. The rest is easy.¤Thus, the comonad (!: CfiC, D: !fi!�!, E: !fiIdC ) associated with a !-model gives all theingredients for the interpretation of the connective !, of course. In view of the above lemma, we candefine the functor !: C fi CoMonC by!(c) = (!c, d’:!c fi!c~!c, e’: !c fi1) .This gives the required monoids, while the natural transformations D and E uniformly yield mapsDc : !c fi!�!c and Ec : !c fic, which are needed to interpret the rules in (!,r) and (!,l).We already mentioned in section 4.4 that the idea of the interpretation relies on viewingentailments as morphisms. In short, observe that, with an informal blend of syntax and semantics,

5. Universal Arrows and Adjunctions114the rulesare interpreted by the fact that(weakenings)each morphism f: 1fiDgives a morphism fßea: !afiD(contractions)each morphism f: !a~!afiDgives a morphism fßda: !afiD(!,l)each morphism f: afiDgives a morphism fßEa: !afiD(!,r)each morphism f: !cfiagives a morphism !fßDc: !cfi!a .As for the rules which contain ?, their meaning is easily derivable by duality. The idea is to define afunctor ? : CfiC by ? = * ß ! ß *that is ?A = (!A*)*. Then the following theorem gives the categorical meaning of the modality ?,why not.5.5.6 Theorem Let <C,(!,D,E)> be an !-model. Then there exist a monad (?, D’: ?ß ?fi?, E’:Idfi?) and natural isomorphismsI’: ?(A¯B) @ ?(A)¨?(B)J’: ?0 @ ^ ,where 0 and ^ are the identities for ¯ and ¨, the duals of the Cartesian and tensor products inC .Proof. Set ? = * ß ! ß * : C fi C and, for each object A, D’A = (DA*)* and E’A = (EA*)*. AsD: !fi!�!, one hasDA*: !A*fi!�!A*(DA*)*: (!�!A*)*fi(!A*)*by def.of (-)*(DA*)*: (!�*�*�!A*)*fi(!A*)*by Id @ (-)**D’A: ?�?Afi?AEach of these steps is an isomorphism, uniform in A, and gives a natural transformation D’: ?ß?fi?.Similarly, from E: !fiIdC one has EA*: !A*fiA* and, thus, E’A = (EA*)*: Afi?A. Theproperties required for a monad follow by duality.As for the natural isomorphisms, compute ?(A¯B)= * ß ! ß *(A¯B)= * ß !(A*˙B*)by theorem 4.4.6

5. Universal Arrows and Adjunctions115@ (!(A*)~!(B*))*by def. of !-model= ?A¨?Bby theorem 4.4.6.Finally, ?0 = * ß ! ß *0 @ * ß ! t @ 1* @ ^ , by definition and theorem 4.4.6. ¤Exercise Endow a structure of monoid over each object in a monoidal category whose tensorproduct is actually a Cartesian coproduct. Then give the details of the interpretation of the rules for ?.Next we find, within any categorical model of linear logic, an interpretation for the intuitionisticconnectives ˙ and �, by using the comonad construction in the !-model. Namely, given an !-model C, one may interpret intuitionistic �and� and �implication� by Cartesian product andexponential in a suitable category derived from C. As the purpose of the iterator ! was to take usback to intuitionistic logic, we use its categorical meaning to construct this new category.As a matter of fact, in the remark 5.5.3, we hinted how to derive intuitionistic connectives fromlinear ones, once the connective ! is available. The following result gives the categorical counterpartof that construction.Observe that in general, given a comonad (T, d, e) over C, the co-Kleisli category K is thecategory whose objects are those of C, and the set K[A,B] of morphisms from A to B in K isC[T(A),B]. The identity in K[A,A] is eA: T(A)fiA. The composition of f˛K[A,B] and g˛K[B,C]in K isgof = g � T(f) � dA : T(A)fiT2(A)fiT(B)fiC(see definition 4.2.4 where Kleisli categories over monads were defined).5.5.7 Theorem If C be an !-model. Then the co-Kleisli category K associated with the comonad(!,D,E) is Cartesian closed.Proof (hint) The exponent of two objects B and C is (!B

__oC). We then have the followingchain of isomorphisms: K[A˙B, C]@ C[!(A˙B), C] by definition of K@ C[!(A)~!(B), C]as !(A˙B) @ !(A)~!(B)@ C[!(A), !B

__oC ] as C is monoidal closed@ K[A, !B

__oC ] by definition of K. ¤Example In section 2.4.2 we defined the category Stab of coherent domains and stable functions.In that section (see exercise 4) the subcategory Lin, with linear maps, was also introduced and, later(see section 4.4), it was given as an example of linear category. We also defined a function ! oncoherent domains as follows: if X is a coherent domain, then !X is the coherent domain defined by:i. |!X| = {a / a˛X, a finite};ii. a›b [mod !X] iff a¨b˛X.

