11. Second Order Lambda Calculus251Chapter 11SECOND ORDER LAMBDA CALCULUSThe system l2, or second order l-calculus, has been introduced by Girard for the sake of ProofTheory. It was meant to prove, in particular, a normalization theorem for second order arithmetic,PA2 (also considered a sound formalization of analysis, by proof theorists). The key points are that(second order) l-terms code proofs in (second order) systems based on natural deduction and, quitegenerally, that cut elimination corresponds to b reduction for l-terms. Thus normal proofs for andconsistency of PA2 follow from the normalization theorem for l2 (see chapter 8 and references).This calculus was later rediscovered by Reynolds and, since then, it has received great attention,mostly within the computer science community, from both the syntactic (typing, consistentextensions, etc.) and semantic points of view. The main novelty of l2, over the simply typedcalculus, is the possibility of abstracting a term with respect to type variables; by this, l2 represents�polymorphic� functions, that is, functions that may have several types or, more precisely, that mayupdate their own type.It is largely agreed that this specific formalization of the broad notion of polymorphism inprogramming focuses most of the main concerns of the programmers who apply these methods andsuggests relevant implementations of modularity in functional programming.The type system of l2 is an extension of the simple types in section 8.2, and it is meant toprovide a type for polymorphic functions (i.e., terms obtained by type abstraction). As we said, thisis achieved by introducing type variables and allowing a quantification (informally, a product) over alltypes. The type "X:Tp.T is the type of all those terms that, when applied to a type S, yield a newterm of type [S/X]T. Types are defined impredicatively since in the inductive definition of thecollection Tp of all types one has to use Tp itself, which is being defined. For example, Tp is usedwhen defining "X:Tp.T as a type or, also, "X:Tp.T is said to be a type, while it contains aquantification over all types, including itself. The �dimensional clash� (and the semantic difficulty)which derives from impredicativity is evident when considering that a term of type "X:Tp.T can beapplied to its own type. This circularity, very common in mathematics (e.g., for least upper boundsand related notions) comes with the expressive power of the system and is reflected in the difficultyof finding sound mathematical models for it. It is our opinion that Internal Category Theory providessignificant tools for this semantic investigation. First, it allows the explicit use of �constructive�universes, as an alternative to the (usually intended) set-theoretic frame for (small) categories, wherethe constructions below would provide trivial models. Second, it reflects and gives meaning to thecircularity of impredicativity by a mathematically clear closure property of some internal categories.

11. Second Order Lambda Calculus25211.1 SyntaxTypes and (rough) terms are first defined in BN-form. The typing rules will pick up, among therough terms, the legal ones. Types are built up from type variables, ranged by X, Y, Z�; terms arebuilt up from (term) variables, ranged by x, y,�:Type expressions: T := X | (T fi S) | ("X:Tp.T )Term expressions: e := x | (ee) | (eT) | (lx:T.e) | (LX:Tp.e).We use capital letters T,S,... as metavariables for type expressions.Conventions: l, L and " are all variable binders. An unbound variable x in e is free in e(notation: x˛FV(e) ). The substitution of a for x in e ([a/x]e) is defined by induction,provided that a is free for x in e, as usual.A context is a finite set G of type variables; GX stands for G¨{X}. A type T is legal in G iffFV(T) ˝ G. A type assignment in G is a finite list E = (x1:T1),�, (xn:Tn) such that any Ti islegal in G.The typing relation G;E |- e: T, where E is a type assignment legal in G, e is a term expressionand T is a type expression, is defined as follows:(assumption)G;E |_ x:T if (x:T)˛E G;E(x:T) |_ e: S(fiI)_____________________G;E |_ (lx:T.e) : (TfiS)G;E |- f: (TfiS) G;E |- e: T(fiE)________________________ G;E |- (fe) : S GX; E |_ e : T("I)___________________________ (*)G;E |_ (LX: Tp. e) : ("X : Tp. T)* if there is no variable in FV(e) whose type depends on XG;E |_ f : ("X : Tp . T) G |_ S : Tp("E)________________________________ G;E |_ (fS) : [S/X]T

11. Second Order Lambda Calculus253Conversion Equations among well-typed terms are defined by the following axioms:b.(lx:A .b) e = [e/x]bb2.(LX:Tp .b) A = [A/X]bh.lx:A .bx = bif xˇFV(b)h2.LX:Tp .bX = bif XˇFV(b)and by the usual rules that turn �=� into a congruence relation.Before starting the formal definition of the models for such a system, it is worthwhile to say a fewwords about its interpretation, and to try to explain the following work by a naive presentation of thecategorical meaning of l2. Note also that this chapter is followed by one entirely dedicated toexamples of the abstract categorical treatment which we follow here. The reader may find convenientto check hi/her understanding of it against the structures presented in chapter 12.As pointed out in chapter 8, any Cartesian closed category C can be used to give a categoricalsemantics to the simply typed lambda calculus: types (which are just constant types or �arrow types�)are interpreted by objects of C; terms of type T, with free variables x1:T1,�, xn:Tn, areinterpreted as morphisms from T1·�· Tn to T. The categorical interpretation of the second ordercalculus generalizes this semantics; in this case, however, the collection of types Tp must be closednot only under the arrow construction, but also under universal quantification. If we write "X:Tp.Tas "(

