Finite Binary Number

d = [[dO---n—l i} d(z) d(Z)]]
1. Bit sequence: d,. , ,=d,---d,
2. Integer set: {dy={k:d, =1}
3. Polynomial:  d(z2)=).d,z"

4. Integer: d(2)=) d2"
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b0b1 b2b3 {i 1 =bi} b(Z) k<4

0000 0 0
1000 1 1

0100 1 z 2

1100 0,1 142 3
0010 2 z 4
1010 0,2 1+7° 5
0110 1,2 z+7° 6
1110 0,1,2 142+7° 7
0001 3 z° 8
1001 0,3 1+2° 9
0101 1,3 z+7° 10
1101 0,1,3 14z+7° 11
0011 2.3 Z+7° 12
1011 0,2,3 1+2°+7° 13
0111 1,2,3 72+7°+7° 14
1111 0,123 | 1+z+2+2° 15
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Boolean Algebra

D 1s 1somorphic to<2" - N u>.

Every finite Boolean Algebra is isomorphic to D, for some n.

] —(aub) = —an-—=b
Duality @nb) = —aU—b
anb = bNa a\Ub = bUa
am(bmc) = (amb)mc au(buc) = (aub)uc
an—0 = a a0 = a
anN—a = 0 a\J—a = —0
am(buc) = (amb)u(amc) aU(bmc) = (aub)m(aUC)
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Boolean Ring
0=a®a

a®b = (an—b)U(—anb) a=ana

D 1is 1somorphic to <IE"2” D m>.

anb = bNa a®b = b®a
an(bnc) = (anb)ne a®b®c) = (a®b)dc

aN—0 = a a®( = a

a0 = 0 a®a = 0
am(b(—DC) = (amb)(—D(amc) ana — a

Every finite Boolean Ring is isomorphic to D, for some n.
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BOOIean xXcy & Uvixy,=>y, © D=xnNn-y

| attice dy(x,y) = D2 (x,®y))

(g
‘ I o
(s D s Hamming Distance
Hypercube Geometry

Error Coding
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Polynomial Ring

a®b = a(z)xb(z) (mod z")(mod 2)

D 1s 1somorphic to <]F2[z]/ z'F[z] & ®>.

a®b = b®a a®b = b®a
a®(b®c) = (a®b)®c a@(b@c) = (a@b)@c
a®1 = a a®O0 = a
a®0 = 0 a®a = 0
a®(b®c) = (a®b)®(a®c) (a®b) = a @b
|

= 1®za---®7"'a"" (mod ")

1+za

Sep-02 Vuillemin: Finite Binary Number



Integer Ring ath £ aQ)+K2) (md?2)
a-b = a2)-b?2) (mod2")
axb 2 a(2)xb(2) (mod2")

D 1s 1somorphic to <Z/2"Z @ ®>.

axb = bxa a+b = b+a
ax(bxc) = (axb)xc a+(b+c) = (a+b)+c
ax1 = a a+0 = a
ax( = 0 a—a = 0
ax(b+c) = (axb)+(a><c) —a = —lxa
|

= 14+2a+-+2""d"" (mod 2")

1-2a
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Parallel Adder

{ a[0] T:[n] { al1] { b[1] { al2] [ b[2] { al3] 11:[3]
c[2) 3) cl4]

cl0] f"”'“_"“;‘i[._ T L

b sl21

a,+b,+c,=s,+2c,
a,+b +c =s +2c,

c, + Zak2k + Zkak = ZSka +c,2"

k<N k<N k<N
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Finite Binary Algebra

<]D)n ;7,0 u> 1s a Boolean Algebra
<]D)n ,D, m> 1s a Boolean Ring

<]D)n, N, u> 1S a Boolean Lattice

<]D)n ,D, ®> is an Integral Domain.

<]D)n,+,—, ><> is an Integral Domain.
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Sums & Products modulo 8
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Hybrid Formulas

alb = adbo(anb)
Sums  a+bh = (a®b)+2(anb)
adh = (aub)—(anb)

Disjomtsum  anb=0 < avwb=aUb=adb=a+b

2" 1 = 0 b = 1+-b
Two’s complement 4.9 — o b+1 = —b

axb<axbh NVacB:axb=axb=bN—a

Products

axb<2axb 2'a=2"®a=2"xa
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