3. Functors and Natural Transformations40Chapter 3FUNCTORS AND NATURAL TRANSFORMATIONSThe starting point of Category Theory is the premise that every kind of mathematically structuredobject comes equipped with a notion of �acceptable� transformation or construction, that is, amorphism that preserves the structure of the object. This premise holds for categories themselves: afunctor is the �natural� notion of morphisms between categories. By a further step, the questionabout what a morphism between functors should look like suggests the notion of naturaltransformation.Of course, this is not a matter of arbitrary generalizations: it is a habit of mathematics to buildconstructions on top of constructions, since one may understand in this way, by the uniformity ofmethods and language, the reasonableness of specific constructions. And this theoretical unification,suggesting power and intellectual unity, is one of the major merits of Category Theory and itsapplications.Moreover, as we shall see in several examples, there are notions which are clarified in anessential way or even suggeted by the categorical language of functors and natural transformations.Indeed, there are even too many examples for our purposes, and we will be able to mention only afew that are easily met in computer science.3.1 FunctorsIf a transformation F between two categories C and D must map the categorical structure of C to thatof D, it must take objects and morphisms of C to objects and morphisms of D; moreover, it mustpreserve source, target, identities and composition. Such a transformation F: CfiD is called afunctor.3.1.1 Definition Let C and D be categories. A (covariant) functor F : C fi D is a pair ofoperations Fob: ObC fi ObD , Fmor: MorC fi MorD such that, for each f: afib , g: bfic in C,- Fmor(f) : Fob(a)fi Fob(b)- Fmor(g � f) = Fmor(g) � Fmor(f)- Fmor(ida) = idFob(a).It is usual practice to omit the subscripts �ob� and �mor� as it is always clear from the contextwhether the functor is meant to operate on objects or on morphisms.

3. Functors and Natural Transformations411.2 Examples1. If C and D are preorders, then a functor F: CfiD is just a monotone function from the objects ofC to the objects of D, indeed a <C b � $�f˛C[a,b] � F(f)˛D[F(a),F(b)] � F(a) <D F(b).Conversely, given a monotone function f between two partial orders C and D, there is of courseonly one way to extend f to a functor among the categories associated with C and D.2. The identity functor I: CfiC is defined by a pair of identity operations both on objects and onmorphisms of C. Similarly, we define the inclusion functor Inc: CfiD when C is a subcategoryof D.3. If C is a Cartesian category define ·: C·CfiC as the pair of operations that take (a,b)˛ObC·Cto ·(a,b) = a·b˛ObC, and (f,g)˛C·C[(a,b),(c,d)] to ·(f,g) = f·g = <fßp1,gßp2>˛C[a·b,c·d]. ·is a functor. Indeed · preserves sources and targets and, moreover,·(ida,idb) = ida·idb = <pa,pb> = ida·b = id·(a,b)·( (f,g)�(h,k) ) = ·(f�h,g�k) = (f�h)·(g�k) = (f·g)�(h·k) = ·(f,g) � ·(h,k)· is usually called product functor (since products are only determined up to isomorphisms, wemust assume here a canonical choiche, for each object a, b, of their product a·b).4. The power-set functor P: SetfiSet takes every set A to its power-set P(A) and every functionf: AfiB to the function P(f): P(A)fiP(B) defined by"A’˝A P(f)(A’) = {y˛B / $x˛A’, y = f(x)}.Note that the set P(f)(A’) is what is usually called f(A’).A functor F: CfiD preserves a property P that an arrow f may have in C, if the arrow F(f) hasthe same property in D. For example, every functor preserves isomorphisms, or the property ofbeing a component of a retraction pair, as it is stated in the following proposition:3.1.3 Proposition Let F: CfiD be a functor. If a<b (a @ b) in C, then F(a) <F(b) (F(a) @F(b)) in D.Proof. If fßg = id, then F(f)ßF(g) = F(fßg) = F(id) = id. ¤Exercise Does every functor F preserve the property of being monic or epic?A functor F: CfiD is faithful if for all a,b˛ObC and for all f,g˛C[a,b], F(f) = F(g) implies f = g;it is full if for all a,b˛ObC and every h˛D[F(a),F(b)] there is g˛C[a,b] such that h = F(g). Afunctor F: CfiD is a full embedding iff it is full and faithful, and it is also injective for objects.A functor that �forgets� (part of) the intended structure of the objects is called forgetful: typicalexamples are the functors from Grp, Top, or PO to Set which assign to each object its set ofelements and to each arrow the function associated with it. This notion is not a precise one, but it is

