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4 bits  b0b1b2b3 {i : 1=bi} b(z)
0000 0 0
1000 0 1 1
0100 1 z 2
1100 0,1 1+z 3
0010 2 z2 4
1010 0,2 1+z2 5
0110 1,2 z+z2 6
1110 0,1,2 1+z+z2 7
0001 3 z3 8
1001 0,3 1+z3 9
0101 1,3 z+z3 10
1101 0,1,3 1+z+z3 11
0011 2,3 z2+z3 12
1011 0,2,3 1+z2+z3 13
0111 1,2,3 z+z2+z3 14
1111 0,1,2,3 1+z+z2+z3 15
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Boolean Algebra
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Boolean Ring
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Every finite Boolean Ring is isomorphic to Dn for some n.
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Hamming DistanceHamming Distance

Hypercube GeometryHypercube Geometry

Error CodingError Coding
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Polynomial Ring
nmod mod( ) ( ) (  z )(  2)a b a z b z⊗ ×

2 2is isomorphic to [ [ ] / ] .n
n z z z ⊕ ⊗D F F

( ) ( )

( ) ( ) ( )

1
0 0

a b b a
a b c a b c
a a
a

a b c a b a c

⊗ = ⊗
⊗ ⊗ = ⊗ ⊗

⊗ =
⊗ =

⊗ ⊕ = ⊗ ⊕ ⊗

( ) ( )

2 2 2

0
0

( )

a b b a
a b c a b c
a a
a a
a b a b

⊕ = ⊕
⊕ ⊕ = ⊕ ⊕

⊕ =
⊕ =
⊕ = ⊕

1 1 nmod
1 1  (  z )

1
n nza z a

za
− −= ⊕ ⊕

+



Sep-02 Vuillemin: Finite Binary Number

Integer Ring n
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Parallel Adder
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Finite Binary Algebra
is a Boolean Algebra
is a Boolean Ring  
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Sums & Products modulo 8
0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7
1 1 1 3 3 5 5 7 7
2 2 3 2 3 6 7 6 7
3 3 3 3 3 7 7 7 7
4 4 5 6 7 4 5 6 7
5 5 5 7 7 5 5 7 7
6 6 7 6 7 6 7 6 7
7 7 7 7 7 7 7 7 7

∪ 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 0 3 2 5 4 7 6
2 2 3 0 1 6 7 4 5
3 3 2 1 0 7 6 5 4
4 4 5 6 7 0 1 2 3
5 5 4 7 6 1 0 3 2
6 6 7 4 5 2 3 0 1
7 7 6 5 4 3 2 1 0

⊕ + 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 2 3 4 5 6 7 0
2 2 3 4 5 6 7 0 1
3 3 4 5 6 7 0 1 2
4 4 5 6 7 0 1 2 3
5 5 6 7 0 1 2 3 4
6 6 7 0 1 2 3 4 5
7 7 0 1 2 3 4 5 6

0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 1
2 0 0 2 2 0 0 2 2
3 0 1 2 3 0 1 2 3
4 0 0 0 0 4 4 4 4
5 0 1 0 1 4 5 4 5
6 0 0 2 2 4 4 6 6
7 0 1 2 3 4 5 6 7

∩ 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
2 0 2 4 6 0 2 4 6
3 0 3 6 5 4 7 2 1
4 0 4 0 4 0 4 0 4
5 0 5 2 7 4 1 6 3
6 0 6 4 2 0 6 4 2
7 0 7 6 1 4 3 2 5

⊗ x 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
2 0 2 4 6 0 2 4 6
3 0 3 6 1 4 7 2 5
4 0 4 0 4 0 4 0 4
5 0 5 2 7 4 1 6 3
6 0 6 4 2 0 6 4 2
7 0 7 6 5 4 3 2 1
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Hybrid Formulas
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