Binary Systems

 Why Binary?
« Binary Physics
« Binary Information
« Binary Algebra

* Automatic System

* No error
 Digital
« Synchronous

1/8

* Binary Algebra ’_\
Boolean Algebra
» Binary z-Transform UlﬁﬂW&Ui

« Two’'s Complement
Arithmetic
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Digital Number

Digital Signal: b(t) =) b,0(t —n)

neN

Sequence: (by) =b,b,b, ---
Subset: {b} = {mneN:H =1}

z-series: b(z) = I b(t)z'dt =
0

2-adic integer: b(2) = I b(1)2'dt =
0

1 o0
Real: b(=) = |b)2'dr =
) j (1)
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Examples 0 = (0 = 0000
I = 1(0) = 1000---
| u@)=1+2+44+8+=-1

u=() =N u(z)=

I 1

I_Z U(%)=1+_+_+,“:2

2 4
1 v(2)=1+4+16+---=—%
v=(10) {v}=2N v(z)=
1_22 V(l):l+l+i+ :i
2 4 16 3
o z+h(z%)
h = =
(2) ZZ z+h°(2)
_ N,
i = 2 :NeN h(%) = 0.816421500-
is transcendental (over Q)
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Infinite Binary Number  d €
d=|d,. {d} d(z) dQ2)]
1. Bit sequence: d, =d,-d,.
2. Integer set: {dj=1{v:d, =1}

Limait
dy v, =dn2"-1)
3. Polynomial: d(z)=)Y d,z" {dy vt Sidy )

4. Integer: d2)=Yd,2" (i =Utd, v}
Norm Distance
1
o] =0. [t+2x] =1 2x|=—|x|  d(a.b)=]a-b]=]a® ]
ld —d,.,.||<2™"
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Digital Algebra o = N—B

<]D),ﬁ,m, u> 1s a Boolean Algebra
<]D),€r), m> 1s a Boolean Ring
<]D), N, u> 1s a Set Lattice

<]D),C-B, ®> is an Integral Domain.

<]D),-|—,—, ><> is an Integral Domain.

<]D), +rs XR> is an Integral Domain.
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Half Adder
ay+by=sy-+2c,

b \ c a=> a2" b=> by2"

N s=Y sp2¥ e=) 2"

a S
D — j— a+b=s+2c

b I~ C sy = ay+by—2a,b,

\ /an/ | Cy ab,
a ./ s s=adhb

/5‘9 S | c=anb
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r=zu
y=xDr

U=x9r

x=)x2" r=>nr2" y=xtr=2p

r=2(x+r)—-2p
= 2V u=>) u,2"
Y ZyN Z N y—r=—Xx—r
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y=-X
Py = Uy
U, =
Yy =Xy Dry

v = Xno

+ 7y

1



Operators x+1 = ——x

x—1 = —-——x

o i @ X X l @—=
(r-l\'p-ol |o—— (’LT;»—| |——

X ai @ x+1 X J' \iﬁ x-1
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Full Adder

ay+by+cy=8y=s,+2r,
Sy=4ay Db, Dey =8, +2

ry=ayb, ©byey Deyay =8y 12

a+b+c=s-+2r

a+b=s0+2r0
c+s0=s+2rl1
r0+rl=r
ronri=0
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Serial Adder

at+b+c = s+2r

C=2r
C, = 0
cn—l—l — rn
> e2" = 2>'r2
neN neN
a, +b +c, = s +72r,
> a2"+> 52"+ > 2" = > 52" +2) 12"
neN neN neN neN neN
a+b+c = s+2r
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Serial b = 1+-b
Subtract b+-b = -1
b-1 = ——b

d =a-b ol o

—b=-1-b b N
a+—b+c = d+2r =>—0— d
c=1+2r
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Time/Space Tradeoffs

7z=\?2
z=2 z=4 2=
T e
b[1]=
[ | a{ 1} + —s[1]
C
b c[1]
o
) b[0]> "
a a[O], + —>S[ ]
c[0]
a,+2a,+b,+2b+c, = s,+2s +4c,
a+b+c = s+2r ¢ = 4q a = u+v\/§
s = a+b
c = 2r b = w+ x\/z
s = atbh s = W+w)+@+x)2
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Binary Rings

F, < D, CNCZC]P’CZ CAZCID) c D

deN d=d,--d _(0) - YN 9

— _|_ 1
det d=d,--d_(d) i ;) l_fx
deP d=(d,-d, ) o L ¢Z

del, d=d,-d_(d-d,,,)

L, =DNQ
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Binary Fields
1 1
565]1)) ]D).=<— ]D)>

deD, <d=2"m:veZ, meD

<]D). +, -, %X, / > 1s a Field, 1somorphic to the 2-adic numbers Qz
<]D). D, X, / > is a Field, isomorphic to the binary Laurent series

Boolean operations: <]D). U, M, C‘B>
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Binary Letn,d e N withd =1+ 2d"' odd.

RatIOnal Write ¢ :%:ZquN in binary!
: n,—q.d
Algorithm: n, = n, g, =n, (mod2), n,,, =—= 2qk |
2 n _
—= 01(110) g=qo---q,-_1(q,----qi+p_1) e=lqleZ
! 0 —-1<g—-e<0
> <
Initial part e = V= T < The i= |e
n<-d=—n <n,, (2
Period -d<n <0=-d<n, <0 p =order(2,d)
1 =2" (mod d)

i=0=-1<¢<0 n =n2" (mod d)
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Ultimately A 2 wizim)
. : 2, 3x16 =,010 W(1i7)
P_eFIOdlC 7 =S 2 0101 wi-317)
Binary 2,6 = ,01011 W(-517)
7 7 =,010111 W(-67)

Sequences =,0101110 W(-3/7)

22/7 = ,0101(110)
a = aO .“ai—l(ai z+p 1) — ZaNZN

“ T T - d a = e—f

b = Zaka n b(l_zp)+02 e = (a_l
k<i — =

. Lok d 1-27 A
g;p ‘ p = ord,(d)
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Periodic o))
Constant — = ,0101(110)

7
Synthesis

Unary Encoding: 7 reg + 5 not

s'[0] sT1] s 21 o Binary Encoding
L (1) 8 (1) OBDD: 3 reg + 9 mu
1] 0] 1
o[ 1] o0
o 1] 1
1| 1 | 1
of 1[0
11110

17
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