3. Functors and Natural Transformations42usually clear when a functor can be considered �forgetful�; note however that a forgetful functorshould always be faithful (and very rarely full).The definition of functor we have given preserves also the direction of the arrows in C. In somecases, it is interesting to study transformations among categories that reverse such directions, that is,by mapping sources to targets and vice versa. A transformation of this kind between two categoriesC to D may be considered as a functor from the dual category Cop to D, and it is known ascontravariant functor (from C to D). Explicitly, note the following definition3.1.4 Definition Let C and D be categories. A contravariant functor F: CfiD is a pair ofoperations Fob: ObCfiObD, Fmor: MorCfiMorD such that for each f: afib , g: bfic in C,- Fmor(f) : Fob(b)fiFob(a)- Fmor(g � f) = Fmor(f) � Fmor(g)- Fmor(ida) = idFob(a)Examples1. Each functor F: CfiD defines a contravariant functor Fop: CopfiD that coincides with F onobjects and such that Fop(f) = F(fop), Fop(gßf) = Fop(f)ßFop(g). Of course, F = (Fop)op.2. The duality functor ( )op: CfiCop is a contravariant functor such that (a)op = a for a˛ObCand (f)op = f for f˛MorC.3. The function that takes every set A to its power-set P(A) may be also extended in a natural way toa contravariant power-set functor P: SetfiSet. Just define, for f: AfiB, P(f): P(B)fiP(A)as the function that assigns to each B’˝B the set P(f)(B’) = f -1(B’) = {x˛A / $y˛B’, f(x)=y}.4. Let C be a category with pullbacks, and let f˛C[a,b]. Then f induces a pullback functor f*:CflbfiCfla, whose action is described in the following diagram:b, and k˛Cflb[g,h]; f*(g) and f*(h) are the pullbacksof g and h along f, yielding a unique arrow f*(k) making the above diagram commute. The proofthat f* is a functor is a consequence of elementary properties of pullback, and it is left as an exercisefor the reader.

3. Functors and Natural Transformations435. Let C be a CCC. For every c˛ObC the exponent functor expc: CfiC is defined as follows.For every a˛ObC, set expc(a) = ca , and for every f˛C[a,b], expc(f) = L(evalb,c � id·f) : cbfica.As a diagram, id·id) = L(eval) = idexpc(f � g)= L(eval � id·( f � g ) )= L(eval � id·f � id·g )= L(eval �L(eval � id·f)·id � id·g )by the diagram= L(eval � id·g � L(eval � id·f)·id )= L(eval � id·g ) � L(eval � id·f)= expc(g) � expc(f). ¤Note that the composition of two functors is still a functor and that there exists the identity functorwhich is right and left invariant w.r.t. composition. Thus, it is sound to define the category Catwhose objects are categories and whose morphisms are functors. It is worth pointing out that this is aconvenient and unusual algebraic property. The collection of groups is not (naturally) a group;similarly for topological spaces and so on. The definition of Cat, so similar to the paradoxical �set ofall sets� of Set Theory, must be used with some caution, however. It is not our intention to engage infoundational questions in this book, but it is time to say a few more words about our �axiomatic�defintion of Category. So far we have made no assumption at all about the dimension of the classesObC and MorC; the word �class� itself has been used in an intuitive sense, without any reference toan underlying Set Theory. From now on, though, the reader may refer to the notions of set and classas used, say, in G�del-Bernays Set Theory, in order to make this distinction clear. From thisperspective, a Category C such that ObC and MorC are sets, is called small. In the sequel, whenwe refer to Cat, we mean the category of all small categories; of course, Cat itself is not a smallcategory, and thus it is not among its own objects.(Question: which of the categories mentioned so far are small, and which are not?)If C is a small category, then, for all a,b˛ObC, C[a,b] is a set, usually called hom-set of aand b (some authors use the word �hom-set� in an arbitrary category). We say that a category C islocally small when for all a,b˛ObC, C[a,b] is a set and not a class. If C is a locally small

3. Functors and Natural Transformations44category, it is possible to define some functors from C to Set, called hom-functors, that play acentral role in the developments of Category Theory. We shall see later that most of this work may bedone at a more abstract level, taking an arbitrary topos D instead of Set.3.1.5 Definition Let C be a locally small category. Given a˛ObC, the covariant hom-functorC[a,_]: CfiSet is given by: i. for every b˛ObC C[a,_](b) = C[a,b]˛ObSet;ii. for every g˛C[b,b’], C[a,_](g): C[a,b]fiC[a,b’] is the function that takes f˛C[a,b] to (g�f)˛C[a,b’] that is, _�(some authors use also g*). Note that the drawing above is clearly an implication between diagrams.Their plain juxtaposition will be used often in the sequel with this meaning, as a special case of the�conditional equational reasoning� mentioned earlier in section 1.2.3.1.6 Definition Let C be a locally small category. Given b˛ObC , the contravariant hom-functor C[_,b]: CfiSet is given by: i. for every a˛ObC C[_,b](a) = C[a,b]˛ObSetii. for every h˛C[a’,a], C[_,b](h): C[a,b]fiC[a’,b] is the function that takes f˛C[a,b] to f �h ˛C[a’,b] that is h�(some authors use also h* .)3.1.7 Definition Let C be a locally small category. Given b˛ObC , the hom-functor C[_,_]:CopxCfiSet is given by:

3. Functors and Natural Transformations45i. for every (a,b)˛ObCxC C[_,_](a,b) = C[a,b]˛ObSetii. for every h˛C[a’,a], g˛C[b,b’], C[_,_](h,g): C[a,b]fiC[a’,b’] is the function that takesf˛C[a,b] to g � f � h ˛C[a’,b’]C[_,_] is contravariant in the first argument and covariant in the second. One may understand howC[_,_] works on morphisms by the following commutative diagram:_ � h.�Exercise: prove in details that C[a,_] and C[_,b] are a covariant and a contravariant functor,respectively.Exercise A category C has enough points iff the functor C[t, -] is faithful, when t is terminal.3.2 Natural TransformationsThe fact that F is a functor from a category C to a category D may be equivalently expressed byF(id) = id and, for every f and g in MorC , by the following (implication between) diagrams: D. A quite reasonable idea of transformation from F to Gis a �translation� as described in the following picture, where the dotted lines should yieldcommutative squares