5. Universal Arrows and Adjunctions116We need now to extend it to a functor ! : StabfiLin. Recall that a linear map g: ZfiZ’ is uniquelydetermined by its behavior on the points of the coherent domain Z, i.e., on the elements of |Z|.Moreover, any stable map may be equivalently described in terms of its trace. Set then, for eachstable map f : XfiY,Tr(!f) = {({a}, b) | b˛Y, b finite, a˛X, a finite and least such b ˝ f(a) }.Next, we define an adjunction between ! and the obvious inclusion functor Inc from Lin intoStab. This is given by a natural isomorphism(iso)j : Lin[!A,B] @ Stab[A,B]where the inclusion functor is omitted.Once more we use traces, that is, for each g˛Lin[!A,B] setTr(j(g)) = {(a, y) | ({a}, y)˛Tr(g) } .The reader may prove for exercise the naturality of j. In particular, the unit and counit of theadjunction are given, as usual, byhA = j(id!A) : Afi!A where Tr(hA) = {(a, a) | a˛A finite }eA = j-1(idA) : !AfiA where Tr(eA) = {({x}, x) | x˛|A| }.Exercise Check, by actual computations in the structure, that !f = j-1(hAßf) and f = j(eAß!f).Following theorem 5.4.1, (!, Inc, h, e) yields a comonad(! = !ßInc: LinfiLin, D = !hInc: !fi!�!, E = e: !fiIdC )as required to turn Lin into an !-model. Moreover, it is a matter of a simple observation on the�hardware� of coherent domains to show that the isomorphisms needed to complete the definitionhold in Lin, namely, that !(A˙B) @ !(A)~!(B) and !t @ 1 are uniformly valid in this model (seethe example in section 4.4).Interestingly enough, by (iso) above, Stab is the co-Kleisli category associated with thecomonad (!, D, E) on Lin.We conclude this section by identifying a class of categories which yield an interesting interpretationof the modality ! . The idea is to interpret !A as the commutative comonoid freely cogenerated by A,not just as a comonoid in the intended linear category.5.5.8 Definition Let C be a linear category and U: CoMonCfiC be the forgetful functor whichtakes (c, d, e) to c. Then C is a free !-model if there exists a right adjoint to U, that is a functor! : CfiCoMonC and a natural isomorphism W: C[c,a] @ CoMonC[(c,d,e), !(a)] .We need to show that free !-models are indeed !-models. This follows from the simple, butpowerful, adjointness property stated in 5.5.8. As already recalled, by proposition 5.4.1, each

5. Universal Arrows and Adjunctions117adjunction yields a comonad. We explicitly reconstruct the units and counits as they bear someinformation.5.5.9 Lemma Let C be a free !-model and <U,!,W> be the given adjunction. Then, for ! =U�!, there exist natural transformations D: !fi!�! and E: !fiIdC such that(!: CfiC, D: !fi!�!, E: !fiIdC )is the comonad associated with C, in the sense of proposition 5.4.1.Proof By the definition of morphism in CoMonC, for every h˛C[c,a], the morphism W(h)˛CoMonC[(c,d,e),!(a)] satisfies the following equations:hom-1. da � W(h) = ( W(h)~W(h) ) � d : cfi!a~!a ;hom-2. ea � W(h) = e : cfi1 .Moreover, the naturality of W is expressed by the following equations:for every h˛C[c,a] , f˛C[a,b] , g˛CoMonC[(c’,d’,e’), (c,d,e)] :nat-1. W(f � h) = !(f) � W(h) ;nat-2. W(h � U(g)) = W(h) � g .The counits of the adjunction (W, U, !): CoMonCfiC, are arrows Ec=W-1(id!(c)): !cfic. Byequation (nat-1) above, for h = Ec, we obtain !(f) = W(f � Ec), and by equation (nat-2), Ec � U(W(h))= h . The family of arrows {Ec}c˛C defines a natural transformation E: (U � !)fiI. Dually theunits of the adjunction define a natural transformation H : Ifi(! � U), where: H(c,d,e) = W(idc) :(c,d,e)fi!c. The adjunction between CoMonC and C is thus equivalently expressed by theparameters (U, ! , H: Ifi(! � U), E: (U � !)fi I ).Remember now that a comonad over a category C is a comonoid in the category of endofunctorsfrom C to C (with composition as product, see 4.2.2).By proposition 5.4.1, every adjunction (F, G, h: IdCfiG�F, e: F�GfiIdC’) from C to C’determines a comonad (T = F�G, d = FhG: Tfi T�T, e : TfiIdC’) over C’.In particular the adjunction (U, ! , H: Ifi(! � U), E: (U � !)fi I ): CoMonCfiC, defines acomonad (! = U � ! , D = UH! : ! fi ! � ! , E : ! fiIdC ) over the !-model C. ¤Finally we derive the natural isomorphisms in definition 5.5.4.5.5.10 Theorem Let C be a free !-model and (!: CfiC, D: !fi!�!, E: !fiIdC) be the comonadassociated with it by the lemma. Then there exist natural isomorphismsI: !(A˙B) @ !(A)~!(B)J: !t @ 1where t and 1 are the identities for ˙ and ~ , the Cartesian and tensor products in C.Proof Consider the comonoid (!(A)~!(B),d,e) whered = mix � (dA~dB) : !(A)~!(B) fi (!(A)~!(B))~(!(A)~!(B))

