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X

w
)
+

λ
sign

(w
j )

=
0

sign
(w

j )
=

0
⇒

|X
⊤j
(y

−
X

w
)|

6
λ

–
F
or

J
⊂

{1,...,p},
X

J
∈

R
n×

|J|
=

X
(:,J

)
d
en

otes
th

e
colu

m
n
s

of
X

in
d
exed

by
J
,
i.e.,

variab
les

in
d
exed

by
J



F
irst

o
rd

e
r

m
e
th

o
d
s

fo
r

co
n
v
e
x

o
p
tim

iza
tio

n
o
n

R
p

S
m

o
o
th

o
p
tim

iza
tio

n

•
G
ra

d
ie

n
t

d
e
sce

n
t:

w
t+

1
=

w
t −

α
t ∇

J
(w

t )

–
w

ith
lin

e
search

:
search

for
a

d
ecen

t
(n

ot
n
ecessarily

b
est)

α
t

–
fi
xed

d
im

in
ish

in
g

step
size,

e.g.,
α

t
=

a
(t

+
b) −

1

•
C
on

vergen
ce

of
f
(w

t )
to

f
∗

=
m

in
w
∈

R
p
f
(w

)
(N

esterov,
2003)

–
f

con
vex

an
d

M
-L

ip
sch

itz:
f
(w

t )−
f
∗

=
O

(M
/ √

t
)

–
an

d
,
d
iff

eren
tiab

le
w

ith
L

-L
ip

sch
itz

grad
ien

t:
f
(w

t )−
f
∗

=
O

(L
/t

)

–
an

d
,
f

µ
-stron

gly
con

vex:
f
(w

t )−
f
∗

=
O

(L
ex

p
(−

4t
µL
)
)

•
µL

=
con

d
ition

n
u
m

b
er

of
th

e
op

tim
ization

prob
lem

•
C
o
ord

in
ate

d
escen

t:
sim

ilar
prop

erties

•
N

B
:“op

tim
alsch

em
e”

f
(w

t )−
f
∗

=
O

(L
m

in{ex
p
(−

4t
√

µ
/L

),t −
2}

)
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irst-o

rd
e
r

m
e
th

o
d
s

fo
r

co
n
v
e
x

o
p
tim

iza
tio

n
o
n

R
p

N
o
n

sm
o
o
th

o
p
tim

iza
tio

n

•
F
irst-ord

er
m

eth
o
d
s

for
n
on

d
iff

eren
tiab

le
ob

jective

–
S
u
b
grad

ien
t

d
escen

t:
w

t+
1

=
w

t −
α

t g
t ,

w
ith

g
t ∈

∂
J
(w

t ),
i.e.,

su
ch

th
at∀

∆
,g ⊤t

∆
6

∇
J
(w

t ,∆
)

∗
w

ith
exact

lin
e

search
:

n
ot

alw
ays

con
vergen

t
(see

cou
n
ter-

exam
p
le)

∗
d
im

in
ish

in
g

step
size,

e.g.,
α

t
=

a
(t

+
b) −

1:
con

vergen
t

–
C
o
ord

in
ate

d
escen

t:
n
ot

alw
ays

con
vergen

t
(sh

ow
cou

n
ter-exam

p
le)

•
C
on

vergen
ce

rates
(f

con
vex

an
d

M
-L

ip
sch

itz):
f
(w

t )−
f
∗

=
O

(
M√

t

)
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r-e
x
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C
o
o
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a
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d
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n
t

fo
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n
o
n
sm

o
o
th

o
b
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ctiv
e
s
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w

w
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C
o
u
n
te

r-e
x
a
m

p
le

(B
e
rtse

k
a
s,

1
9
9
5
)

S
te

e
p
e
st

d
e
sce

n
t

fo
r

n
o
n
sm

o
o
th

o
b
je

ctiv
e
s

•
q(x

1 ,x
2 )

=

{
−

5(9x
21
+

16x
22 )

1
/
2

if
x

1
>

|x
2 |

−
(9x

1
+

16|x
2 |)

1
/
2

if
x

1
6

|x
2 |

•
S
teep

est
d
escen

t
startin

g
from

an
y

x
su

ch
th

at
x

1
>

|x
2 |

>

(9/16)
2|x

1 |

−
5

0
5

−
5 0 5



S
p
arsity

-in
d
u
cin

g
n
o
rm

s

U
sin

g
th

e
stru

ctu
re

o
f
th

e
p
ro

b
le

m

•
P
rob

lem
s

of
th

e
form

m
in

w
∈

R
p
L

(w
)
+

λ‖w‖
or

m
in

‖
w
‖
6

µ
L

(w
)

–
L

sm
o
oth

–
O

rth
ogon

alprojection
s
on

th
e

b
allor

th
e

d
u
alb

allcan
b
e

p
erform

ed

in
sem

i-closed
form

,
e.g.,

ℓ
1 -n

orm
(M

acu
lan

an
d

G
A

L
D

IN
O

D
E

P
A
U

L
A

,
1989)

or
m

ixed
ℓ
1 -ℓ

2
(see,

e.g.,
van

d
en

B
erg

et
al.,

2009)

•
M

ay
u
se

sim
ilar

tech
n
iq

u
es

th
an

sm
o
oth

op
tim

ization

–
P
rojected

grad
ien

t
d
escen

t

–
P
roxim

al
m

eth
o
d
s

(B
eck

an
d

T
eb

ou
lle,

2009)

–
D

u
al

ascen
t

m
eth

o
d
s

•
S
im

ilar
con

vergen
ce

rates



–
d
e
p
e
n
d
s

o
n

th
e

co
n
d
itio

n
n
u
m

b
e
r

o
f
th

e
lo

ss



C
h
e
a
p

(a
n
d

n
o
t

d
irty

)
a
lg

o
rith

m
s

fo
r

a
ll

lo
sse

s

•
C
o
o
rd

in
a
te

d
e
sce

n
t

(F
u
,

1998;
W

u
an

d
L
an

ge,
2008;

F
ried

m
an

et
al.,

2007)

–
con

vergen
t
h
e
re

u
n
d
er

reason
ab

le
assu

m
p
tion

s!
(B

ertsekas,
1995)

–
sep

arab
ility

of
op

tim
ality

con
d
ition

s

–
eq

u
ivalen

t
to

iterative
th

resh
old

in
g



C
h
e
a
p

(a
n
d

n
o
t

d
irty

)
a
lg

o
rith

m
s

fo
r

a
ll

lo
sse

s

•
C
o
o
rd

in
a
te

d
e
sce

n
t

(F
u
,

1998;
W

u
an

d
L
an

ge,
2008;

F
ried

m
an

et
al.,

2007)

–
con

vergen
t
h
e
re

u
n
d
er

reason
ab

le
assu

m
p
tion

s!
(B

ertsekas,
1995)

–
sep

arab
ility

of
op

tim
ality

con
d
ition

s

–
eq

u
ivalen

t
to

iterative
th

resh
old

in
g

•
“
η
-trick

”
(M

icch
elli

an
d

P
on

til,
2006;

R
akotom

am
on

jy
et

al.,
2008;

Jen
atton

et
al.,

2009b
)