3. Functors and Natural Transformations46ObC an arrow ta:F(a)fiG(a), with the only condition that, for every f˛C[a,b], the following diagram commutes: D be functors. Then t : F fi G is a n a t u r a l transformation from F to G iff: i. "a˛ObC ta˛D[F(a),G(a)]ii. "f˛C[a,b] tb � F(f) = G(f) � ta .3.2.2 Example Let C be a small category, and h˛C[a’,a] . The collection (in Set) ofmorphisms {C[h,b] / C[a,b]fiC[a’,b] }b˛C, defines a natural transformation C[h,_] from the(contravariant) hom-functor C[a,_] to the (contravariant) hom-functor C[a’,_]. Note the followingdiagram:

3. Functors and Natural Transformations47C[b,b’], the collection of morphisms {C[a,k] /C[a,b]fiC[a,b’] }a˛C defines a natural transformation C[_,k] from the hom-functor C[_,b] tothe hom-functor C[_,b’].It is easy to close up natural transformations under composition by setting (tßb)a = (ta)ß(ba). Thiscomposition of natural transformation is usually called vertical, as opposed to the horizontalcomposition, defined at the end of this section. Since the identity transformation from a functor Fto itself is defined in the obvious way, we have actually constructed a new category, starting fromany two given categories C and D .The new category is called the category of functors from C to D, (CfiD) = Funct(C,D);its objects are functors and the morphisms are natural transformations. In particular, if F,G: CfiD,Funct(C,D)[F,G] is the collection of all the natural transformations from F to G; in the followingwe shall use the abbreviation Nat(F,G) instead of Funct(C,D)[F,G].Two functors from C to D are equivalent (or naturally isomorphic) iff they are isomorphicas objects of Funct(C,D). For example, it is well understood that any set A is isomorphic to A·1,where 1 is a singleton. For arbitrary cartesian categories, this corresponds to saying that the functor_·1 and the identity functor Id are naturally isomorphic. If F: CfiD is a full embedding, then Cis isomorphic to a full subcategory of D. The next section will present further examples of naturalisomorphisms.The concept of natural isomorphism of functors also allows us to define a notion of�equivalence� between categories, which captures better than the notion of isomorphism the sensethat two categories can be said to be �essentially the same.� Two categories C and D areequivalent if and only if there are two functors F: CfiD and G : DfiC such that G � F @ idCand F � G @ idD (note that C is isomorphic to D iff G � F = idC and F � G = idD).3.2.3 Proposition Let F,G : CfiD be functors and t : FfiG be a natural transformation fromF to G. Assume that, for each a˛ObC, ta ˛ D[F(a),G(a)] is an isomorphism. Then t is anatural isomorphism.

3. Functors and Natural Transformations48Proof Define t-1 : GfiF by t-1a = (ta)-1. t-1 is natural, since "f˛C[a,b]t-1b � G(f)= tb-1 � G(f) � ta � ta-1= tb-1 � tb � F(f) � ta-1= G(f) � t-1a. ¤Examples A simple example of natural transformation may be given by studying �liftings� (seesection 2.6), in various categories. One may actually understand the general notion better, bycompleting a little exercise on natural transformations. Indeed, what is hidden behind definition2.6.2, is the �naturality� of tc. When writing this down explicitly, the definition is tidier and moreexpressive. Let C be a Category of partial maps, Ct be the associated category of total maps, andInc: CtfiC be the obvious inclusion. Thus, 2.6.2 may be simply restated asThe lifting of a˛ObC is the object a� such that the functors C[_,a] � Inc, Ct[_,a�] : CtfiSetare naturally isomorphic.Then, by definition of natural transformation and hom-functor, this requires the existence of afunction t such that the following diagram commutes, for any object b and c in C and f˛Ct[c,b]f) = tb(g)�f and (tc)-1(h�f) = (tb)-1(h)�f , for any total f, since t is an isomorphism.With this definition, to prove unicity of liftings is even smoother than in section 2.5. Indeed, lett be the given natural isomorphism, and let a’ and b be an alternative lifting and naturalisomorphism. Set f = t � b-1. Then Ct[_,a’] and Ct[_,a�] are naturally isomorphic via f and, forf = fa’(id): a’fia� and g = ( fa� )-1(id): a�fia’, one has: g�f= ( fa� )-1(id)�f= ( fa’ )-1(id�f)by naturality= ( fa’ )-1( fa’(id) )= id.Similarly for f�g = id (on a�).Since we are now familiar with functors, we may look also at lifting as a functor.