5. Universal Arrows and Adjunctions118e = ins-r-1 � (eA~eB) : !(A)~!(B) fi 1andmix : (!(A)~!(A))~(!(B)~!(B)) fi (!(A)~!(B))~(!(A)~!(B))is the obvious isomorphism.Then, by hypothesis, we have an isomorphismW: C[!(A)~!(B),A˙B] @ CoMonC[ (!(A)~!(B),d,e), !(A˙B) ]The isomorphism IA,B from !(A˙B) to !(A)~!(B), which we write I for short, is given byI = (!fst ~!snd) � dA˙B : !(A˙B) fi !(A)~!(B)Note that I is a morphism of comonoids, that is, as it is easily verified,d � I = (I~I) � dA˙Be � I = eA˙BThe inverse image of I is defined in the following way.Letk1 = EA � ins-r-1 � (id!A ~ eB): !(A)~!(B)fiAk2 = EB � ins-l-1 � (eA ~ idB): !(A)~!(B)fiBandk = <k1, k2> : !(A)~!(B)fiA˙BThen the inverse image of I is U(W(k)) = W(k) : !(A)~!(B)fi!(A˙B), indeed:W(k) � I == W(k � I)by (nat-2)= W( <k1, k2> � I )by def. of k= W( <k1 � I, k2 � I >)= W( <EA�ins-r-1�(id!A~eB)�(!fst~!snd)�dA˙B, EB�ins-l-1�(eA~idB)�(!fst~!snd) � dA˙B >)by def. of k1, k2 and I= W( <EA�ins-r-1�(id!A~eA)�(!fst~!fst)�dA˙B, EB�ins-l-1�(eB~idB)�(!snd~!snd) � dA˙B >)as eB�!snd = eA˙B = eA�!fst= W( < EA � ins-r-1 � (id!A~eA) � dA � !fst, EB � ins-l-1 � (eB~idB) � dB � !snd >)as !fst and !snd are comonoid morphisms= W( < EA � !fst, EB � !snd >) by properties of comonoids= W( < fst � EA˙B, snd � EA˙B >) by naturality of E= W( EA˙B)= id!(A˙B) . by def. of EI � W(k) == (!fst ~!snd) � dA˙B � W(k)= (!fst ~!snd) � ( W(k)~W(k) ) � d by (hom-1)= (!fst � W(k) )~(!snd � W(k) ) � d

5. Universal Arrows and Adjunctions119= ( W( fst � k) )~( W( fst � k) ) � dby (nat-1)= ( W(k1) )~( W(k2) ) � dby def. of k= ( W( EA � ins-r-1 � (id!A ~ eB) )~( W(EB � ins-l-1 � (eA ~ idB) ) � dby def. of k1 and k2= ( ins-r-1 � (id!A ~ eB) )~( ins-l-1 � (eA ~ idB) ) � dby (nat-2) and def. of E= ( ins-r-1 � (id!A ~ eB) )~( ins-l-1 � (eA ~ idB) ) � mix � (dA~dB)by def. of d= ( ins-r-1 � (id!A ~ eA) )~( ins-l-1 � (eB ~ idB) ) � (dA~dB)by application of mix= ( ins-r-1 � (id!A ~ eA) � dA )~( ins-l-1 � (eB ~ idB) � dB)by properties of comonoids= id!(A)~id!(B)= id!(A)~!(B) .The construction is clearly uniform in A and B.As for the natural isomorphism J, note that !A @ !(A˙t) @ !A~!t , !A @ !(t˙A) @ !t~!A andthat the right and left identity, in a monoidal category, are unique. ¤References Universal arrows and adjunctions are fundamental notions in Category Theory.Their treatment, in various forms, and references to their origin may be found in all textbooks wementioned in the previous chapters. References for Linear Logic have been given in chapter 4.