–
N

otice
th

at
∑

pj
=

1 |w
j |

=
m

in
η
>

0
12

∑
pj
=

1

{
w

2j

η
j

+
η

j

}

–
A

ltern
atin

g
m

in
im

ization
w

ith
resp

ect
to

η
(closed

-form
)

an
d

w

(w
eigh

ted
sq

u
ared

ℓ
2 -n

orm
regu

larized
prob

lem
)



C
h
e
a
p

(a
n
d

n
o
t

d
irty

)
a
lg

o
rith

m
s

fo
r

a
ll

lo
sse

s

•
C
o
o
rd

in
a
te

d
e
sce

n
t

(F
u
,

1998;
W

u
an

d
L
an

ge,
2008;

F
ried

m
an

et
al.,

2007)

–
con

vergen
t
h
e
re

u
n
d
er

reason
ab

le
assu

m
p
tion

s!
(B

ertsekas,
1995)

–
sep

arab
ility

of
op

tim
ality

con
d
ition

s

–
eq

u
ivalen

t
to

iterative
th

resh
old

in
g

•
“
η
-trick

”
(M

icch
elli

an
d

P
on

til,
2006;

R
akotom

am
on

jy
et

al.,
2008;

Jen
atton

et
al.,

2009b
)

–
N

otice
th

at
∑

pj
=

1 |w
j |

=
m

in
η
>

0
12

∑
pj
=

1

{
w

2j

η
j

+
η

j

}

–
A

ltern
atin

g
m

in
im

ization
w

ith
resp

ect
to

η
(closed

-form
)

an
d

w

(w
eigh

ted
sq

u
ared

ℓ
2 -n

orm
regu

larized
prob

lem
)

•
D

e
d
ica

te
d

a
lg

o
rith

m
s

th
a
t
u
se

sp
arsity

(active
sets

an
d

h
om

otopy

m
eth

o
d
s)



S
p
e
cia

l
ca

se
o
f
sq

u
are

lo
ss

•
Q

u
a
d
ra

tic
p
ro

g
ra

m
m

in
g

fo
rm

u
la

tio
n
:

m
in

im
ize

12 ‖y−
X

w‖
2+

λ

p
∑j
=

1 (w
+j
+

w
−j
)

su
ch

th
at

w
=

w
+−

w
−
,

w
+

>
0,

w
−

>
0



S
p
e
cia

l
ca

se
o
f
sq

u
are

lo
ss

•
Q

u
a
d
ra

tic
p
ro

g
ra

m
m

in
g

fo
rm

u
la

tio
n
:

m
in

im
ize

12 ‖y−
X

w‖
2+

λ

p
∑j
=

1 (w
+j
+

w
−j
)

su
ch

th
at

w
=

w
+−

w
−
,

w
+

>
0,

w
−

>
0

–
g
e
n
e
ric

to
o
lb

o
xe

s
⇒

ve
ry

slo
w

•
M

a
in

p
ro

p
e
rty

:
if

th
e

sign
p
attern

s∈
{−

1,0,1}
p

of
th

e
solu

tion
is

kn
ow

n
,
th

e
solu

tion
can

b
e

ob
tain

ed
in

closed
form

–
L
asso

eq
u
ivalen

t
to

m
in

im
izin

g
12 ‖y−

X
J
w

J ‖
2
+

λ
s ⊤J

w
J

w
.r.t.

w
J

w
h
ere

J
=

{j,s
j 6=

0}.
–

C
losed

form
solu

tion
w

J
=

(X
⊤J
X

J
) −

1(X
⊤J
y
−

λ
s

J
)

•
A
lg

o
rith

m
:

“
G
u
e
ss”

s
a
n
d

ch
e
ck

o
p
tim

a
lity

co
n
d
itio

n
s



O
p
tim

a
lity

co
n
d
itio

n
s

fo
r

th
e

sig
n

v
e
cto

r
s

(L
a
sso

)

•
F
or

s∈
{−

1,0,1}
p

sign
vector,

J
=

{j,s
j 6=

0}
th

e
n
on

zero
p
attern

•
p
oten

tial
closed

form
solu

tion
:

w
J

=
(X

⊤J
X

J
) −

1(X
⊤J
y
−

λ
s

J
)

an
d

w
J

c
=

0

•
s

is
op

tim
al

if
an

d
on

ly
if

–
active

variab
les:

sign
(w

J
)

=
s

J

–
in

active
variab

les:‖X
⊤J

c (y
−

X
J
w

J
)‖∞

6
λ

•
A
ctive

se
t

a
lg

o
rith

m
s

(L
ee

et
al.,

2007;
R
oth

an
d

F
isch

er,
2008)

–
C
on

stru
ct

J
iteratively

by
ad

d
in

g
variab

les
to

th
e

active
set

–
O

n
ly

req
u
ires

to
in

vert
sm

all
lin

ear
system

s



H
o
m

o
to

p
y

m
e
th

o
d
s

fo
r

th
e

sq
u
are

lo
ss

(M
ark

o
w

itz,

1
9
5
6
;
O

sb
o
rn

e
e
t

a
l.,

2
0
0
0
;
E
fro

n
e
t

a
l.,

2
0
0
4
)

•
G
o
a
l:

G
et

all
solu

tion
s

for
all

p
ossib

le
valu

es
of

th
e

regu
larization

p
aram

eter
λ

•
S
am

e
id

ea
as

b
efore:

if
th

e
sign

vector
is

kn
ow

n
,

w
∗J
(λ

)
=

(X
⊤J
X

J
) −

1(X
⊤J
y−

λ
s

J
)

valid
,
as

lon
g

as,

–
sign

con
d
ition

:
sign

(w
∗J
(λ

))
=

s
J

–
su

b
grad

ien
t

con
d
ition

:‖X
⊤J

c (X
J
w

∗J
(λ

)−
y
)‖∞

6
λ

–
th

is
d
efi

n
es

an
in

terval
on

λ
:

th
e

p
ath

is
th

u
s
p
ie

ce
w

ise
a
ffi

n
e

•
S
im

p
ly

n
eed

to
fi
n
d

break
p
oin

ts
an

d
d
irection

s



P
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e
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p
a
th

s
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−
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 p
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ra
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A
lg

o
rith

m
s

fo
r

ℓ
1 -n

o
rm

s
(sq

u
are

lo
ss):

G
a
u
ssia

n
h
are

v
s.

L
a
p
la

cia
n

to
rto

ise

•
C
o
ord

in
ate

d
escen

t:
O

(p
n
)

p
er

iteration
s

for
ℓ
1

an
d

ℓ
2

•
“E

xact”
algorith

m
s:

O
(k

p
n
)

for
ℓ
1

vs.
O

(p
2n

)
for

ℓ
2



A
d
d
itio

n
a
l
m

e
th

o
d
s

-
S
o
ftw

are
s

•
M

an
y

con
trib

u
tion

s
in

sign
al

pro
cessin

g,
op

tim
ization

,
m

ach
in

e

learn
in

g

–
P
roxim

al
m

eth
o
d
s

(N
esterov,

2007;
B

eck
an

d
T
eb

ou
lle,

2009)

–
E
xten

sion
s

to
sto

ch
astic

settin
g

(B
ottou

an
d

B
ou

sq
u
et,

2008)