3. Functors and Natural Transformations49Let C be a pC and assume that for each a˛ObC there exists the lifting a�. Then there is a (unique)extension of the map a |_ a� to a functor _� : CfiCt (the lifting functor).The reader may check this as an exercise (hint: observe that exa = ( ta�)-1(id): aßfia and use thenaturality of t ) .As for specific examples, the lifting functor for pSet is obvious. It can be easily guessed also forthe category pPo of p.o.sets and partial monotone functions with upward closed domains: just add afresh least element and the rest is easy for the reader who has completed the last exercise. Note, and itis crucial, that by monotonicity the lifting functor does not exist if one doesn’t assume that thedomains are upward closed.The category pCPO is given by defining complete partial orders under the assumption thatdirected sets are not empty. Thus, the objects of pCPO do not need to have a bottom element. Asfor morphisms, take the partial continuous functions with open subsets as domains. Clearly, thelifting functor is defined as it is for pPo.A more complex example is given by EN, the category of numbered sets in section 2.2. LetpEN be the partial category of numbered sets in the example before 2.5.2. Given a = (a,e)˛ObpEN,define a� = (a�,e�) by adding a new element ^ to the set a and by defining e�(n) = if fn(0)converges then e(fn(0)) else ^ . Clearly, e� : wfia� is surjective. Let now b = (b,e’) andf˛pEN[ b,a]. By definition, there exists f’˛PR such that f�e’ =e�f’. We define the extension f˛EN[ b,a�] of f by giving f’˛R which represents f . That is, set f f’(n)(0) = f(n). Such an f’˛Rexists by the s-m-n (iteration) theorem. Thus, f(e’(n))= e�( f’(n))= if ff’(n)(0) converges then e( f f’(n)(0)) else ^ .Therefore, if f(e’(n)) = e(f’(n)) is defined, then f f’(n)(0) converges and, hence, f(e’(n)) =e(f f’(n)(0)) = f(e’(n)). Finally, set t ab(f) = f . For each a, ta gives the required naturalisomorphism, as " g˛EN[ b,a�] $!f˛pEN[ b,a] f’(n) = fg’(n)(0). (Exercise: check the duediagram). By the fact above, this defines the lifting functor in pEN.Exercise Define the category ER of equivalence relations on w and effective maps (hint: theobjects are quotient sets on w, and the morphisms are induced by total recursive functions similarlyas for EN). Observe that ER and EN are equivalent, but not isomorphic. Indeed, one is small, whilethe other is not.We next discuss ways to derive natural transformations from a given one and, finally, the notion ofhorizontal composition.Let H: AfiB, F: BfiC, G: BfiC, K: CfiD be functors, and let t: FfiG be a naturaltransformation as shown in the following diagram:

3. Functors and Natural Transformations50KG, and tH: FHfiGH, respectively defined by(Kt)b = K(tb) : KF(b)fiKG(b);(tH)a = tH(a) : FH(a)fiGH(a)We have, for every f˛B[b,b’] and every g˛A[a,a’],(Kt)b’� KF(f) = K(tb) � K(F(f)) = K(tb� F(f) ) = K(G(f) � tb) = KG(f) � Ktb = KG(f) � (Kt)b(tH)a’� FH(g) = tH(a’) � F(H(g)) = G(H(g)) � tH(a) = GH(g) � (tH)athat proves the naturality of Kt and tH .ObB:

3. Functors and Natural Transformations51The horizontal composition of s and t is the natural trasformation st: HFfiKG defined by,for every b˛ObB, stb = sG(b) � H(tb) = K(tb) � sF(b).We check the naturality of st . Let f˛B[b,b’] , thenstb’ � HF(f)= sG(b’) � H(tb’) � HF(f)= sG(b’) � H(tb’ � F(f) )= sG(b) � H( G(f) � tb )by the naturality of t= sG(b) � H( G(f) � tb )by the diagram= K(G(f) � tb) � sF(b)= KG(f) � K(tb) � sF(b)= KG(f) � stbNote that if we identify the functors K and H with the identity natural transformation idK andidH, Kt and tH may be understood as particular cases of the horizontal application between naturaltransformations (why?).Exercise Prove the following equality among natural transformations (interchange law):(n � m)(t � s) = (nt) � ( ms) .3.3 Cartesian and Cartesian Closed Categories RevisitedBy definition, a category C is Cartesian iff it contains a terminal object t , and for every a,b˛ObCthere is an object a·b together with two morphisms p1: a·bfia , p2: a·bfib, and for every object can isomorphism < , >c : C[c,a]·C[c,b]fiC[c,a·b] such that for all morphisms f: cfia, g: cfib, h:cfia·b, the following equations hold:i. p1 � <f,g>c = fii. p2 � <f,g>c = gWe want now to show that < , >c is also �natural in c�, i.e. it satisfies the property:(nat) for every k: cfic’ <f,g>c’ � k = <f � k, g � k >cIndeed, we have <f,g>c’ � k= <p1 � <f,g>c’ � k, p2 � <f,g>c’ � k >cby ii)= < f � k, g � k >c by i)The previous �naturality� property suggests that < , > is actually a natural isomorphism. Indeed, letD: CfiC·C the functor defined by D(c) = (c,c), D(f) = (f,f) (D is called the diagonal functor);then < , > is a natural isomorphism from C·C[_,(a,b)] � D to C[_,a·b]. Note that C·C[_,(a,b)] �D and C[_,a·b]: CfiSet are contravariant functors. Conversely suppose to have for all objects aand b an object a·b and a natural isomorphism t : C·C[_,(a,b)] � D @ C[_,a·b]. The naturalityof t-1 is expressed by the following commutative diagram:

