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1 Constrained optimization problems

Let f: D — R convex and C C D convex. We consider the constrained minimization problem

inf f(z).

zeC

C'is the constraint set. It is often defined as the intersection of sets of the form {h;(z) = 0} and
{gi(z) < 0}.

Example 1.1. The minimization of a linear function over a compact A C R?. Let A C R¢
compact (non-necessarily conver) and a € R? # 0 then we can reformulate the non-convex
minimization on A as a constrained convexr optimization problem on Conv(A)

mip{ato} = apin | {a'a)

Lagrangian duality A useful notion to solve constrained optimization problems is Lagrangian
duality. Assume that we are interested in the following constrained optimization problem:

hi(z) =0 fori=1,...,m

gj(x) <0 forj=1,...,r (P)

We denote by D* C D the set of points that satisfy the constraints. Remark that equality
constraints h;(xz) = 0 can be rewritten as inequalities

i h that
min f(z) such tha {

hi(z) <0 and — hi(z) <0.

Contrary to unconstrained optimization problems, canceling the gradient does not necessarily
provide a solution for constrained optimization problems. The basic idea of Lagrangian duality is
to take the constraint D* into account in the minimization problem by augmenting the objective
function with a weighted sum of the constraint functions.

Definition 1.1 (Lagrangian). The Lagrangian associated to the optimization problem (]E) is the
Junction L : D x R™ x R, defined by:

L(z, A p) = f(2) + ATh(z) + p" g(a).
Definition 1.2 (Primal function). We define the primal function f : D — RU{+oc} associated
to by, for all z € D

f(x) ifx e D*
+o00  otherwise

Fo)=  sw Lle ) = {
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With these definitions, we remark that the optimization problem can be re-written by using
the primal function without the constraints
inf f(z) = inf f(x
z€D* f(@) xeDf( )

=inf sup L(z, A\ pu). (Primal problem)
TED NeR™ peR?,

This optimization problem is thus called the Primal problem.

The Dual problem is obtained by exchanging inf and sup in the primal problem.

sup  ff(A,p) = sup inf L(z,A,p), (Dual problem)
AER™ uERY AER™ peR?, TED

where f*: (A, p) — infrep L(x, A, p) is the dual function. If f is convex this function is concave.
Remark that the dual of the dual is the primal.

The denote by D* = {z € D : f(x) < oo} the admissibility domain of the primal. Similarly we
denote by C* = {(\,n) € R™ x Rl : f*(\, u) > —oo} the admissibility domain of the dual. If
there is no solution to the optimization problem then D* = (). If the problem is unbounded
then C* = ().

Link between the primal and the dual problems If they are not necessarily identical the
primal and the dual problems have strong relationship. For any (A, u), f*(A, 1) provides a lower
bound on the solution of (]E[) The dual problem finds the best lower bound.

Proposition 1.1 (Weak duality principle). We have the inequality

d*:= sup inf L(x,\,pu) < inf  sup  L(z, A\ p) :=p*.
)\ERm,uERi zeD zeD )\GR’",MERQ

Therefore, the solution of the dual problem is always smaller than the solution of the primal.
A good mnemonic to remember this inequality is “the largest dwarf is always smaller than the
smallest giant”.

Definition 1.3 (Dual gap and strong duality). The dual gap of the optimization problem is
the difference between the primal and dual solutions: p* —d* > 0. We say that there is strong
duality if p* = d*.

If the duality gap is non-zero, the solutions of the primal and the dual problems are not really
related. But when there is no gap, we say that there is strong duality. The two problems are
equivalent (they share the same solutions). In this case, the existence of the solutions are related
with the existence of saddle points of the Lagrangian. It is worth emphasizing that strong duality
does not always holds.

When is there strong duality? Sometimes the dual problem is easier to solve than the
primal problem. It is then useful to know if there is strong duality.

Definition 1.4 (Slater’s condition). There exists a point xog € D strictly feasible

Vi<i<m hi(zg)=0

drg € D such that {Vlgjér g5(w0) < 0



Theorem 1.2 (Strong duality). If the optimization problem 18 convex: i.e.,

— f and D are conver,
— the equality constraint functions h; are affine
— the inequality constraint functions g; are convex

and if Slater’s condition holds than there is strong duality (p* = d*).