•
E
xten

sion
s

to
oth

er
sp

arsity-in
d
u
cin

g
n
orm

s

•
S
o
ftw

are
s

–
M

an
y

availab
le

co
d
es

–
S
P
A

M
S

(S
P
A

rse
M

o
d
elin

g
S
oftw

are)
-

n
ote

d
iff

eren
ce

w
ith

S
p
A

M
(R

aviku
m

ar
et

al.,
2008)

h
t
t
p
:
/
/
w
w
w
.
d
i
.
e
n
s
.
f
r
/
w
i
l
l
o
w
/
S
P
A
M
S
/



S
p
arse

m
e
th

o
d
s

fo
r

m
a
ch

in
e

le
arn

in
g

O
u
tlin

e

•
In

tro
d
u
ctio

n
-
O

ve
rvie

w

•
S
p
arse

lin
e
ar

e
stim

a
tio

n
w

ith
th

e
ℓ
1 -n

o
rm

–
C
on

vex
op

tim
ization

an
d

algorith
m

s

–
T

h
eoretical

resu
lts

•
S
tru

ctu
re

d
sp

arse
m

e
th

o
d
s

o
n

ve
cto

rs

–
G

rou
p
s

of
featu

res
/

M
u
ltip

le
kern

el
learn

in
g

–
E
xten

sion
s

(h
ierarch

ical
or

overlap
p
in

g
grou

p
s)

•
S
p
arse

m
e
th

o
d
s

o
n

m
a
trice

s

–
M

u
lti-task

learn
in

g

–
M

atrix
factorization

(low
-ran

k,
sp

arse
P
C
A

,
d
iction

ary
learn

in
g)



T
h
e
o
re

tica
l
re

su
lts

-
S
q
u
are

lo
ss

•
M

ain
assu

m
p
tion

:
d
ata

gen
erated

from
a

certain
sp

arse
w

•
T

h
ree

m
ain

prob
lem

s:

1.
R
e
g
u
lar

co
n
siste

n
cy

:
con

vergen
ce

of
estim

ator
ŵ

to
w

,
i.e.,

‖ŵ
−

w
‖

ten
d
s

to
zero

w
h
en

n
ten

d
s

to
∞

2.
M

o
d
e
l
se

le
ctio

n
co

n
siste

n
cy

:
con

vergen
ce

of
th

e
sp

arsity
p
attern

of
ŵ

to
th

e
p
attern

w

3.
E
ffi

cie
n
cy

:
con

vergen
ce

of
pred

iction
s

w
ith

ŵ
to

th
e

pred
iction

s

w
ith

w
,
i.e.,

1n ‖X
ŵ
−

X
w
‖
22

ten
d
s

to
zero

•
M

ain
resu

lts:

–
C
o
n
d
itio

n
fo

r
m

o
d
e
l
co

n
siste

n
cy

(su
p
p
o
rt

re
co

ve
ry)

–
H

ig
h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce



M
o
d
e
l
se

le
ctio

n
co

n
siste

n
cy

(L
a
sso

)

•
A

ssu
m

e
w

sp
arse

an
d

d
en

ote
J

=
{j,w

j 6=
0}

th
e

n
on

zero
p
attern

•
S
u
p
p
o
rt

re
co

ve
ry

co
n
d
itio

n
(Z

h
ao

an
d

Y
u
,
2006;

W
ain

w
righ

t,
2009;

Z
ou

,
2006;

Y
u
an

an
d

L
in

,
2007):

th
e

L
asso

is
sign

-con
sisten

t
if

an
d

on
ly

if
‖
Q

J
c
J Q

−
1

J
J
sign

(w
J )‖∞

6
1

w
h
ere

Q
=

lim
n→

+
∞

1n

∑
ni=

1
x

i x
⊤i
∈

R
p×

p
(covarian

ce
m

atrix)



M
o
d
e
l
se

le
ctio

n
co

n
siste

n
cy

(L
a
sso

)

•
A

ssu
m

e
w

sp
arse

an
d

d
en

ote
J

=
{j,w

j 6=
0}

th
e

n
on

zero
p
attern

•
S
u
p
p
o
rt

re
co

ve
ry

co
n
d
itio

n
(Z

h
ao

an
d

Y
u
,
2006;

W
ain

w
righ

t,
2009;

Z
ou

,
2006;

Y
u
an

an
d

L
in

,
2007):

th
e

L
asso

is
sign

-con
sisten

t
if

an
d

on
ly

if
‖
Q

J
c
J Q

−
1

J
J
sign

(w
J )‖∞

6
1

w
h
ere

Q
=

lim
n→

+
∞

1n

∑
ni=

1
x

i x
⊤i
∈

R
p×

p
(covarian

ce
m

atrix)

•
C
on

d
ition

d
ep

en
d
s

on
w

an
d

J
(m

ay
b
e

relaxed
)

–
m

ay
b
e

relaxed
by

m
axim

izin
g

ou
t

sign
(w

)
or

J

•
V
alid

in
low

an
d

h
igh

-d
im

en
sion

al
settin

gs

•
R
eq

u
ires

low
er-b

ou
n
d

on
m

agn
itu

d
e

of
n
on

zero
w

j



M
o
d
e
l
se

le
ctio

n
co

n
siste

n
cy

(L
a
sso

)

•
A

ssu
m

e
w

sp
arse

an
d

d
en

ote
J

=
{j,w

j 6=
0}

th
e

n
on

zero
p
attern

•
S
u
p
p
o
rt

re
co

ve
ry

co
n
d
itio

n
(Z

h
ao

an
d

Y
u
,
2006;

W
ain

w
righ

t,
2009;

Z
ou

,
2006;

Y
u
an

an
d

L
in

,
2007):

th
e

L
asso

is
sign

-con
sisten

t
if

an
d

on
ly

if
‖
Q

J
c
J Q

−
1

J
J
sign

(w
J )‖∞

6
1

w
h
ere

Q
=

lim
n→

+
∞

1n

∑
ni=

1
x

i x
⊤i
∈

R
p×

p
(covarian

ce
m

atrix)

•
T
h
e

L
a
sso

is
u
su

a
lly

n
o
t

m
o
d
e
l-co

n
siste

n
t

–
S
elects

m
ore

variab
les

th
an

n
ecessary

(see,
e.g.,

L
v

an
d

F
an

,
2009)

–
F
ixin

g
th

e
L
a
sso

:
ad

ap
tive

L
asso

(Z
ou

,
2006),

relaxed

L
asso

(M
ein

sh
au

sen
,

2008),
th

resh
old

in
g

(L
ou

n
ici,

2008),

B
olasso

(B
ach

,
2008a),

stab
ility

selection
(M

ein
sh

au
sen

an
d

B
ü
h
lm

an
n
,
2008),

W
asserm

an
an

d
R
o
ed

er
(2009)



A
d
a
p
tiv

e
L
a
sso

a
n
d

co
n
ca

v
e

p
e
n
a
liza

tio
n

•
A
d
a
p
tive

L
a
sso

(Z
ou

,
2006;

H
u
an

g
et

al.,
2008)

–
W

eigh
ted

ℓ
1 -n

orm
:

m
in

w
∈

R
p
L

(w
)
+

λ

p
∑j
=

1

|w
j |

|ŵ
j | α

–
ŵ

estim
ator

ob
tain

ed
from

ℓ
2

or
ℓ
1

regu
larization

•
R
e
fo

rm
u
la

tio
n

in
te

rm
s

o
f
co

n
ca

ve
p
e
n
a
liza

tio
n

m
in

w
∈

R
p
L

(w
)
+

p
∑j
=

1

g
(|w

j |)