3. Functors and Natural Transformations52b(ida·b) . Note that q1: a·bfia, q2: a·bfib . We want to prove that a·b is aproduct with projections q1 and q2. Indeed, let f = tc(h,g): cfia·b in the above diagram, then wehave (q1,q2) � ( tc(h,g), tc(h,g) ) = t-1c(ida·b � tc(h,g) ) = (h,g) and, in particular, q1 � tc(h,g) =h ; q2 � tc(h,g) = g .The previous considerations suggest another characterization of Cartesian Category:3.3.1 Proposition A category C is Cartesian iff it contains a terminal object t, and for everya,b˛ObC there is an object a·b and a natural isomorphism < , > : C·C[_,(a,b)] � D fi C[_,a·b].The situation is quite similar, and perhaps even simpler, in the case of exponents. Remember that acategory C is a CCC iff it is Cartesian and has exponents for every pair of objects, i.e. for every aand b in C there is an object ba together with a morphism evala,b: ba·afib (evaluation map) and,for every object c , a function Lc : C[c·a,b]fiC[c,ba] such that, for all morphisms f: c·afib, h:cfiba, one hasb. evala,b � (L(f)·ida) = fh. L(eval�(h·id)) = hIt turns out that Lc is �natural in c�, in the sense that for any f˛C[c·a,b], g˛C[d,c]Lc’(f) � g = Lc(f � g·id) ,In order to check this, recall that (b) corresponds to:

3. Functors and Natural Transformations53(_·id).ThenL-1�L = idby (b)andL�L-1 = idby (h).That is, for each c˛ObC, Lc: C[c·a,b]fiC[c,ba] is an isomorphism. Thus L is a naturalisomorphism, by proposition 3.2.3.Note that, formally, L is a natural transformation from the contravariant functor C[_,b] � _·ato the contravariant functor C[_,ba] (where _·a is the product functor defined in the obvious way).We abbreviate C[_,b] � _·a as C[_·a,b]. Note also that C[_·a,b], C[_,ba]: CfiSet.Conversely, suppose that, for all objects a and b, there is an object ba and a naturalisomorphism L: C[_·a,b] @ C[_,ba]. Then the naturality of L -1 is expressed by the followingcommutative diagram:afib . We want to prove that ba is anexponent with evala,b as evaluation map . Indeed, let f = Lc(g): cfiba in the above diagram. Thenwe have:evala,b � ( Lc(g)·id ) = L-1c(idba � Lc(g) ) = gThis argument gives the following equivalent characterization of CCC:3.3.2 Proposition C is a Cartesian closed category iff it is Cartesian and for everya,b˛ObC there is an object ba and a natural isomorphism L : C[_·a,b] fi C[_,ba] .

3. Functors and Natural Transformations54Observe that definitions 3.3.1 and 3.3.2 require that the category C be locally small, since they arebased on hom-functors. Thus, in a sense, the equational definition is more general.3.3.3 Remark It is easy to prove that the following (natural) isomorphisms hold in all CCC�s, forany object A, B, and C:1. A @ A;2. t·A @ A;3. A·B @ B·A;4. (A·B)·C @ A·(B·C);5. (A·B)fiC @ Afi(BfiC);6. Afi(B·C) @ (AfiB)·(AfiC);7. tfiA @A;8. Afit @ t.What is worth mentioning, though, is that these are exactly the isomorphisms that hold in all CCC�s,i.e., no other isomorphism is valid in all CCC’s. The proof of this fact is nontrivial and is a niceapplication of lambda calculus to categories (an application in the other direction from what is meantby the title of this book!). Its key idea will be mentioned in chapter 9.3.4 More Examples of CCC�sBoth examples here derive from bordering areas of (generalized) computability and Proof Theory.The first, in particular, like many aspects of these theories, is widely used in the type theoreticalunderstanding of programming languages constructs.3.4.1 Partial Equivalence RelationsA very relevant example of CCC is suggested by a long story. It began with Kleene�s realizabilityinterpretation of intuitionistic logic and continued with the work of Kreisel, Girard and Troelstra inProof Theory. The idea is to look at functions as computable ones, as in the case of the category EN,but by a simple and insightful way cartesian closedness is obtained. The approach is also used in the�quotient-set� semantics of types, in functional programming. It will give us a paradigmatic structurein the categorical semantics of polymorphism in PART II.As usual, let j: wfiPR an acceptable goedel numbering of the partial recursive functions. LetK = (w,.) be Kleene’s applicative structure, where . : w·wfiw is the partial applicationdefined by: m.n = jm(n) . A partial equivalence relation R on a set V is a symmetric andtransitive relation, not necessarely reflexive, on V.(Notation: n R m iff n relates to m in R; {p}R = {q | q R p} ; Q(R) = {{p}R | p R p }) .