In this case, we can solve the dual problem to find a solution of the primal problem.

Example 1.2. Let us compute the dual of the following linear programing problem over the set
D =R
min ch,
z>0: Az=b

where A is a m X d matriz and b € R™. The constraints can be written as Ax — b= 0. We can
thus define the Lagrangian L : (z,A) € RL x R' = ¢'z + AT (b — Az) and re-write the primal
problem with the Lagrangian

min ¢z = min sup {cch—i-)\T(b—Ax)}
x>0: Az=b 20 \cRm
= mi b'A+z (c—ATN)}.
By s, AT (e m AT

By Slaters condition (the problem is convex since the objective function is conver and the equality
constraints are affine), there is strong duality. We can thus swap the min and the sup, we get

min ¢z = sup min{b'A+a'(c—ATN)}
>0, Ax=b AcRm 20
= sup {bT)\} .

AER™:AT AL

The latter is the dual formulation of the problem.

Optimality condition Now, we see conditions that play the same role as canceling the
gradients for unconstrained optimization problems. These conditions will be useful to find
equations to compute analytically the solution of (]E)

Assume that the functions f, h; and g; are all differentiable. Let 2* and (\*, *) be any primal
and dual solutions and assume that there is strong duality (no duality gap). Then, we have

1. By definition x* minimizes L(xz, A*, u*) over x. Therefore, its gradient must be canceled
at x*, i.e.,
m T
Vi(z*)+ Z X Vh(z*) + Z piVgi(z*) =0 (KKT1)
i=1 j=1
2. Since z* € D* and (\*, u*) € C* are feasible we have

hi(z*) =0 V1<i<m
gi(z") <0 VI<j<r (KKT2)
w20 Vi<j<r.
3. The complementary condition holds
pg;(x) =0 VI<j<r. (KKT3)

Otherwise, we can improve p* by setting uj = 0 since g;(z*) < 0 and (A", u*) maximizes

3



These conditions (KKT1-3) are called the Karush-Kuhn-Tucker (KKT) conditions. When the
primal problem is convex (see Thm. these conditions are also sufficient.

Theorem 1.3. If there is strong duality then

x* is a solution of the primal problem

. . KKT diti tisfied.

(A", 1u*) is a solution of the dual problem } < ) conditions are satisfie

The KKT conditions play an important role in optimization. In some cases, it is possible to solve
them analytically. Many optimization methods are conceived for solving the KKT conditions.

2 Optimization algorithms for unconstrained convex optimization

In this section we will see two widely used optimization algorithms for the problem of unconstrained
optimization. Gradient descent and Stochastic Gradient descent.

Since the goal of minimizing a function f : R¢ — R (d € N) is to find the point z for which the
function has minimum value, the fundamental idea behind gradient descent, consists in starting
from a given zp € R% and finding the next point following a descent direction iteratively. In
particular we will consider f to be a convex function.

2.1 Gradient descent

Note that when f is differentiable, the gradient of f, denoted by V f(z) determines the direction
of maximum increase of the function in a suitable neighborood of x (and so —V f determines
the direction of maximum decrease of the function). The gradient descent algorithm then reads
as follows

Tpp1 =2 —wVf(x), Yt=1,....,T

where z is denoted starting point and is given (e.g. o = 0), and ~; is denoted as step-size and
is small enough such that —v,V f(x;) is still a decrease direction in the neighborhood of z;.

The choice of v is crucial for the optimization algorithm, indeed a +; that is too big, makes the
algorithm unstable and possibly diverging, since it follows the direction —V f(z;) outside of the
region where it is a descent direction. On the other hand if «; is too small, the chosen direction
is a descent direction, but each step is very short leading to a larger number of steps required
to arrive to the minimum solution (with a big impact on the total computational complexity).

In the next theorem we show that there exists a step-size that guarantees the convergence of the
solution of the gradient descent algorithm to the minimizer of f and we characterize how fast
gradient descent achieves it.

Convergence of Gradient Descent for strongly convex functions. In this paragraph
we assume that f is strongly convex with gradients that are L-Lipschitz continuous.