–
E
xam

p
le:

g
(|w

j |)
=

|w
j | 1

/
2

or
log|w

j |.
C
loser

to
th

e
ℓ
0

p
en

alty

–
C
on

cave-con
vex

pro
ced

u
re:

rep
lace

g
(|w

j |)
by

affi
n
e

u
p
p
er

b
ou

n
d

–
B

etter
sp

arsity-in
d
u
cin

g
prop

erties
(F

an
an

d
L
i,

2001;
Z
ou

an
d

L
i,

2008;
Z
h
an

g,
2008b

)



B
o
la

sso
(B

a
ch

,
2
0
0
8
a
)

•
P
ro

p
e
rty

:
for

a
sp

ecifi
c

ch
oice

of
regu

larization
p
aram

eter
λ
≈

√
n
:

–
all

variab
les

in
J

are
alw

ays
selected

w
ith

h
igh

prob
ab

ility

–
all

oth
er

on
es

selected
w

ith
prob

ab
ility

in
(0,1)

•
U

se
th

e
b
o
otstrap

to
sim

u
late

several
rep

lication
s

–
In

tersectin
g

su
p
p
orts

of
variab

les

–
F
in

al
estim

ation
of

w
on

th
e

en
tire

d
ataset

J 2 1 J

B
o

o
tstra

p
 4

B
o

o
tstra

p
 5

B
o

o
tstra

p
 2

B
o

o
tstra

p
 3

B
o

o
tstra

p
 1

In
te

rse
c
tio

n 5 4 3J J J



M
o
d
e
l
se

le
ctio

n
co

n
siste

n
cy

o
f
th

e
L
a
sso

/
B

o
la

sso

•
prob

ab
ilities

of
selection

of
each

variab
le

vs.
regu

larization
p
aram

.
µ

L
A

S
S
O

−
lo

g
(µ

)

variable index

0
5

1
0

1
5

5

1
0

1
5

−
lo

g
(µ

)

variable index

0
5

1
0

1
5

5

1
0

1
5

B
O

L
A

S
S
O

−
lo

g
(µ

)

variable index

0
5

1
0

1
5

5

1
0

1
5

−
lo

g
(µ

)

variable index

0
5

1
0

1
5

5

1
0

1
5

S
u
p
p
ort

recovery
con

d
ition

satisfi
ed

n
ot

satisfi
ed



H
ig

h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce

G
o
in

g
b
e
yo

n
d

e
x
a
ct

su
p
p
o
rt

re
co

v
e
ry

•
T

h
eoreticalresu

lts
u
su

ally
assu

m
e

th
at

n
on

-zero
w

j
are

large
en

ou
gh

,

i.e.,|w
j |

>
σ
√

lo
g

p
n

•
M

ay
in

clu
d
e

to
o

m
a
n
y

varia
b
le

s
b
u
t

still
p
re

d
ict

w
e
ll

•
O

racle
in

eq
u
alities

–
P
red

ict
as

w
ell

as
th

e
estim

ator
ob

tain
ed

w
ith

th
e

kn
ow

led
ge

of
J

–
A

ssu
m

e
i.i.d

.
G

au
ssian

n
oise

w
ith

varian
ce

σ
2

–
W

e
h
ave:

1n
E‖X

ŵ
o
ra

c
le −

X
w
‖
22

=
σ

2|J|
n



H
ig

h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce

V
aria

b
le

se
le

ctio
n

w
ith

o
u
t

co
m

p
u
ta

tio
n
a
l
lim

its

•
A

p
proach

es
b
ased

on
p
en

alized
criteria

(close
to

B
IC

)

m
in

J⊂
{
1
,...,p}

{
m

in
w

J ∈
R
|J| ‖y

−
X

J
w

J ‖
22

}
+

C
σ

2|J| (1
+

log
p|J| )

•
O

ra
cle

in
e
q
u
a
lity

if
d
ata

gen
erated

by
w

w
ith

k
n
on

-zeros
(M

assart,

2003;
B

u
n
ea

et
al.,

2007):

1n ‖X
ŵ
−

X
w
‖
22

6
C

k
σ

2

n

(1
+

log
pk

)

•
G

au
ssian

n
oise

-
N

o
a
ssu

m
p
tio

n
s

re
g
ard

in
g

co
rre

la
tio

n
s

•
S
ca

lin
g

b
e
tw

e
e
n

d
im

e
n
sio

n
s:

k
lo

g
p

n
sm

all

•
O

p
tim

al
in

th
e

m
in

im
ax

sen
se



H
ig

h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce

V
aria

b
le

se
le

ctio
n

w
ith

o
rth

o
g
o
n
a
l
d
e
sig

n

•
O

rth
o
g
o
n
a
l
d
e
sig

n
:

assu
m

e
th

at
1n
X

⊤
X

=
I

•
L
asso

is
eq

u
ivalen

t
to

soft-th
resh

old
in

g
1n
X

⊤
Y

∈
R

p

–
S
olu

tion
:

ŵ
j

=
soft-th

resh
old

in
g

of
1n
X

⊤j
y

=
w

j
+

1n
X

⊤j
ε

at
λn

t

+
(|t|−

a)

−
a

a

sig
n

(t)

m
in

w
∈

R

12
w

2−
w

t
+

a|w|

S
olu

tion
w

=
(|t|−

a
)
+

sign
(t)



H
ig

h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce

V
aria

b
le

se
le

ctio
n

w
ith

o
rth

o
g
o
n
a
l
d
e
sig

n

•
O

rth
o
g
o
n
a
l
d
e
sig

n
:

assu
m

e
th

at
1n
X

⊤
X

=
I

•
L
asso

is
eq

u
ivalen

t
to

soft-th
resh

old
in

g
1n
X

⊤
Y

∈
R

p

–
S
olu

tion
:

ŵ
j

=
soft-th

resh
old

in
g

of
1n
X

⊤j
y

=
w

j
+

1n
X

⊤j
ε

at
λn

–
T
ake

λ
=

A
σ √

n
log

p

•
W

h
e
re

d
o
e
s

th
e

log
p

=
O

(n
)

co
m

e
fro

m
?

–
E
xp

ectation
of

th
e

m
axim

u
m

of
p

G
au

ssian
variab

les≈
√

log
p

–
U

n
ion

-b
ou

n
d
:

P
(∃

j
∈

J
c,|X

⊤j
ε|

>
λ
)

6
∑

j∈
J

c
P
(|X

⊤j
ε|

>
λ
)

6
|J

c|e −
λ
2

2
n

σ
2

6
p
e −

A
22

lo
g

p
=

p
1−

A
22



H
ig

h
-d

im
e
n
sio

n
a
l
in

fe
re

n
ce

(L
a
sso

)

•
M

a
in

re
su

lt:
w
e

on
ly

n
eed

k
log

p
=

O
(n

)

–
if

w
is

su
ffi

cien
tly

sp
arse

–
a
n
d

in
p
u
t

variab
les

are
n
ot

to
o

correlated

•
P
recise

con
d
ition

s
on

covarian
ce

m
atrix

Q
=

1n
X

⊤
X

.