lX:Tp.T), where l is an informal lambda notation for functions, " may be readilyunderstood as a map from (Tp fi Tp) to Tp, as it turns the map lX:Tp.T in (TpfiTp) into atype. Thus, the interpretation of " should be a map from ObCfiObC to ObC. The problem is thatthis map has to be represented internally in some ambient category. A natural choice is to have somesort of metacategory E such that C may be regarded as an internal category of E, in the sense ofsection 7.2. Recall, in short, that C must consist of a pair (c0, c1) of objects of E such that,informally, ObC = c0 and MorC = c1. If E is Cartesian closed, then " may typed as ":c0c0fic0.Objects of the kind TpfiTp (i.e. �points,� or �elements� of c0c0) are usually called variabletypes. As we have already seen, if s is a variable type, the type "(s) represents intuitively thecollection of all the polymorphic terms e such that, for all types T, (eT) : s(T). This is equivalentto saying that "(s) is a dependent product that is, a product of different copies of c0 indexed by son elements of c0 itself. The projections of this dependent product yield the instances of thepolymorphic terms in "(s) with respect to particular types. In other words, there will be in themodel an operation proj: (c0fic0)·c0fic1 that takes a variable type s: c0fic0, a type T, and givesa morphism projs(T): "(s)fis(T); projs(T) describes how a polymorphic term of type "(s) canbe instantiated into the type s(T), thus modeling the application of a term e in "(s) to a type T.By the definition of a dependent product, we will also have an isomorphism between thepolymorphic terms in "(s) and the collection of all the families {eT: s(T)}T˛c0 of terms indexed

11. Second Order Lambda Calculus254over all types. Let us call D this isomorphism, which relates a family of terms {eT: s(T)}T˛c0 tothe polymorphic term D({eT: s(T)}T˛c0) = LT:Tp.eT : "(s). The functions proj and D satisfythe following equations:1. projs(S) ( D({eT}T˛c0) ) = eS ;2. D({projs(T)(e)}T˛c0) = e ;whose meaning may be sketched as follows:1. if we define a polymorphic function from the collection of functions {eT}T˛c0, and then weconsider the particular instance relative to the type S, this is equal to the original function eS;2. if, given a polymorphic function e, we consider the collection of all its instances{projs(T)(e)}T˛c0 and then we use this collection to rebuild a polymorphic function, we obtain eagain.Equations 1. and 2. above are the key facts allowing the interpretation of rules b and h,respectively, for second order abstraction and application.Exercise Compare equations 1 and 2 above with the equations for the categorical Cartesian productpi ß <f1,f2> = fi for i = 1,2 ;< p1 ß f, p2 ß f > = f .11.2 The External ModelThe informal discussion of the previous section should have motivated the use of internal concepts indescribing the semantics of l2. The model definition inspired by these ideas will be the main objectof study in this chapter and it is presented in the following section. We introduce here a differentnotion of categorical model that does not require the use of internal concepts. It is based on analgebraic generalization of the semantics of the simply typed lambda calculus in a bidimensionaluniverse of Cartesian closed categories indexed over another (global) CCC. We will call this model�external.� In this model the collection of types is represented by a single object of the globalcategory, say c0 (or W, as it is usually denoted in this approach), but no requirement is made in orderto have an internal category with c0 as an object of objects. This fact, however, must be heavilycompensated for by a number of particular conditions that relate �on the nose� categorical propertiesof indexed categories, which are not very intuitive. Thus, on one hand, the external model is moremanageable then the internal one; on the other, it is less limpid and, in a sense, less suggestive. Weclaim that both these properties of the external model are due to the fact that it is a particularly simpleinstance of the internal notion. More specifically, we will show that an external model is just aninternal one whose ambient category is a topos of presheaves, and whose object of objects c0 is arepresentable functor [_,W]. The understanding we propose of the external model also sheds some

11. Second Order Lambda Calculus255light on the interplay among the different conditions in its definition and gives a new justification forsome apparently ad hoc requirements.At the base of the external notion of a model for l2, there is the notion of a class of smallcategories indexed over another (global) category E - essentially a contravariant functor G from Eto Cat. E is a Cartesian category with a distinguished object W, which interprets the collection oftypes. Products Wn are used to give meaning to contexts. Arrows in E[Wn,W] represent types withat most n free variables in the context Wn .The functor G: EfiCat takes every context Wn in E to a (local) category G(Wn) whoseobjects are the types legal in that context. Thus these types appear both as arrows in E and as objectsin the local categories, and it is natural to require Obj(G(e)) = homE(e, W). The arrows between twotypes s and t in a local category G(Wn) correspond to terms of type t and free variables in s.Every local category is required to be a model of a simply typed lambda calculus and, thus, it isCartesian closed. As for the interpretation of the polymorphic product it is described by an adjointsituation between local categories; moreover this adjointness must be natural with respect to the globalparameter given by the context.11.2.1 Definition An external l2 model (PL category) is a triple (E, G, W ) where:1. E is a Cartesian closed category (global category);2. W is a distinct object in E;3. G: Eop fi Cat is a functor such thati. for each object e in E, Obj(G(e)) = homE(e, W), and, for each morphism s�˛E[e’,e], thefunctor G(s�): G(e) fi G(e’) acts on the objects of G(e) as homE(s�,W).ii. for each object e in E, the (local) category G(e) is Cartesian closed; for every s�˛E[e’,e],the functor G(s�): G(e) fi G(e’) preserves the Cartesian closed structure �on the nose� (andnot just up to isomorphism); that is, for a,b˛ObjG(e) = homE(e, W) it satisfies:a.G(s�)( tG(e) ) = tG(e’), where tG(e) is the terminal object in G(e)G(s�)( !a ) = !G(s�)(a)b.G(s�)( a · G(e) b) = G(s�)(a) ·G(e’) G(s�)(b), where ·G(e) is the product in G(e)G(s�)(fsta,b) = fstG( s)(a),G( s)(b)G(s�)(snda,b) = sndG( s)(a),G( s)(b)c.G(s�)([a,b]G(e)) = [G(s�)(a), G(s�)(b)]G(e’), where [,]G(e) is the exponent in G(e)G(s�)(evala,b) = evalG( s)(a),G( s)(b)iii. an E-indexed adjunction < Fst, ", D > : G fi GW, wherea.GW : Eop fi Cat (see definition 7.1.2) is the functor defined by"e˛ObE GW(e) = G(e·W)"s˛E[e’,e] GW( s) = G( s·idW)b."e˛ObE , Fst(e) = G(fste,W ) : G(e) fi GW(e) = G(e·W) (with fste,W: e·Wfie).