Definition 2.1 (L-Lipschitz continuous gradients). Let L > 0. f has L-Lipschitz continuous
gradients if for all z,y € R? the following holds

IVFf(z) = Vil < Lz —yll,

When f is L-Lipschitz, the following holds



Lemma 2.1. Let L > 0 and f : R? — R be a convex function with L-Lipschitz continuous
gradients, then

Fy) < (@) + V()" (y - 2) + Llly — 2| (1)

Proof. By the characterization of differentiable convex functions we have seen in the previous
class we have

F@) = fy) = Vi (@ —y),
from which, by reordering the terms
fly) < f@) + VY (y—=).
By adding and subtracting Vf(z)" (y — x), we have
Fly) < @)+ V@) (y—2) + (Vfy) = V@) (y - ).

Finally, by Cauchy-Schwarz and L-Lipschitzianity of the gradient, we bound the third term of
the right hand side of the equation above as

(Vf(y) = V() (v —2) <|IVfy) = VI @)lly -l < Lllz —y]*.

Remark 2.1. By using a different argument it is possible to prove the tighter result
T L 2
Fly) < fl@) + Vi) (y —x) + S lly — 2| (2)
We are ready to see that gradient descent satisfies f(x:) < f(z¢—1) when v € (0,1/L), as proven

in the following lemma

Lemma 2.2 (Gradient descent is a descent algorithm with v, € (0,1/L)). Let f be convex and
with L-Lipschitz gradients, let o € R? and ~; > 0, then

fa) < f(ren) = (1= L) [V f(ze1)|? VEeN. (3)
In particular if v € (0,1/L) we have that (1 — L) > 0 and so for allt € N,
f@e) < f(me-1)

whenever xy_1 is not a global optimum, otherwise vy = x4—1 and f(x:) = f(xi—1).

Proof. Choose v € (0,1/L), by applying the lemma above, we have
fl@) < f(@e1) + VF(x-1) (@ — 2-1) + Lz — 2%,

however z; — x4—1 = —V f(x4_1), then

Flae) < flzem1) = (1 = L)V f o)

To conclude, since f is convex and differentiable, note that x is a global optimum iff V f(z) = 0.
By choosing v, € (0,1/L) we ensure that v(1 — Lv) > 0, so if 241 is not a global optimum,
then v,(1 — L) ||V f(zi—1)||* > 0, that implies f(z;) < f(w—1). If 2,1 is a global optimum,
then Vf(x:—1) =0, so

=241 — %V f(ri-1) = 21



To prove the convergence rate of gradient descent in the case of strongly convex functions, we

recall from previous class, that, when f is p-strongly convex, we have

) 2 f(@) + V@) (g —2) + Slle — Il

We are going to use this property in the next theorem

(4)

Theorem 2.3. Let f : R — R be a u-strongly convex function with L-Lipschitz continuous
gradients. Let v € (0,1/(2L)) and choose a constant step-size v4 =« for t € N. Denote by x*

the global optimum of f, let zog € R% and T € N, then
*HQ

lzr — (1 —yp) " ||zo — =*||.

Proof. We have
lze = 2*|* = lze1 =YV f (2e-1) — 2"
= |z — ¥ = 29V f(2-1) T (@1 — 2*) + 2|V f (2-0) |12
However by strong convexity of f, reordering Eq. with x = ;1 and y = z*, we have
= V(@) (@1 — 2%) < f2) = fza) - %thﬂ — "],
By substituting the upper bound for —V f(z;_1) " (z4—1 — 2*) in Eq. (6], we have
lze = 2*|1* < wem1 — ™12 = 29(f(z-1) = f () = ypullwe — 22 + 2|V (@) |

= (L= y)llwer —a*|* = 29(f(ze-1) = f(2:0)) + 2V f (@) .
By using the fact that Gradient descent is a descent algorithm, see Eq. , we have

Fa®) < flar) < fzee1) = v(1 = LIV F (1)1,

from which )

—————(f(z1-1) — f(27)).
(1 —~L)
By applying this result above, and noting that (1 —vL)~! < 2 when v < 1/(2L) we have

IV £ (@e-1)]? <

. 2 2Ly -1
oo = 1P < (L= lle = 217 =722 ) - )
Note that when v € (0,1/(2L)) we have that % > 0, then
o= 217 € (1= lan-s = 21 =722 i) - )

< (1 =) e — 2|2,

since f(x¢—1) = f(z*) by the fact that z* is a global optimum. To conclude, by unrolling the

iteration we have

lez — 2™ * < (@ = yp)lar— = 2| < ... < (1 =) o — 27|,

O

Remark 2.2. Tt is possible to extend the result to v € (0,1/L), by using the tighter inequality

in Lemma 2 and the resulting tighter statement in the theorem above.