–
M

u
tu

a
l
in

co
h
e
re

n
ce

(L
ou

n
ici,

2008)

–
R
e
stricte

d
e
ig

e
n
va

lu
e

co
n
d
itio

n
s

(B
ickel

et
al.,

2009)

–
S
p
arse

eigen
valu

es
(M

ein
sh

au
sen

an
d

Y
u
,
2008)

–
N

u
ll

sp
ace

prop
erty

(D
on

oh
o

an
d

T
an

n
er,

2005)

•
L
in

ks
w

ith
sign

al
pro

cessin
g

an
d

com
pressed

sen
sin

g
(C

an
d
ès

an
d

W
akin

,
2008)

•
A

ssu
m

e
th

at
Q

h
as

u
n
it

d
iagon

al



M
u
tu

a
l
in

co
h
e
re

n
ce

(u
n
ifo

rm
lo

w
co

rre
la

tio
n
s)

•
T
h
e
o
re

m
(L

ou
n
ici,

2008):

–
y

i
=

w
⊤
x

i
+

ε
i ,

ε
i.i.d

.
n
orm

al
w

ith
m

ean
zero

an
d

varian
ce

σ
2

–
Q

=
X

⊤
X

/n
w

ith
u
n
it

d
iagon

al
an

d
cross-term

s
less

th
an

1

14k
–

if‖
w
‖
0

6
k
,
an

d
A

2
>

8,
th

en
,
w

ith
λ

=
A

σ √
n

log
p

P

(‖ŵ
−

w
‖∞

6
5A

σ

(
log

p

n

)
1
/
2
)

>
1−

p
1−

A
2
/
8

•
M

o
d
el

con
sisten

cy
by

th
resh

old
in

g
if

m
in

j,w
j 6=

0 |w
j |

>
C

σ

√

log
p

n

•
M

u
tu

al
in

coh
eren

ce
con

d
ition

d
ep

en
d
s

stron
gly

on
k

•
Im

proved
resu

lt
by

averagin
g

over
sp

arsity
p
attern

s
(C

an
d
ès

an
d

P
lan

,

2009b
)



R
e
stricte

d
e
ig

e
n
v
a
lu

e
co

n
d
itio

n
s

•
T
h
e
o
re

m
(B

ickel
et

al.,
2009):

–
assu

m
e

κ
(k

)
2

=
m

in
|J|6

k
m

in
∆

,
‖
∆

J
c ‖

1
6
‖
∆

J ‖
1

∆
⊤
Q

∆

‖∆
J ‖

22

>
0

–
assu

m
e

λ
=

A
σ √

n
log

p
an

d
A

2
>

8

–
th

en
,
w

ith
prob

ab
ility

1−
p
1−

A
2/

8,
w
e

h
ave

estim
ation

error
‖ŵ

−
w
‖
1

6
16A

κ
2(k

) σ
k

√

log
p

n

pred
iction

error
1n ‖X

ŵ
−

X
w
‖
22

6
16A

2

κ
2(k

) σ
2k

n
log

p

•
C
on

d
ition

im
p
oses

a
p
oten

tially
h
id

d
en

scalin
g

b
etw

een
(n

,p
,k

)

•
C
on

d
ition

alw
ays

satisfi
ed

for
Q

=
I



C
h
e
ck

in
g

su
ffi

cie
n
t

co
n
d
itio

n
s

•
M

o
st

o
f
th

e
co

n
d
itio

n
s

are
n
o
t

co
m

p
u
ta

b
le

in
p
o
lyn

o
m

ia
l
tim

e

•
R
a
n
d
o
m

m
a
trice

s

–
S
am

p
le

X
∈

R
n×

p
from

th
e

G
au

ssian
en

sem
b
le

–
C
on

d
ition

s
satisfi

ed
w

ith
h
igh

prob
ab

ility
for

certain
(n

,p
,k

)

–
E
xam

p
le

from
W

ain
w

righ
t

(2009):
n

>
C

k
log

p

•
C
h
e
ck

in
g

w
ith

co
n
ve

x
o
p
tim

iza
tio

n

–
R
elax

con
d
ition

s
to

con
vex

op
tim

ization
prob

lem
s

(d
’A

sprem
on

t

et
al.,

2008;
Ju

d
itsky

an
d

N
em

irovski,
2008;

d
’A

sprem
on

t
an

d

E
l
G

h
aou

i,
2008)

–
E
xam

p
le:

sp
arse

eigen
valu

es
m

in
|J|6

k
λ

m
in (Q

J
J
)

–
O

p
en

prob
lem

:
verifi

ab
le

assu
m

p
tion

s
still

lead
to

w
eaker

resu
lts



S
p
arse

m
e
th

o
d
s

C
o
m

m
o
n

e
x
te

n
sio

n
s

•
R
e
m

o
vin

g
b
ia

s
o
f
th

e
e
stim

a
to

r

–
K

eep
th

e
active

set,
an

d
p
erform

u
n
regu

larized
restricted

estim
ation

(C
an

d
ès

an
d

T
ao,

2007)

–
B

etter
th

eoretical
b
ou

n
d
s

–
P
oten

tial
prob

lem
s

of
rob

u
stn

ess

•
E
la

stic
n
e
t

(Z
ou

an
d

H
astie,

2005)

–
R
ep

lace
λ‖w‖

1
by

λ‖w‖
1
+

ε‖w‖
22

–
M

ake
th

e
op

tim
ization

stron
gly

con
vex

w
ith

u
n
iq

u
e

solu
tion

–
B

etter
b
eh

avior
w

ith
h
eavily

correlated
variab

les



R
e
le

v
a
n
ce

o
f
th

e
o
re

tica
l
re

su
lts

•
M

o
st

re
su

lts
o
n
ly

fo
r

th
e

sq
u
are

lo
ss

–
E
xten

d
to

oth
er

losses
(V

an
D

e
G

eer,
2008;

B
ach

,
2009b

)

•
M

o
st

re
su

lts
o
n
ly

fo
r

ℓ
1 -re

g
u
lariza

tio
n

–
M

ay
b
e

exten
d
ed

to
oth

er
n
orm

s
(see,

e.g.,
H

u
an

g
an

d
Z
h
an

g,

2009;
B

ach
,
2008b

)

•
C
o
n
d
itio

n
o
n

co
rre

la
tio

n
s

–
very

restrictive,
far

from
resu

lts
for

B
IC

p
en

alty

•
N

o
n

sp
arse

g
e
n
e
ra

tin
g

ve
cto

r

–
little

w
ork

on
rob

u
stn

ess
to

lack
of

sp
arsity

•
E
stim

a
tio

n
o
f
re

g
u
lariza

tio
n

p
ara

m
e
te

r

–
N

o
satisfactory

solu
tion

⇒
op

en
prob

lem



A
lte

rn
a
tiv

e
sp

arse
m

e
th

o
d
s

G
re

e
d
y

m
e
th

o
d
s

•
F
orw

ard
selection

•
F
orw

ard
-b

ackw
ard

selection

•
N

on
-con

vex
m

eth
o
d

–
H

ard
er

to
an

alyze

–
S
im

p
ler

to
im

p
lem

en
t

–
P
rob

lem
s

of
stab

ility

•
P
ositive

th
eoretical

resu
lts

(Z
h
an

g,
2009,

2008a)