11. Second Order Lambda Calculus256By definition 7.1.6 of an E-indexed adjunction, we have, for every object e in E, an adjunction< G(fste,W), "(e), D(e) > : G(e) fi G(e·W)and, moreover,D(e’) ß G(s�·idW) = G(s) ß D(e)11.2.2 Remark If (E,G) is an external l2 model, then we have the following naturaltransformations:·G(_):homE·E(K2(_), ( W ,W)) fi homE(_, W),[,]G(_):homE·E(K2(_), ( W ,W)) fi homE(_, W),":homE(_·W, W) fi homE(_, W),where K2 is the diagonal functor.Indeed conditions 3.ii.b and 3.ii.c in definition 11.2.1 express exactly the naturality of ·G(_)and [,]G(_), while by definition " is natural from GW to G and, a fortiori, also fromhomE(_·W, W ) to homE(_, W).11.2.3 Lemma For every object a in E there are morphismsx0 : WxW fi W[,]0 : WxW fi W"0: WW fi Wsuch that, for each object e of E and for all objects s,t of G(e),x0 ß <s,t> = s ·G(e)t[,]0 ß <s,t> = [s,t]G(e)and, for each object r of G(e·W),"0 ß L(r) = "(e)(r)Proof We have the following natural transformationse1 = ·G(_) ß <,> -1 : homE(_, W·W) fi homE(_, W)e2 = [,]G(_) ß <,> -1 : homE(_, W·W) fi homE(_, W)e3 = " ß L -1 : homE(_, WW) fi homE(_, W)where·G(_):homE·E( K2(_), (W,W) ) fi homE(_, W)[,]G(_):homE·E( K2(_), (W,W) ) fi homE(_, W)":homE(_·W, W) fi homE(_, W)are the natural transformations of remark 11.2.2 and<,>-1:homE(_, W·W) fi homE·E( K2(_), (W,W) )L -1:homE(_, WW) fi homE(_·W, W)are the natural isomorphisms given by the Cartesian closure of E.

11. Second Order Lambda Calculus257Then, by the Yoneda lemma, the arrows x0, [,]0, "0 with the requested properties are obtainedby settingx0 = e1(W·W)(idW·W)[,]0 = e2(W·W)(idW·W)"0 = e3(WW)(idWW)For example, we have, for s,t: e fi W,x0 ß <s,t> = e1(W·W)(idW·W) ß <s,t>= homE[<s,t>, W·W] (e1(W·W)(idW·W))= e1(e)(homE[<s,t>, W·W](idW·W))= e1(e) <s,t>= s ·G(e)t.The other equations are proved similarly. ¤11.3 The External InterpretationIn this section we define, in several steps, the �external� interpretation of the second order lambdacalculus.11.3.1 Type Expressions A type expression T legal in a context G = {X1,...,Xn} isinterpreted by a morphism [T]G: [G]fi[A] in E (where [G] = c0n=((t·c0)·�·c0), inductivelydefined as follows:1.[Xi]G = sndßfstn-i;2.[SfiT]G = [,]0 ß < [S] G, [T] G >;3.["X:Tp.T]G = "0 ß L([T]GX ).Note that, as in the simply typed l-calculus, variables are projections and arrows are exponents.Morover, impredicative types are interpreted by formalizing (externally) the informal discussion at theend of 11.2 (see also 11.5.1).11.3.2 Type assignment A legal type assignment E = (z1: S1)... (zn: Sn), in a context G, isinterpreted by the product (local in G([G]) )[E]G = (...(tG([G]) ·[S1]G)...)·[Sn]G = xon ß <...<tG([G]),[S1]G>...,[Sn]G >where tG([G]) is the terminal object in the local category G([G]).11.3.3 Terms A legal term M such thatG = X1,...,Xn ; E = (z1: S1)... (zn: Sn) |- M : Tis interpreted by a morphism

11. Second Order Lambda Calculus258[M]GE : [E]Gfi[T]G in the local category G([G]) .The inductive definition is1.[zi]GE = snd ß fstn-i;2.[MN]GE = eval ß <[M]GE, [N]GE>;3.[lx:S.M]GE = L([M]GE[x:S] );4.[LX:Tp.M]GE = D([M]GX;E);5.[M[T]]GE = G(<id, [T] G >) (Proj([G])) ß [M]GE,where Proje is the counit of the adjunction < G(fste,W), "(e), D(e) > : G(e)fiG(e·W), i.e., Proje= D(e)-1(id).11.3.4 Remark The interpretation we have just given is somewhat informal. Indeed we shouldalways specify in which local category we are working in, and we should add a lot of indices for thenatural transformations. Note also that the interpretation is not, as it could seem, by induction on thesyntactical structure of terms, but on the lenghth of the proof of their derivation (the proof that theterms are well typed). For example, a fully specified interpretation for [LX:Tp.M]GE would be: ifGX; E |- M: T and t = [T]GX then [LX:Tp.M]GE = (D([G])([E]G, t ) ) ([M]GX;E).11.4 The Internal ModelIn this section we define the notion of internal l2 model. The intuition is to require for an internalCartesian closed category c˛Cat(E) the existence of the arrow "0: c0c0fic0, which gives thedepended product, in a such a way that equations 1 and 2 of section 11.1 are verified. We obtain bythis a characterization of internal models by means of ground equations, with the consequence thatinternal models are preserved by limit- and exponent-preserving functors.In what follows, we always assume that the ambient category E is Cartesian closed and has finitelimits.11.4.1 Definition Let a be an object of E. |a| is the internal category (a, a, id, id, id, id ).The internal |a| represents (internalizes) the discrete category with exactly one morphism (theidentity) for each point in a.11.4.2 Definition Let c = (c0, c1, DOM, COD, COMP, ID)˛Cat(E). Define then:c* = (c0c0, c1c0, DOM*, COD*, COMP*, ID*) withDOM* = L(DOM ß eval)COD* = L(COD ß eval)COMP* = L(COMP ß eval·0eval ß p)