3. Functors and Natural Transformations553.4.1.1 Definition The category PER of partial equivalence relations on w has as objects thesymmetric and transitive relations on w. Morphisms are defined byf˛PER[A,B] iff f : Q(A) fi Q(B) and $n "p (pAp � f({p}A) = {n.p}B ) .Thus, the morphisms in PER are �computable� because they are fully described by partialrecursive functions, which are total on the domain of the source relation.Let now < , >: w·wfiw be an effective and bijective pairing. For A,B˛ObPER , the productA·B is defined by"m,n,m’,n’ <m,n> A·B <m’,n’> � ( m A m’ and n B n’).It is easy to check that this actually defines a product functor in PER.The exponent object BA is defined by"m,n, m (BA) n � "p,q (p A q � m.p B n.q ) .Cartesian closedness follows by giving a natural isomorphism L : PER[A·C,B] @ PER[A,BC].Let s be the recursive function of the s-m-n (or iteration) theorem, i.e. js(n,p)(q) = jn(p,q). Thenset L(f)({p}A) = {s(n,p)}CfiB, where n is an index for f. In other words {n.<p,q>}B ={s(n,p).q}B. Observe that L is a well-defined function from PER[A·C,B] to PER[A,BC], sinces is computable and, then, any index for the recursive function p |_ s(n,p), computesL(f)˛PER[A,BC]. As for the naturality of L , one may prove it by the argument above, which alsogives some information on the evaluation map.Let evalA,B: BA·AfiB be defined by eval( {<m,n>}BA·A ) = {m.n}B.In order to prove that evalA,B is a morphism in the category we must find eA,B˛w such thateval({<m,n>}BA·A ) = {m.n}B = {eA,B.(<m,n>)}BLet u be the �universal� function, i.e., the partial recursive function such that u(<m,n>) = m.n , andlet e be an index for it, i.e., u = je. It is easy to observe that one can set eA,B = e for all A, B inObPER, since{e.(<m,n>)}B = {u(<m,n>)}B = {m.n}B .Then, (b) is simplyeval({<s(n,p),q>}BA·A ) = {n.<p,q>}B, by definition of s .Similarly for (h).3.4.2 Limit and Filter SpacesThere is an elegant, unifying way to understand the various approaches to generalized computabilityproposed in the 60�s and 70�s. The connecting point is the construction of categories of sets where asuitable notion of limit gives an abstract notion of computability. The idea is to generalize thetechnique used when defining the computable elements in Scott domains D (see 2.4.1), in the wayexplained below (in short, the computable elements are the limits of recursively enumerable indexed

3. Functors and Natural Transformations56sequences.) This suggests several CCC’s, such as limit spaces (L-spaces) and filter spaces (FIL)with their relevant subcategories. They will be introduced here and discussed also in the examples insection 5.3 and section 8.4, toghether with other ideas for higher type computations.3.4.2.1 Definition A limit space (L-space) (X,fl) is a set X and a relation (convergence)between countable sequences {xi}i˛w ˝ X and elements x˛X (notation: {xi}flx) such that1. if all but finitely many xi are x, i.e., {xi} is eventually x, then {xi}flx;2. if {xi}flx and k(0) < k(l) < . . . < k(n) < . . . , then {xk(i)}flx;3. if not({xi}flx), then there is k(0) < k(l) < . . . < k(n) < . . . such that for no subsequenceh(0) < h(l) < . . . < h(n) < . . . one has {x(i)}flx.An L-space (X,fl) has a countable basis (is separable) iff for some given countable Xo ˝ X,"x˛X ${xi}˝Xo {xi}flx.From now on we assume that each countably based L-spaces (X,fl) comes with a givensurjective enumeration e: wfiXo of the base. An immediate example of separable L-spaces is the setof real numbers endowed with the usual notion of sequence converge (Cauchy).3.4.2.2 Definition The hom-set L[X,Y] between L-spaces (X,fl) and (Y,fl) consists of allcontinuous functions, i.e.,f˛L[X,Y] iff "x˛X "{xi}flx {f (xi )}flf (x),where convergence is given in the intended spaces.This category has exponents and products, as (L[X,Y],fl) also is an L-space by{fi}flf iff "x˛X, "{xi}flx {fi(xi)}flf(x) ,while products are given by componentwise convergence.Finally, eval: L[X,Y]·XfiY, with eval(f,x) = f(x), is continuous. As a matter of fact,(L[X,Y],fl) is the coarsest limit structure (i.e., with more converging sequences) such that eval iscontinuous.One can also show that if (X,fl) and (Y,fl) are separable, then also (L[X,Y],fl) is separable.Indeed, L-spaces and separable L-spaces, with continuous maps as morphisms, form Cartesianclosed categories.Yet another CCC of limit spaces may be given by the Moore-Smith net-convergence or,equivalently, by filter-convergence. Just recall that a filter F (on a given set X) is a set of (sub)setsclosed by intersection and such that A˛F and A ˝ B imply B˛F (e.g., the collection of subsetsof A which contain a given x˛A is the (ultra)filter generated by x). A filter base is a non emptycollection of non empty subsets of X such that A˛F and B˛F imply $C˛F C ˝ A˙B. A filterbase F generates a unique filter [F] = {B ˝ X | $A˛F A ˝ B}. Define then

3. Functors and Natural Transformations573.4.2.3 Definition (X, F) is a filter space iff "x˛X F(x) is a filter of filters such that theultrafilter generated by x is in F(x). Given a filter base F , we write Fflx iff [F]˛F(x) .Exercise Prove that the category FIL of filter spaces with continuous maps (where f iscontinuous iff Fflx implies f(F)flx) is a CCC. Give a full and faithful functor F : FILfiL-spaces. (Hint: a filter structure on FIL[X,Y] is given by Xflf iff Fflx implies X(F)flf(x),where X(F) is the set of all W(U) with W˛X and U˛F and W(U) = ¨{f(U) | f˛W};moreover, given a filter F and a sequence {xi}, define Con(F,{xi}) iff "U˛F $k "n‡k xn˛Uand set {xi}flx iff $Fflx Con(F,{xi}) ).A notion of separable filter space is easily given, by taking a countable base of filters (i.e., acountable collection of sets such that each converging filter is generated by elements of the base).Clearly, each (separable) topological space (X, top) may be turned into a (separable) filter space:just take, for each point x , the collection F(x) of all filters containing the filter of neighborhoods ofthat point. The reader will have a better insight into the �injections�Top fi FIL fi L-spaceswhen looking at examples of adjunctions, in section 5.3. As for now, it may suffice to say that thereexist filter spaces whose limit structure is not topological. Some of these filter spaces are among thoseneeded for the study of the total computable functionals.In the very general setting of L-spaces we can now hint a notion of computability whichspecializes to the one given over Scott domains, when the intended limit structure is derived from theScott topology.Let R be the total recursive functions and (X, X0, e, fl) a separable L-space, where e is agiven enumeration of the base X0. Define then, in a slightly incomplete way (see the commentbelow), the collection Xc ˝ X of computable elements by x˛Xc iff $f˛R {ef(i)}flx.In other words, given a countably based limit structure, an element is computable (or recursive) whenit is the limit of a countable sequence indexed over an r.e. set.Comment L-spaces actually carry too little structure to yield a good definition of �recursive� just bytaking arbitrary limits of recursively enumerable converging sequences. Their simplicity andgenerality, though, should give an immediate intuition of what is going on. Indeed, the technique inthe definition of computability tidily borrows from similar methods in mathematics. Consider, say,�smooth manifolds.� They are defined on the base of the familiar notion of differentiability in Rn,which is extended by a system of local coordinates to abstract spaces. Similarly here, one takes forgranted the recursive functions and extends computability to an abstract setting (and higher types, in