Corollary 2.4.
(1 =) lzo — 2*|* < e |arg — 2|2

By selecting T = % log(|lwo — z*||?/¢), we have

ler — 2*[* < e



2.2 Stochastic Gradient Descent

In this section we deal with Stochastic Gradient Descent. This algorithm is useful to find the
global minimum of convex functions of the form

f(x) =B g(x.0), where Eg g(x,6) = /Q o(z. 6)dp(0),

p is a probability distribution over Q and g : R? x Q — R.
Example 2.1 (Empirical Risk Minimization).

ZL x,0;), L(x,0;)= E(mTzi,yi), 0 = (2, Yi)-

In this context we are not able to evaluate the integral above, but we assume that we are able to
sample some 6; from p and to compute the the gradient V,g(z,6;). The algorithm is as follows.

vy =241 —1Vaeg(z,0;), where 0y~ p,

where 7; > 0 is a sequence of step-sizes, ¢ is given and 0; is independently and identically
distributed according to p. Note that, by linearity of the integral V f(x) = EgVg(z,0), so

Eo,x¢ = x—1 — vEo, Vag(z, 6;)
=41 — %V [f(zi-1).

Then in expectation stochastic gradient descent seems to behave like gradient descent. Let’s
analyze this property more in detail with the following theorem. First we define the variance of
the of the estimator of the gradient as

o*(x) = Eg||V f(2) = Vag(z,0)]*.
Theorem 2.5. Assuming that f : RY — R is p-strongly convex and with L-Lipschitz continuous

gradients. Let v, = v for t € N, with v € (0,1/(2L)). Assume that there exists o> such that
o?(x) < o? forallx € R?, we have that

* * F}/
Eg,,.opler — a2 < (1= py)" flwo — 2% + ;02-

Proof. Denote by (; the random variable (; = V f(xy—1) — Vzg(z¢-1,60;). Note that in particular,
that
Eg, ¢t =0,

since ;1 does not depend on 6, moreover Ey,||(;||? = 0?(z4_1) < 0%. Analogously to the proof
for gradient descent we have

E91,..-,0tmxt - x*HQ] =Eq,,..0, {Hiﬁt—l — 2" = Vf(ze1) + ’YtCtHz}
= Eoy,.o0 |21 = 21 = 290V f (@0-1) (@1 = 2%) + 92V f () [P+
+ 2@ — 2 = WV (@) G+ RG]
= Eoy,0s | loe1 = &I = 2909 f(2-1) T (@11 = 2%) + 92UV f (z-1) I+
+ 2w — 2" = V(2 1))TE0tCt + 77 Eg, 1¢:l }
= Eoy,0s o1 = 217 = 299 f (2e-1) T (@01 = 2%) + 92V S (@) P + 77, 1G]
)

<oy, [lloey = 1P = 290V f (@) (s — 2) 421V @)lP] + 220



Now by the same reasoning we did for the gradient descent algorithm, in particular bounding
—Vf(@i—1) " (w1 — 2*) with (7)) and |V f(2¢—1)||* with (8), we obtain

Eo, .0, . ||33t—1—56*HQ—Q%Vf(CCt—l)T(Cvt—l—w*)+%2”Vf(%—l)HQ] < (I=pyt)Ee,.... 0,1 {th—l—w*Hz},
when 7, € (0,1/(2L)). Finally, by denoting with R; the quantity

Ry :=Eqg, o[l — 2*|?],
and Ry := ||xop — 2*||?, we obtain a recursion that is

Ry = (1— py)Ri—1 + 1o’

By selecting a fixed step-size v = v and unfolding the recursion we obtain
t—1
Ry =(1—py)'Ro+770" > (1 —py).
j=0

Now note that 3°7—((1 — py)? < 3520(1 — py)? < 1/(u), then

* Y
Ry < (1 —py) T |lzo — 2| + ;02.



	Constrained optimization problems
	Optimization algorithms for unconstrained convex optimization
	Gradient descent
	Stochastic Gradient Descent