11. Second Order Lambda Calculus259ID* = L(ID ß eval)where p = <<P1� p1, p2>, <P2� p1, p2>>0 : (c1c0 ·0 c1c0) · c0 fi (c1c0 · c0) ·0 (c1c0 · c0).The idea behind the previous definition is that the object c* represents internally the category offunctors from |c0| to c. Note that, as |c0| is a discrete category, the functors F from |c0| to c arefully determined by their functions f0 on objects. In effect, this informal idea may be formalized bythe following remark: if E is Cartesian closed, so it is Cat(E). The object c* of the previousdefinition is isomorphic in Cat(E) to the exponent of |c0| and c. The category c* may be alsoregarded as the collection of all tuples of elements of c indexed by elements in c0, for |c0| is adiscrete category.11.4.3 Definition The constant internal functor K : cfic* is K = (k0, k1) withk0 = L(fst) : c0fic0c0 where fst: c0·c0fic0 is the projectionk1 = L(fst) : c1fic1c0 where fst: c1·c0fic1 is the projection.K : cfic* must be considered as a sort of diagonal functor. Informally, given an object b in c0, itsimage under K is the tuple (indexed on c0) of all-b elements (i.e., the constant-b function from c0to c0). As a right adjoint to the diagonal functor K2: CfiC2 yields the categorical product,similarly, a right adjoint to the functor K : cfic* yields the (categorical) dependent product indexedover c0.11.4.4 Definition A model for l2 is given by1. a Cartesian closed category E with all finite limits (global category);2. an internal Cartesian closed category c = (c0,c1,DOM,COD,COMP,ID)˛Cat(E);3. a right (internal) adjoint to K: c fi c* .The requirements on the global category E in the previous definition could be slightly relaxed: thenotion of internal category can be also given in interesting ambient categories without all limits (seethe next chapter for an example). Similarly, for a model of l2 we actually need only exponents of theform ec0 in E. Our requirements are very close to those needed for models of the stronger calculusFw. In this case the only further condition is that of having a right (internal) adjoint to Ke: cfice forevery object e of E, where ce = (c0e, c1e, DOMe, CODe, COMPe, IDe) represents the categoryof functors from |e| to c, and Ke: cfice is the internal functor defined byKe = (ke,0 = L(fst): c0fic0e, ke,1 = L(fst): c1fic1e).By theorem 7.3.7, a right adjoint to K: c fi c* is fully determined byi. an arrow "0: c0c0fi c0,

11. Second Order Lambda Calculus260ii. an arrow PROJ: c0c0fi c1c0 such that DOM* ß PROJ = k0 ß "0 , COD* ß PROJ = id. (if h: e fi c0c0 , we use the abbreviation PROJh for PROJ ß h )iii. an arrow D: X"fi Y" where X" and Y" are respectively the pullbacks of< DOM* , COD* > : c1c0fi c0c0·c0c0, k0·id : c0·c0c0fi c0c0·c0c0< DOM,COD > : c1fi c0·c0, id·"0 : c0·c0c0fic0·c0D = gg1.(PROJ ß p2 ß g) * ( L(fst) ß PY" ß D ) = PX"h.D ß < g’, (PROJß p2 ß g’) * ( L(fst) ß PY" ) >0 = idY"where h*k = COMP* ß <h,k>0 = L( L-1(h) oL-1(k) ), and fst: c1·c0fic1 is the projection.PROJ is the counit of the adjunction. In order to understand its meaning, it is useful to compare itwith the counit of the Cartesian product. In that case, the counit is(p(a1,a2),1, p(a1,a2),2) ˛ C2[ (K2(a1·a2), (a1,a2) ]where K2 is the diagonal functor. That is, the counit is a collection of morphisms p(a1,a2),i in C,indexed over objects (a1,a2) of C2 and objects i = 1,2 in the category 2, such that each p(a1,a2),ihas domain a1·a2 and codomain ai. Analogously, PROJ: c0c0fic1c0 @ c0c0·c0fic1 is acollection of morphisms PROJs(T) in c1 indexed over objects s of c* and objects T of c(which now corresponds to the category 2 above), such that each projection PROJs(T) has domain"0(s) and codomain s(T).Consider now two points f: tfic1c0, g: tfic1 in c1c0 and c1. Informally, f is a family ofterms in c1 indexed by objects in c0, and g is a term in c1. If there exists some a such thatDOM ß f = K0 ß a, that is if all the terms represented by f have a common domain a : tfic0, thenwe can �apply� the isomorphism D and obtain the polymorphic term Dßf (note the usual confusionbetween application and composition resulting from reasoning about points). Conversely, if thereexists b such that COD ß g = "0 ß b, then g is a polymorphic term of type "0ßb.Formally, for every e in E, given f: e fi c1c0 and g: efi c1 such thatDOM ß f = K0 ß aCOD ß f = bDOM ß g = aCOD ß g = "a0 ß b