3. Functors and Natural Transformations58particular) by �local� properties of convergence as in the equation above. As we shall see later, too,the categorical language relates and unifies the various classes of structures where this is done.L-spaces suggest how to express computability by limits very simply; however, the weakness ofthese structures is that limits are far away from being uniquely determined and that there is noobvious way to characterize �interesting� sequences and limit points.The point then is to take only �some� limits. This is done by directed sets in Scott domains (see2.4.1), which are particular converging sequences with a privileged limit, the least upper bound. Itwill be described for FIL in the examples at the end of section 5.3.3.5 Yoneda’s LemmaLet C be a Cartesian closed category. Let F = C·C[_,(a,b)] � D : CfiSet, G = C[_·a,b]: CfiSet.In ⁄3.3 we proved that for both F and G there exists an object, respectively called a·b and ba,such that F @ C[_,a·b] and G @ C[_,ba]. In general, functors which enjoy this property arecalled (co-)representable. The formal definition, in case of covariant functors, is the following(note that F and G are contravariant; we leave as an exercise for the reader to derive the dualdefinition) :3.5.1 Definition A functor K: CfiSet is representable iff there exist an object r in C and anatural isomorphism f: K @ C[r,_].Exercise Give another definition of CC and CCC by using the previous notion.Note that, if K: CfiSet, every natural transformation j: C[r,_]fiK is fully determined by theimage of the identity idr . Indeed, for every f˛C[r,d], jd(f) = jd(f � idr) = K(f) � jr(idr) , by thefollowing diagram:Set be a functor. The map yr,K: Nat(C[r,_], K)fiK(r)that takes every natural transfomation j: C[r,_]fiK to jr(idr)˛K(r) is an isomorphism.Moreover, it is natural in r and K , that is,

3. Functors and Natural Transformations59C[r,_] is the natural transformation defined by C[f,_]c = C[f,c] = _� f :C[d,c]fiC[r,c]; see example 3.3.2 ), andIf we take K in the previous lemma to be C[d,_], where d is a generic object in C, this results inthe statement that there is a natural bijection between arrows g˛C[d,r] (that is, elements inC[d,_](r)) and natural transformations from C[r,_] to C[d,_].3.5.3 Proposition (Yoneda embedding)i. Let Y be the map which takes every r˛ObC to the hom-functor C[r,_], and every g˛C[d,r] tothe natural transformation C[g,_]: C[r,_]fiC[d,_] defined by C[g,_]c = C[g,c] = _� g :C[r,c]fiC[d,c]. Then Y is a full embedding from Cop to Funct(C,Set) .ii. Let Y be the map which takes every r˛ObC to the hom-functor C[_,r] , and every g˛C[d,r]to the natural transformation C[_,g]: C[_,d]fiC[_,r] defined by C[_,g] c = C[c,g] = g � _ :C[c,d]fiC[c,r] . Then Y is a full and faithful covariant functor from C to Funct(Cop,Set).Proof We prove only (i), since the other proof is dual.Y(idr) = idC[r,_] is immediate. Given g˛C[d,r], f˛C[s,r], Y(f�g): C[s,_]fiC[d,_] is definedas follows: for every c˛ObC Y(g �f)c = _� f � g : C[s,c]fiC[d,c]. Y is a functor, as, for everyh˛C[s,c], Y(g � f)c(h)= h � f � g = Y(g)c(f � h)= Y(g)c( Y(f)c(h) )

3. Functors and Natural Transformations60= ( Y(g)c � Y(f)c )(h).The fact that Y is full and faithful follows, as already observed, from the Yoneda lemma withC[d,_] instead of K. ¤3.6 PresheavesIn the last section we proved that every small category C is isomorphic to a full subcategory ofFunct(C op,Set) through the Yoneda embedding Y. For its relevance, the categoryFunct(Cop,Set) has its own name: a functor F: Cop�fiSet is called presheaf on C, andFunct(Cop,Set) is the category of presheaves on C.The category of presheaves inherits many interesting properties from Set, and in particular it isitself a topos. For the moment, we only prove the following properties:3.5.1 Theorem Given a category C, the category of presheaves on C has pullbacks for every pairof morphisms and is Cartesian closed.Proof. The terminal object is the functor T : CopfiSet, which takes every object c in ObC to thesingle set {*} and every arrow to the identity on this set.Given two natural transformations h: FfiH and t: GfiH , their pullback is defined objectwise:for every c in ObC let (p1,c: XcfiF(c), p2,c: XcfiG(c) ) be the pullback in Set of hc:F(c)fiH(c) and tc: G(c)fiH(c) . Then define a functor X: CopfiSet where X(c) = Xc , andfor every f:cfid, X(f) is the only arrow that makes the following diagram commute:F, p2: XfiF, where for every c inObC, p1(c) = p1,c and p2(c) = p2,c. Then it is easily verified that ( p1: XfiF, p2: XfiF ) is thepullback of h: FfiH and t: GfiH.