–
S
im

ilar
su

ffi
cien

t
con

d
ition

s
th

an
for

th
e

L
asso



A
lte

rn
a
tiv

e
sp

arse
m

e
th

o
d
s

B
aye

sia
n

m
e
th

o
d
s

•
L
asso:

m
in

im
ize

∑
ni=

1
(y

i −
w

⊤
x

i )
2
+

λ‖w‖
1

–
E
q
u
ivalen

t
to

M
A

P
estim

ation
w

ith
G

au
ssian

likelih
o
o
d

an
d

factorized
L
a
p
la

ce
prior

p
(w

)∝
∏

pj
=

1
e −

λ|w
j |

(S
eeger,

2008)

–
H

o
w
e
ve

r,
p
o
ste

rio
r
p
u
ts

ze
ro

w
e
ig

h
t

o
n

e
xa

ct
ze

ro
s

•
H

eavy-tailed
d
istrib

u
tion

s
as

a
proxy

to
sp

arsity

–
S
tu

d
en

t
d
istrib

u
tion

s
(C

aron
an

d
D

ou
cet,

2008)

–
G

en
eralized

h
yp

erb
olic

priors
(A

rch
am

b
eau

an
d

B
ach

,
2008)

–
In

stan
ce

of
au

tom
atic

relevan
ce

d
eterm

in
ation

(N
eal,

1996)

•
M

ixtu
res

of
“D

iracs”
an

d
an

oth
er

ab
solu

tely
con

tin
u
ou

s
d
istrib

u
tion

s,

e.g.,
“sp

ike
an

d
slab

”
(Ish

w
aran

an
d

R
ao,

2005)

•
L
ess

th
eory

th
an

freq
u
en

tist
m

eth
o
d
s



C
o
m

p
arin

g
L
a
sso

a
n
d

o
th

e
r

stra
te

g
ie

s
fo

r
lin

e
ar

re
g
re

ssio
n

•
C
om

p
ared

m
eth

o
d
s

to
reach

th
e

least-sq
u
are

solu
tion

–
R
id

ge
regression

:
m

in
w
∈

R
p

12 ‖y
−

X
w‖

22
+

λ2 ‖w‖
22

–
L
asso:

m
in

w
∈

R
p

12 ‖y
−

X
w‖

22
+

λ‖w‖
1

–
F
orw

ard
greed

y:

∗
In

itialization
w

ith
em

p
ty

set

∗
S
eq

u
en

tially
ad

d
th

e
variab

le
th

at
b
est

red
u
ces

th
e

sq
u
are

loss

•
E
ach

m
eth

o
d

b
u
ild

s
a

p
ath

of
solu

tion
s

from
0

to
ord

in
ary

least-

sq
u
ares

solu
tion

•
R
egu

larization
p
aram

eters
selected

on
th

e
test

set



S
im

u
la

tio
n

re
su

lts

•
i.i.d

.
G

au
ssian

d
esign

m
atrix,

k
=

4,
n

=
64,

p
∈

[2,256],
S
N

R
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1

•
N

ote
stab

ility
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n
on

-sp
arsity

an
d

variab
ility
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S
u
m

m
ary

ℓ
1 -n

o
rm

re
g
u
lariza

tio
n

•
ℓ
1 -n

orm
regu

larization
lead

s
to

n
on

sm
o
oth

op
tim

ization
prob

lem
s

–
an

alysis
th

rou
gh

d
irection

al
d
erivatives

or
su

b
grad

ien
ts

–
op

tim
ization

m
ay

or
m

ay
n
ot

take
ad

van
tage

of
sp

arsity

•
ℓ
1 -n

orm
regu

larization
allow

s
h
igh

-d
im

en
sion

al
in

feren
ce

•
In

terestin
g

prob
lem

s
for

ℓ
1 -regu

larization

–
S
tab

le
variab

le
selection

–
W

eaker
su

ffi
cien

t
con

d
ition

s
(for

w
eaker

resu
lts)

–
E
stim

ation
of

regu
larization

p
aram

eter
(all

b
ou

n
d
s

d
ep

en
d

on
th

e

u
n
kn

ow
n

n
oise

varian
ce

σ
2)



E
x
te

n
sio

n
s

•
S
p
arse

m
e
th

o
d
s

are
n
o
t

lim
ite

d
to

th
e

sq
u
are

lo
ss

–
e.g.,

th
eoretical

resu
lts

for
logistic

loss
(V

an
D

e
G

eer,
2008;

B
ach

,

2009b
)

•
S
p
arse

m
e
th

o
d
s

are
n
o
t

lim
ite

d
to

su
p
e
rvise

d
le

arn
in

g

–
L
earn

in
g

th
e

stru
ctu

re
of

G
au

ssian
grap

h
ical

m
o
d
els

(M
ein

sh
au

sen

an
d

B
ü
h
lm

an
n
,
2006;

B
an

erjee
et

al.,
2008)

–
S
p
arsity

on
m

atrices
(last

p
art

of
th

e
tu

torial)

•
S
p
arse

m
e
th

o
d
s

are
n
o
t

lim
ite

d
to

varia
b
le

se
le

ctio
n

in
a

lin
e
ar

m
o
d
e
l

–
S
e
e

n
e
xt

p
art

o
f
th

e
tu

to
ria

l



Q
u
e
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n
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S
p
arse

m
e
th

o
d
s

fo
r

m
a
ch

in
e

le
arn

in
g

O
u
tlin

e

•
In

tro
d
u
ctio

n
-
O

ve
rvie

w

•
S
p
arse

lin
e
ar

e
stim

a
tio

n
w

ith
th

e
ℓ
1 -n

o
rm

–
C
on

vex
op

tim
ization

an
d

algorith
m

s

–
T

h
eoretical

resu
lts

•
S
tru

ctu
re

d
sp

arse
m

e
th

o
d
s

o
n

ve
cto

rs

–
G

rou
p
s

of
featu

res
/

M
u
ltip

le
kern

el
learn

in
g

–
E
xten

sion
s

(h
ierarch

ical
or

overlap
p
in

g
grou

p
s)

•
S
p
arse

m
e
th

o
d
s

o
n

m
a
trice

s

–
M

u
lti-task

learn
in

g

–
M

atrix
factorization

(low
-ran

k,
sp

arse
P
C
A

,
d
iction

ary
learn

in
g)



P
e
n
a
liza

tio
n

w
ith

g
ro

u
p
e
d

v
aria

b
le

s

(Y
u
a
n

a
n
d

L
in

,
2
0
0
6
)

•
A

ssu
m

e
th

at{1,...,p}
is

p
artitio

n
e
d

in
to

m
grou

p
s

G
1 ,...,G

m

•
P
en

alization
by

∑
mi=

1 ‖w
G

i ‖
2 ,

often
called

ℓ
1 -ℓ

2
n
orm

•
In

d
u
ces

grou
p

sp
arsity

–
S
om

e
grou

p
s

en
tirely

set
to

zero

–
n
o

zeros
w

ith
in

grou
p
s

•
In

th
is

tu
torial:

–
G

rou
p
s

m
ay

h
ave

in
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n
ite

size
⇒

M
K

L

–
G

rou
p
s

m
ay

overlap
⇒

stru
ctu

re
d

sp
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L
in

e
ar

v
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n
o
n
-lin

e
ar

m
e
th

o
d
s

•
A

ll
m

eth
o
d
s

in
th

is
tu

torial
are

lin
e
ar

in
th

e
p
ara

m
e
te

rs

•
B

y
rep

lacin
g

x
by

featu
res

Φ
(x

),
th

ey
can

b
e

m
ad

e
n
o
n

lin
e
ar

in

th
e

d
a
ta

•
Im

p
licit

vs.
e
xp

licit
fe

a
tu

re
s

–
ℓ
1 -n

orm
:

exp
licit

featu
res

–
ℓ
2 -n

orm
:

represen
ter

th
eorem

allow
s

to
con

sid
er

im
p
licit

featu
res

if

th
eir

d
ot

pro
d
u
cts

can
b
e

com
p
u
ted

easily
(kern

el
m

eth
o
d
s)