11. Second Order Lambda Calculus261equations (g1) and (h) above giveg1.PROJb * ( L(fst) ß PY" ß D ß <<a,b>,f>0 ) = fh.D ß < <a,b>, PROJb * ( L(fst) ß g ) >0 = <<a,b>,g>0and with easy manipulations, recalling that h*k = COMP* ß <h,k>0 = L( L-1(h) o L-1(k) ), oneobtainsg1’.L( (eval ß PROJb·idc0)o(PY" ß D ß <<a,b>,f>0 ß fst) ) = fh’.D ß < <a,b>, L( (eval ß PROJb·idc0)o(g ß fst) ) >0 = <<a,b>,g>0which are the formalization of equations 1 and 2 of our informal discussion about second ordermodels in section 11.1.11.5 The Internal InterpretationLet us now summarize some of the data that come with an internal model. All these objects,morphisms, and functions will be used to give an explicit definition of the interpretation for secondorder terms as follows:i. For the global category E:- a terminal object T, products and exponents- projections: fst, snd- evaluation morphism: eval (used for defining COMP*)- pairing function: <,>- �currying� function: Lii. For the internal category:- an arrow t0: T fi c0 defining the internal terminal object- an arrow x0 : c0·c0 fi c0 defining the internal product- an arrow [,]0 : c0·c0 fi c0 defining the internal exponent- an arrow "0: c0c0 fi c0 defining the dependent product- internal projections: FST: c0·c0 fi c1 , SND: c0·c0 fi c1- internal evaluation morphism: EVAL: c0·c0 fi c1- instantiation morphism: PROJ: c0c0 fi c1c0 of the dependent product- internal pairing: <,>: (c0·c0·c0) ·0 (c1·c1)fi(c0·c0·c0) ·0 c1<,>(a,b,c, f: afib, g:afic) = (a,b,c, pairing(f,g): afib·c )- internal currying function: L: (c0·c0·c0) ·0 c1fi (c0·c0·c0) ·0 c1L(a,b,c, f:a·bfic) = (a,b,c, curry(f): aficb)- dependent pairing: D: (c0·c0c0) ·0 c1c0 fi (c0·c0c0) ·0 c1D( a, s,{eT: afis(T)} ) = (a, s, dep_pairing({eT}): afi"(s) ).

11. Second Order Lambda Calculus262We point out that an internal model is completely determined by (pullbacks and) a set of groundequations, that is, equations without (quantified) free variables; this contrasts with external models(or with standard, �external� Cartesian closed categories, for that matter). An important consequenceof this is that internal models are preserved by limit- and exponent- preserving functors (that isfunctors preserving the structure for sources and targets of the data defining the model). This fact willbe used later on to relate internal and external models.Notation For e˛ObE, en = (((t·e)·e)·�·e) where t is the terminal object of E and e appearsn times.11.5.1 Type Expressions A type expression T legal in a context G = {X1, ..., Xn} isinterpreted by a morphism [T]G : c0nfic0 in E. In particular:1.[Xi]G = snd ß fstn-i2.[SfiT]G = [,]0 ß < [S]G, [T]G >3.["X:Tp.T]G = "0 ß L([T]GX )11.5.2 Type Assignments A type assignment E = (z1: S1)...(zm: Sm) legal in a context G={X1,...,Xn} is interpreted by the product[E]G = x0m ß <...<t0 � !c0n,[S1]G>...,[Sm]G> : c0n fi c0where x01 = x0 and, for i>1, x0i = x0 ß (x0i-1·id).11.5.3.Terms A legal term e such thatG = {X1,...,Xn}; E = [z1: S1]... [zm: Sm] |- e : Tis interpreted by a morphism[e]GE : c0n fi c1such that DOM ß [e]GE = [E]G : c0n fi c0COD ß [e]GE = [T]G : c0n fi c0In particular,1.[zi]GE = SND o FSTn-i(where for simplicity we omit the �indexes� for FST and SND);2.if G;E |- f: SfiT , G;E |- e:S, s = [S]G , t = [T]G, then[fe]GE = EVALs,t o ( <,> ß < <<[E]G,[SfiT]G>, s>0 , <[f]GE,[e]GE> >0);3.if G;E(x:S) |- e: T , s = [S]G , t = [T]G, then[lx:S.e]GE = Py’ ß L ß < <[E]G,s,t>, [e]GE(x:S) >0 ;4.if GX; E |- e: T and t = [T]GX, then[LX:Tp.e]GE = PY" ß D ß < <[E]G,L(t)>, L([e]GX;E)>0 ;

11. Second Order Lambda Calculus2635.if G,E |- e: "X:Tp.S and s = L([S] GX), then[eT]GE = L-1(PROJs * ( L(fst) ß [e]GE ) ) ß <id, [T]G>= ( L-1(PROJs) o ([e]GE ß fst) ) ß <id, [T]G>(where h * k = COMP* ß <h,k> ; h o k = COMP ß <h,k>).Given the above definitions, the proof of a soundness theorem, with the required substitutionlemmas, is a routine check (as straightforward as it is tedious and laborious).11.6 Relating ModelsIn the previous sections, two different notions of model have been introduced. We are now interestedin the relation between them. It will turn out that the two notions are not as distant as they may seem.We start by an analysis of how we can define an external model from an internal one. Theconstruction is based on the externalization process of an internal category via hom-functorspresented in chapter 7, which corresponds, essentially, to the Yoneda embedding. Since the hom-functor preserves pullbacks and exponents, we will be able to show that any internal model yields an�equivalent� external one.Suppose that c = (c0,c1,DOM,COD,COMP,ID)˛Cat(E) is an internal model. As the reader hasprobably imagined, the functor [_,c] : EopfiCat of definition 7.4.2 plays the role of G in theexternal approach. For ease of reference, we recall here that definition.11.6.1 Definition Let c˛Cat(E). The functor G = [_,c] : Eopfi Cat is defined in the followingway:on objects e˛E [_,c] = [e,c] ;on arrows s: e’fie [_,c](s) = [s,c] is the functor from [e,c] in [e’,c] which is defined as[s,c0] on objects and as [s,c1] on arrows.11.6.2 Lemma " s: e’fie, G(s) = [s,c]: [e,c]fi[e’,c] acts on the objects of [e,c] (i.e., onE[e,c0]) as E[s,c0].Proof By definition. ¤11.6.3 Lemma If c is (internally) Cartesian closed, then, for every e in E, Ee,c is Cartesianclosed.Proof (sketch)Let1. < O, T, o > : c fi 12. < D, x, <,> > : c fi c·c3. < x, [,] , L > : c fi c