3. Functors and Natural Transformations61As always, the pullback of two functors F and G on the terminal T gives the product F·G. Itis easy to verify that F·G(c) = F(c)·G(c) and F·G(f) = F(f)·G(f).Exponents are defined by using the Yoneda lemma.If GF is the exponent of F and G, we must have an isomorphism Nat[H·F,G] @ Nat[H,GF]for every H. In particular, if H is C[_,c], and since by the Yoneda lemma, Nat[C[_,c],K] @ K(c)for every K, we have: Nat[C[_,c]·F,G] @ Nat[C[_,c],GF] @ GF(c). Thus, we define GF(c) =Nat[C[_,c]·F,G].Given an arrow f: cfid, we must now define GF(f): Nat[C[_,d]·F,G]fiNat[C[_,c]·F,G].Let s be a natural transformation from C[_,d]·F to G; then GF(f)(s) must be a naturaltransformation from C[_,c]·F to G. We define GF(f)(s) = s � C[_,f]·idF (see example 3.2.2 forthe definition of the natural transformation C[_,f] : C[_,c]fiC[_,d] ).GF is a functor, indeed GF(id)(s) = s. Moreover : GF(f � g)(s)= s � C[_, f � g]·idF= s � C[_,f]·idF � C[_,g]·idF= GF(g)(s � C[_,f]·idF )= GF(g)(GF(f)(s)).Let us define the natural transformation of evaluation eF,G: GF·FfiG. For every d in ObC,eF,G(d): Nat[C[_,d]·F,G]·F(d)fiG(d) is defined by eF,G(d)(s,n) = s(d)(idd,n).We prove now that for any H: CopfiSet we have an isomorphism Q: Nat[H·F,G] @ Nat[H,GF].Let t: H·FfiG be a natural transformation. For any c in ObC, Q(t)(c) ought to be a functionfrom H(c) to GF(c) = Nat[C[_,c]·F,G]. By the Yoneda lemma, we have for every c in ObC anisomorphism gc: Nat[C[_,c],H] @ H(c); thus, if m˛H(c),gc-1(m)˛Nat[C[_,c],H]t � (g-1(m)·idF) ˛Nat[C[_,c]·F,G].Define then Q(t)(c) = lm. t � ( gc-1(m)·idF): H(c)fiGF(c) = Nat[C[_,c]·F,G].We must prove that, for every t: H·FfiG, m: HfiGF,1. eF,G � (Q(t)·idF) = t2. Q(eF,G � (s·idF)) = sFor (1) we have, for every d˛ObC, m˛H(d), n˛F(d), the following:(eF,G(d) � (Q(t)·idF)(d))(m,n) == eF,G(d) (Q(t)(d)(m),n)= eF,G(d) ( t � (gd-1(m)·idF),n)by def. of Q= (t � (gd-1(m)·idF))(d)(idd,n)by def. of eF,G= t (d)(m,n)as (gd-1(m))(d)(idd) = mFor (2) we have, for every d˛ObC, m˛H(d), c˛ObC, h˛C[c,d], n˛F(d), the following:(Q(eF,G � (m·idF))(d)(m)(c)(h,n) == (eF,G � (m·idF) � (gd-1(m)·idF))(c)(h,n) by def. of Q

3. Functors and Natural Transformations62= eF,G(c) ( (m·idF)(c)( gd-1(m)(c)(h), n ) )= eF,G(c) ( (m·idF)(c)( H(h)(m), n ) by def of gd-1= eF,G(c) (m(c)(H(h)(m)), n)= m(c)(H(h)(m))(c) (idc,n)by def. of eF,G(c)= GF(h)(m(d)(m))(c) (idc,n)by naturality of m= (m(d)(m) � C[_,h]·idF) (c)(idc,n)by def. of GF(h)= (m(d)(m)(c) ((C[c,h]·idF(c))(idc,n))= (m(d)(m)(c)(h,n). ¤References We only give some references for the examples we mentioned, as they are notusually presented in other books and are mostly endebted to the theory of computing. Partialequivalence relations as a model for higher type computations were given in Kreisel (1959) and laterapplied to the semantics of higher order intuitionistic logic in Girard (1972) and Troelstra (1973c).They recently came again to the limelight as relevant structures for the semantics of polymorphism infunctional languages (see chapter 12). Limit spaces and their closure properties can be found inKuratowski (1952). With our perspective, filter spaces are used in Hyland (1979).For (pre)sheaves and related notions, the reader should consult the previous references for ToposTheory (as well as Fourman (1977) and Lambek and Scott (1986), among others). See also Scott(1980) for an application of Yoneda�s embedding of arbitrary CCC�s (and their reflexive objects, ifany) into topoi of presheaves.