K
e
rn

e
l
m

e
th

o
d
s:

re
g
u
lariza

tio
n

b
y

ℓ
2 -n

o
rm

•
D

ata:
x

i ∈
X

,
y

i ∈
Y

,
i
=

1,...,n
,
w

ith
fe

a
tu

re
s

Φ
(x

)∈
F

=
R

p

–
P
red

ictor
f
(x

)
=

w
⊤
Φ

(x
)

lin
ear

in
th

e
featu

res

•
O

p
tim

ization
prob

lem
:

m
in

w
∈

R
p

n
∑i=

1

ℓ(y
i ,w

⊤
Φ

(x
i ))

+
λ2 ‖w‖

22



K
e
rn

e
l
m

e
th

o
d
s:

re
g
u
lariza

tio
n

b
y

ℓ
2 -n

o
rm

•
D

ata:
x

i ∈
X

,
y

i ∈
Y

,
i
=

1,...,n
,
w

ith
fe

a
tu

re
s

Φ
(x

)∈
F

=
R

p

–
P
red

ictor
f
(x

)
=

w
⊤
Φ

(x
)

lin
ear

in
th

e
featu

res

•
O

p
tim

ization
prob

lem
:

m
in

w
∈

R
p

n
∑i=

1

ℓ(y
i ,w

⊤
Φ

(x
i ))

+
λ2 ‖w‖

22

•
R
e
p
re

se
n
te

r
th

e
o
re

m
(K

im
eld

orf
an

d
W

ah
b
a,

1971):
solu

tion
m

u
st

b
e

of
th

e
form

w
=

∑
ni=

1
α

i Φ
(x

i )

–
E
q
u
ivalen

t
to

solvin
g:

m
in

α∈
R

n

n
∑i=

1

ℓ(y
i ,(K

α
)
i )

+
λ2
α
⊤
K

α

–
K

ern
el

m
atrix

K
ij

=
k
(x

i ,x
j )

=
Φ

(x
i ) ⊤

Φ
(x

j )



M
u
ltip

le
k
e
rn

e
l
le

arn
in

g
(M

K
L
)

(L
a
n
ck

rie
t

e
t

a
l.,

2
0
0
4
b
;
B

a
ch

e
t

a
l.,

2
0
0
4
a
)

•
S
p
arse

m
eth

o
d
s

are
lin

ear!

•
S
p
arsity

w
ith

n
on

-lin
earities

–
rep

lace
f
(x

)
=

∑
pj
=

1
w

⊤j
x

j
w

ith
x
∈

R
p

an
d

w
j ∈

R

–
by

f
(x

)
=

∑
pj
=

1
w

⊤j
Φ

j (x
)

w
ith

x
∈
X

,
Φ

j (x
)∈

F
j

an
w

j ∈
F

j

•
R
ep

lace
th

e
ℓ
1 -n

orm
∑

pj
=

1 |w
j |

by
“b

lo
ck”

ℓ
1 -n

orm
∑

pj
=

1 ‖w
j ‖

2

•
R
em

arks

–
H

ilb
ert

sp
ace

exten
sion

of
th

e
grou

p
L
asso

(Y
u
an

an
d

L
in

,
2006)

–
A

ltern
ative

sp
arsity-in

d
u
cin

g
n
orm

s
(R

aviku
m

ar
et

al.,
2008)



M
u
ltip

le
k
e
rn

e
l
le

arn
in

g
(M

K
L
)

(L
a
n
ck

rie
t

e
t

a
l.,

2
0
0
4
b
;
B

a
ch

e
t

a
l.,

2
0
0
4
a
)

•
M

u
ltip

le
featu

re
m

ap
s

/
kern

els
on

x
∈
X

:

–
p

“featu
re

m
ap

s”
Φ

j
:X

7→
F

j ,
j

=
1,...,p

.

–
M

in
im

ization
w

ith
resp

ect
to

w
1 ∈

F
1 ,...,w

p ∈
F

p

–
P
red

ictor:
f
(x

)
=

w
1 ⊤

Φ
1 (x

)
+
···

+
w

p ⊤
Φ

p (x
)

x

Φ
1 (x

) ⊤
w

1

ր
...

...
ց

−→
Φ

j (x
) ⊤

w
j

−→
ց

...
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ր
Φ

p (x
) ⊤

w
p

w
⊤1
Φ

1 (x
)
+
···

+
w

⊤p
Φ

p (x
)

–
G

en
eralized

ad
d
itive

m
o
d
els

(H
astie

an
d

T
ib

sh
iran

i,
1990)
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e
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r
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a
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) ⊤
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) ⊤

w
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) ⊤
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1 (x
)
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···
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)

•
R
egu
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by
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j ‖
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u
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K
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∑
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1
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j

–
S
u
m

m
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g
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u
ivalen

t
to

con
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g
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re
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R
e
g
u
lariza

tio
n

fo
r

m
u
ltip

le
fe

a
tu

re
s

x

Φ
1 (x

) ⊤
w

1

ր
...

...
ց

−→
Φ

j (x
) ⊤

w
j

−→
ց

...
...

ր
Φ

p (x
) ⊤

w
p

w
⊤1
Φ

1 (x
)
+
···

+
w

⊤p
Φ

p (x
)

•
R
egu

larization
by

∑
pj
=

1 ‖w
j ‖

22
is

eq
u
ivalen

t
to

u
sin

g
K

=
∑

pj
=

1
K

j

•
R
egu

larization
by

∑
pj
=

1 ‖w
j ‖

2
im

p
oses

sp
arsity

at
th

e
grou

p
level

•
M

a
in

q
u
e
stio

n
s

w
h
e
n

re
g
u
larizin

g
b
y

b
lo

ck
ℓ
1 -n

o
rm

:

1.
A

lgorith
m

s

2.
A

n
alysis

of
sp

arsity
in

d
u
cin

g
prop

erties
(R

aviku
m

ar
et

al.,
2008;

B
ach

,
2008b

)

3.
D

o
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it
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d
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a
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ecifi

c
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b
in

ation
of
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els?