11. Second Order Lambda Calculus264be the internal adjunctions given by the Cartesian closure of c. Then <[_,F], [_,G], Q > :[_,c]fi[_,d] is an E-indexed adjunction. By proposition 7.4.11 there are three E-indexed adjunctions1’. <[_,O], [_,T], o’ > : [_,c]fi[_,1]2’. <[_,D], [_,x], <,>’ > : [_,c]fi[_,c·c] @ [_,c]·[_,c]3’. <[_,x], [_, [,] ], L’ > : [_,c]fi[_,c] with parameters in [_,c].Hence for every e in E, [e,c] is Cartesian closed, since [e,1] is the terminal category in Cat and[e,D] : [_,c]fi[_,c]·[_,c] is the diagonal functor. ¤Propositions 7.4.10 and 7.4.11 allow us to give an explicit definition for the naturalisomorphisms in (1’)-(3’) above. In particular,given s,t, g : efic0, and f: e fic1·c1 such that DOM ß f = D0 ß s, COD ß f = < t, g ><,>’(f) = Py ß <,> ß (< <s, <t, g> >, f >0 ) : e fi c1;given s,t, g : efic0, and g: efic1 such that DOM ß g = s, COD ß f = x0 ß < t, g ><,>’-1(g) = Px ß <,>-1ß (< < s, <t,g> >, g >0 ) : e fi c1·c1;given s,t, g : efi c0 and f: efi c1 such that DOM ß f = x0 ß < s,t >, COD ß f = gL’(f) = Py’ ß L ß (< <<s,t>, g >, f ) : e fi c1;given s,t, g : e fi c0 and g: efi c1 such that DOM ß g = s, COD ß g = [,]0 ß <t, g >L’-1(g) = Px’ ß L-1 ß (< <s,<t, g >, g ) : e fi c1.By exercise 7.4.12, given s,t : efic0, the projections associated to <,>’ are derived from theinternal projections FST and SND byFSTs,t = FST ß <s,t> : efic1SNDs,t = SND ß <s,t>: efic1.Note that DOM ß FSTs,t = x0 ß <s,t>COD ß FSTs,t = sDOM ß SNDs,t = x0 ß <s,t>COD ß SNDs,t = t.Analogously, given s,t : e fi c0, the counit EVALs,t of L’ for the object [,]0ß<s,t> isEVALs,t = EVAL ß <s,t> : e fi c1where EVAL is the internal evaluation map.Note thatDOM ß EVALs,t = x0 ß <[,]0ß <s,t>, s >COD ß EVALs,t = t .11.6.4 Lemma Let c be (internally) Cartesian closed. "s: e’fie, [s,c]: [e,c]fi[e,c’] preservesthe Cartesian closed structure "on the nose".

11. Second Order Lambda Calculus265Proof We only consider the product; the other cases are similar."t,g in [e,c] [s,c](t·g)= [s,c]( [e,x](t,g) )= [s,c]( x0 ß <t,g> )by def. of [e,x]= x0 ß <t,g> ß s= x0 ß <t ß s, g ß s >= x0 ß < [s,c](t), [s,c](g) >= [e,x]( [s,c](t), [s,c](g) )= [s,c](t) · [s,c](g)by def. of [e,x]. ¤11.6.5 Lemma For every e, a objects of E, [e,c|a|] @ [e·a,c] .Proof E is Cartesian closed, thus there are the isomorphismsLe,c0: E[e·a, c0] @ E[e, c0a]Le,c1: E[e·a, c1] @ E[e, c1a].Le,c0 and Le,c1 are respectively the functions on objects and on arrows of a functor L from [e·a,c]to [e,c|a|] . Indeed, for every s: e·afic0Le,c1(ids)= Le,c1(ID ß s)= Le,c1(ID ß eval ß Le,c0(s)·id )= Le,c1(ID ß eval) ß Le,c0(s)= IDc|a| ß Le,c0(s)= idL(s)and for every f, g: e·afic1 Le,c1(g o f)= Le,c1(COMP ß <g,f>)= L(COMP ß <eval ß Le,c1(g)·id, eval ß Le,c1(f)·id> )= L(COMPß eval·eval ß <Le,c1(g)·id, Le,c1(f)·id> )= L(COMPß eval·eval ß p ß <Le,c1(g), Le,c1(f) >·id)= L(COMPßeval·evalßp) ß <Le,c1(g), Le,c1(f) >= COMPc|a| ß <Le,c1(g), Le,c1(f) >= Le,c1(g) o Le,c1(f)Similarly, Le,c0-1 and Le,c1-1 define the functions on objects and on arrows of L-1,respectively. ¤11.6.6 Lemma Let K: cfic* be the functor of definition 11.4.3. For every e in E, L-1 ß [e,K] =G(fst) = [fst,c] : [e,c]fi[e,c|a|].Proof On objects s: efic0 (L-1 ß [e,K])(s)= L-1([e,K](s) )= L-1(k0 ß s )by def. of [e,K]= L-1(k0) ß s·id

11. Second Order Lambda Calculus266= fst ß s·id by def. of k0= s ß fst= [fst,c](s) by def. of [fst,c].On arrows f: efic1 (L-1 ß [e,K])(f)= L-1([e,K]( f ) )= L-1(k1 ß f )by def. of [e,K]= L-1(k1) ß f ·id= fst ß f ·id by def. of k1= f ß fst= [fst,c]( f ) by def. of [fst,c]. ¤11.6.7 Corollary Let W = c0 . Then for every e in E, <[fst,c], [e,"] ß L, D’ß Le,c1> :[e,c]fi[e·W,c] is an adjunction.Proof By lemma 11.6.6, [fst,c] = L-1ß [e,K] . Then we have the isomorphismsLe,c1D ’[e·W,c][Le,c0-1([e,K](s)), t] @ [e,c*][ [e,K](s), Le,c0(t)]@ [e,c][ s, [e,"](Le,c0(t))]. ¤Note that, given s: efic0 ,t: e·afic0 , and f: e·afic1 such thatDOM ß f = L-1([e,K](s) ) = s ß fstCOD ß f = t,we have D’ß Le,c1(f) = PY" ß D ß (<<s, t >, L(f) >0 ) : efic1, where PY" is as in the diagramafter definition 11.4.4.Analogously, given s: efic0, t: e·afic0, and g: efic1 such thatDOM ß g = sCOD ß f = [e,"](L(t) ) = "0 ß L(t)we have the following:(D’ß Le,c1)-1(g) == Le,c1-1 (D’-1(g))= L-1(PX" ß D’-1 ß (<<s, t >, g >0 ) )= eval ß (PX" ß D’-1 ß (<<s, t >, g >0 ) )·id: e·afic1.In particular, given s : e fi c0c0, the counit (D’ß Le,c1)-1(id[e,"](L(t)) ) is Projs,t= eval ß (PX" ß D’-1 ß (< <s, t >, ID ß "0 ß L(s) >0 ) )·id: e·c0 fi c1= eval ß (PROJ ß <s,t>)·id= L-1( (PROJ ß <s,t>)where PROJ is the internal counit.

11. Second Order Lambda Calculus26711.6.8 Lemma The isomorphism of the adjunction in corollary 11.6.7 is also natural in e; that is,for every g: efie’, [g,c] ß ( D’ß Le,c1 ) = ( D’ß Le,c1) ß [g·id,c].Proof For every g: efie’, and f: e·afic1 such thatDOM ß f = L-1([e,K](s) ) = s ß fstCOD ß f = t ( where s: e fi c0 ,t: e·a fi c0 ) ([g,c] ß (D’ß Le,c1))(f)= [g,c] ( D’(Le,c1(f) ) )= [g,c] ( Py" ß D ß <<s, t >, L(f) >0 )= PY" ß D ß <<s, t >, L(f) >0 ß g= PY" ß D ß <<s ß g , t ß g >, L(f)ß g >0= PY" ß D ß <<s ß g , t ß g >, L(f ß g·id) >0= (D’ß Le,c1) (f ß g·id)= ((D’ß Le,c1) ([g·id,c](f) )= ((D’ß Le,c1) ß [g·id,c]) (f). ¤11.6.9 Theorem If (E,c) is an internal l2-model, then (E, c0, G=[_,c]) is an external l2-model. Moreover, for any legal expression Q of l2, the internal interpretation of Q in ( E,c)coincides with the external interpretation of Q in (E, c0, G=[_,c]); t hat is, they are the same arrowin E.Proof Easy, by the previous lemmas. ¤Now we prove that, using the �internalization� technique of chapter 7, we obtain from any externalmodel G:EopfiCat an internal model in the topos of presheaves EopfiSet. The translationshows that, essentially, any PL-category is nothing else but an internal category in the category ofpresheaves having as object of objects the contravariant hom-functor. Recall (see definition 7.5.1)that given an E-indexed category G: EopfiCat , we can build an internal category

G = (

G0,G1,DOM,

COD,

COMP,

ID)˛Cat(EopfiSet) in the following way:for all objects e, e’ and arrows f: e’fie in E:-

G0: EopfiSet is the functor defined by

G0(e) = ObG(e)

G0(f) = G(f)ob : ObG(e)fiObG(e’)-

G1: EopfiSet is the functor defined by

G1(e) = MorA(e)

G1(f) = G(f)mor : MorG(e)fiMorG(e’)-

DOM: G1fiG0 is the natural transformation whose components are the domain maps in thelocal categories, i.e., for e˛ObE,

DOMe: MorG(e)fiObG(e) is defined by

DOMe(h:sfit) = s.-

ID and

COMP are defined analogously, �fiber-wise.�

11. Second Order Lambda Calculus268Note in particular that if (E, c0, G) is a PL category, then G0= E[_, W].11.6.10 Proposition If (E, c0, G) is a PL category, then

G is an internal Cartesian closedcategory.Proof By proposition 7.5.4. ¤Before showing that

G also has an internal dependent product, it is useful to take a closer look at thestructure of the involved exponents in EopfiSet.11.6.11 Lemma Let H: EopfiSet be any functor, and let G0 = E[_, W]. Then their exponentHG0: EopfiSet is given, up to isomorphisms, by the following data:a.HG0(e) = H(e·W)HG0(f) = H(f·idW);b.eval : HG0· G0 fi Hevale(m,f) = H(<ide, f>)(m), for e˛ObE, m˛H(e·W), f˛E[e,W];c.L : Nat[F·G0, H] @ Nat[F, HG0]L(t)(e)(m) = te·W(F(fst)(m),snd),where t: F·G0fiH, e˛ObE, m˛F(e), fst:e·Wfie, snd: e·WfiW.Proof We use the usual definition of exponents in the category of presheaves (see section 3.5) andprove that the one given above is equivalent up to isomorphisms. Remember thatHF(e) = Nat[E[_,e]·F, H]HF (f:e’fie)(s) = s ß E[_,f]·idFwhere E[_,f] is the natural transformation from E[_,e’] into E[_,e] defined by E[_,f] = f ß _ .When F = G0 = E[_, W], we can use Yoneda’s lemma and haveHG0(e) = Nat[E[_,e]·E[_, W], H] @ Nat [E[_,e·W], H] @ H(e·W).Let now f˛E[e’,e]:HG0 (f) ( s ) = s ß E[_,f]·E[_,idW] @ s ß E[_,f·idW]˛Nat[E[_,e’·W], H] @ H(e’·W)Hence, the Yoneda isomorphism yields HG0(f) @ H(f·idW).Let us check that the above expressions for eval and L satisfy the equations for the exponents. Wehave to prove that eval ß L(t)·id = t and L(eval ß h·id) = h; let m˛F(e) and f˛c0(e):evale((L(t)e·ide)(m,f)) == evale(te·W (F(fst)(m), snd), f)by def. of L= H(<ide, f>)( te·W (F(fst)(m), snd) )by def. of eval= te(F(<ide, f>)(F(fst)(m)), snd ß <ide, f> ),by naturality of t= te(F(fst ß <ide, f>)(m), f)for F functor= te(m, f)

11. Second Order Lambda Calculus269L(eval ß h·id)e (m) == (evale·W ß he·W·ide·W) (F(fst)(m), snd)by def. of L= evale·W( he·W(F(fst)(m)), snd))= H(<ide·W, snd>)( he·W(F(fst)(m)) )by def. of eval= H(<ide·W, snd>)(H(fst·idW)(he(m)))by naturality of h= H( fst·idW ß <ide·W, snd>)( he(m) )for G functor= H(<fst,snd>) ( he(m) )= he(m). ¤The following lemma exploits the results above in order to give an explicit definition of the constantinternal functor K:

G fiG*, whose right adjoint will give the depended product:11.6.12 Lemma The internal functor K = (k0, k1):

GfiG* of definition 11.4.3 is given inEopfiSet byk0(e) = G(fst)objk1(e) = G(fst)morwhere fst:e·Wfie in E.Proof Definition 11.4.3 gives the following for Kk0 = L(fst) : G0fiG0G0where fst: G0·G0fiG0 in EopfiSetk1 = L(fst) : G1fiG1G0where fst: G1·G0fiG1 in EopfiSet.Note first that, for e˛ObE, the components of the natural transformations fst above behave as thefirst projections. Now let h˛c0(e); then k0(e)(h)= L(fst)(e)(h)= fste·W( G0(fst)(h), snd )by lemma 11.6.12, where fst:e·Wfie in E= G0(fst)(h)= G(fst)(h).Analogously, for any g˛c1(e): k1(e)(g)= L(fst)(e)(g)= fste·W( c1(fst)(g), snd )= G1(fst)(g)= G(fst)(g). ¤11.6.13 Theorem Let (E, G, W) be an external model; then

G is an internal model. Moreover,for any legal expression Q of l2 , the external interpretation of Q in (E, G, W) coincides with theinternal interpretation of Q in

G ; that is, they are the same arrow in E.

11. Second Order Lambda Calculus270Proof

G is Cartesian closed, by proposition 11.6.11. By definition of an external model, thefunctor G(fst) has a right adjoint ":GWfiG. In view of lemma 11.6.12, this is all we need for theproof.¤By the previous theorem, and by the particularly simple way the category

G is defined from theindexed category (E, G, W), every external model can be thought of as an internal model. We couldeven say that external models are the internal categories in the topos of presheaves that have the(contravariant) hom-functor as object of objects (and that have the required internal structure, ofcourse). In this sense, external models are less general than internal ones, since they result fromfixing some data in an internal model. Note that we have also obtained a posteriori a justification ofthe apparent simplicity of the external model. This is due to the choice of the well-known topos ofpresheaves as ambient category and of the hom-functor as canonical object of objects for the internalcategories in this topos. This approach, though not fully general, allows a great simplification in thedefinitions of the involved exponents.A final comparison between the two approaches is suggetsted by the following remark. Note firstthat any internal model in a presheaves topos �is� an indexed category; thus, one can think as well ofa definition of indexed category model in which also the indexing functor is not representable. On theother hand, if the indexing functor is chosen to be representable, as in the external model, one maywonder why only the object of objects should enjoy this privileged condition. Note that if wesuppose that also the object of morphisms is representable, i.e., c1 = E[_, W1], then by the Yonedaembedding, we have an internal model c = ( W, W1, ...) in E.References The polymorphic lambda calculus was defined in Girard (1971) in his investigationof foundational problems in mathematics. Three years later it was reinvented by Reynolds (1974),who was mainly interested in the type structure of programming languages, testifying the relevance ofthis formalism for computer science. References to protoype programming languages, wherepolymorphism is formalized in terms of second order l-calculi, and a recent application may be foundin Cardelli and Longo (1990).The model definition based on the internal approach is due to Moggi (1985). Unfortunately, sinceat that time there was no known concrete model that could be described �internally,� his idea wasnever published, and for some years it remained known only to a restricted number of specialists andcollaborators (see Hyland (1987)). Meanwhile a different and in a sense simpler notion of modelbased on indexed categories was proposed in Seely (1987). Both models are based on the idea inLawvere (1970) of expressing logical quantifications by means of categorical adjunctions. Furtherdiscussions on categorical models of l2 may be found in Reynolds (1984), Bainbridge et al. (1987),

11. Second Order Lambda Calculus271Hyland and Pitts (1987), Pitts (1987), Longo and Moggi (1988), Scedrov (1988), Reynolds andPlotkin (1988) and Meseguer (1988), among others.This chapter is derived largely from Asperti and Martini (1989).