G
e
n
e
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l
k
e
rn

e
l
le

arn
in

g

•
P
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p
o
sitio

n
(L

an
ckriet

et
al,
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B

ach
et

al.,
2005,

M
icch

elli
an

d

P
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til,
2005):

G
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)
=

m
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w
∈
F

∑
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1
ℓ(y
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⊤
Φ
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i ))

+
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R
n −

∑
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1
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⊤
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α
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a
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n
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x
fu
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e
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m
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K
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T
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b
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al.,
2004,

S
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B
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D
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–
L
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m

p
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s
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b
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d
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b
u
t
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ℓ
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+
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p ‖
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ℓ
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∑
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d
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∑
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b
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j ‖
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b
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∑j∈
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artition

of{1,...,p}

–
T

h
e

ℓ
1 -ℓ
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p
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b
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p
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p
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p
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p
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p
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∑j∈
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ℓ
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p
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∈
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b
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p
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con
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=
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n
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p
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x
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p
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o
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•
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–
It

is
p
ossib

le
to

exten
t
su

ch
settin

gs
to

3-D
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p
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–
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n
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tio
n
sh

ip
b
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n
a
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n
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u
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n
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B
a
ch

,
2
0
0
9
a
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•
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→
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p
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–
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g
th

e
u
n
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G

•
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e
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s
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y
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n
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d

sp
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•
S
p
ecifi

c
h
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h
ao

et
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B

ach
,
2008c)

•
U

n
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op
p
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n
on
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et
al.,
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B
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et

al.,
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•
N
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vex
p
en
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b
ased
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form
ation

-th
eoretic
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tim

ization
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u
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g
et

al.,
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S
p
arse

m
e
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o
d
s

fo
r

m
a
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e
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arn

in
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O
u
tlin

e

•
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d
u
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-
O
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rvie

w

•
S
p
arse

lin
e
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e
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a
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n
w

ith
th

e
ℓ
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o
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–
C
on

vex
op

tim
ization

an
d
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m

s

–
T

h
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lts

•
S
tru

ctu
re

d
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m

e
th

o
d
s

o
n
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–
G
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p
s
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featu
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/

M
u
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learn

in
g

–
E
xten

sion
s
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ical
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overlap
p
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g
grou
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•
S
p
arse

m
e
th

o
d
s

o
n

m
a
trice

s

–
M

u
lti-task

learn
in

g

–
M

atrix
factorization
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-ran

k,
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arse
P
C
A
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d
iction

ary
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in
g)



L
e
arn

in
g

o
n

m
a
trice

s
-

C
o
lla

b
o
ra

tiv
e

F
ilte

rin
g

(C
F
)

•
G

iven
n
X

“m
ovies”

x
∈
X

an
d

n
Y
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stom

ers”
y
∈
Y
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•
pred

ict
th

e
“ratin

g”
z
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,y
)∈

Z
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stom

er
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m
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x

•
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•
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L
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u
lti-ta
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arn
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•
k
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x
∈

R
p

–
k

w
eigh
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j ∈

R
p

–
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t
m
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pred
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W
=

(w
1 ,...,w
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k

•
M

an
y

ap
p
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s

–
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–
M
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et
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b
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b
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an
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–
join
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le
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b
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et
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d
e
n
o
isin

g
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p
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p
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B
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p
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∈
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•
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=
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∈
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⊤
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∈
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=
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=
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⊤
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∈
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∈
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V
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s
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/
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∈
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p
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n
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n
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2009),
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b
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b
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2009)
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•
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b
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b
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et
al.,

2007)

–
P
en

alize
by

th
e

trace-n
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later)
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T

h
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u
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b
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b
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b
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o
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p
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an
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∈
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⊤
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∈
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∈
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S
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of
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a
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∈
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k
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e

m
in

im
u
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=
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V

⊤
,
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∈
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n×
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V
∈

R
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m

–
S
in
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lar

valu
e

d
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p
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:
M

=
U

D
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⊤

w
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d
V
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ave
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on
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m

n
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d

s∈
R
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are
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valu
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•
R
an

k
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M
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u
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th

e
n
u
m

b
er
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n
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lar

valu
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•
T
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.k
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.
n
u
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n
o
rm

)
=
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m

of
sin

gu
lar

valu
es

•
C
on

vex
fu

n
ction

,
lead

s
to

a
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i-d
efi

n
ite

program
(F

azel
et

al.,
2001)

•
F
irst

u
sed

for
collab

orative
fi
lterin

g
(S

rebro
et

al.,
2005)



R
e
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lts
fo

r
th

e
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ce
n
o
rm

•
R
an

k
recovery

con
d
ition

(B
ach

,
2008d

)

–
T

h
e

H
essian
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th

e
loss

arou
n
d

th
e
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p
totic

solu
tion

sh
ou

ld
b
e

close
to

d
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al

•
S
u
ffi
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t
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d
ition
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exact
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k

m
in

im
ization

(R
ech

t
et

al.,
2009)

•
H

igh
-d
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en
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al

in
feren

ce
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n
oisy

m
atrix
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p
letion

(S
rebro

et
al.,
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C
an

d
ès

an
d

P
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,
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–
M

ay
recover
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m
atrix
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tly
m
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en
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th

e
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u
m
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o
d
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•
E
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cie
n
t

a
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m
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–
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er
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o
d
s
b
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e
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M
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m

d
er

et
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2009)

–
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ow
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k

form
u
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s
(R

en
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d

S
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A

b
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et
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S
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y
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form

s
(A

b
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et
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) ⊤
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Ψ
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R
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∈
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g
w
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•
R
e
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n
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b
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S
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p
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n
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) ⊤
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b
e
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ü
h
lm

an
n
.

S
tab

ility
selectio

n
.

T
ech

n
ical

rep
ort,

arX
iv:

0
8
0
9
.2

9
3
2
,
2
0
0
8
.

N
.
M

ein
sh

au
sen

an
d

B
.
Y
u
.

L
asso

-typ
e

reco
very

o
f

sp
arse

represen
tatio

n
s

for
h
ig

h
-d

im
en

sio
n
al

d
ata.

A
n
n
als

o
f
S
tatistics,

3
7
(1

):2
4
6
–
2
7
0
,
2
0
0
8
.

C
.A

.
M

icch
elli

an
d

M
.

P
o
n
til.

L
earn

in
g

th
e

kern
el

fu
n
ctio

n
via

reg
u
larizatio

n
.

Jo
u
rn

al
o
f

M
ach

in
e

L
earn

in
g

R
esearch

,
6
(2

):1
0
9
9
,
2
0
0
6
.

B
.
M

o
g
h
ad

d
am

,
Y

.
W

eiss,
an

d
S
.
A

vid
an

.
G

en
eralized

sp
ectral

b
o
u
n
d
s

for
sp

arse
L
D

A
.

In
P
ro

ceed
in

g
s

o
f
th

e
2
3
rd

in
tern

atio
n
al

co
n
feren

ce
o
n

M
ach

in
e

L
earn

in
g

(IC
M

L
),

2
0
0
6
a.

B
.

M
o
g
h
ad

d
am

,
Y

.
W

eiss,
an

d
S
.

A
vid

an
.

S
p
ectral

b
o
u
n
d
s

for
sp

arse
P
C
A

:
E
xact

an
d

g
reed

y

alg
orith

m
s.

In
A

d
van

ces
in

N
eu

ral
In

form
atio

n
P
ro

cessin
g

S
ystem

s,
vo

lu
m

e
1
8
,
2
0
0
6
b
.

R
.M

.
N

eal.
B

ayesian
learn

in
g

for
n
eu

ral
n
etw

orks.
S
prin

g
er

V
erlag

,
1
9
9
6
.

Y
.

N
estero

v.
In

tro
d
u
ctory

lectu
res

o
n

co
n
vex

o
p
tim

izatio
n
:

A
b
asic

co
u
rse.

K
luw

er
A

cad
em

ic
P
u
b
,

2
0
0
3
.

Y
.

N
estero

v.
G

rad
ien

t
m

eth
o
d
s

for
m

in
im

izin
g

co
m

p
o
site

o
b
jective

fu
n
ctio

n
.

C
en

ter
for

O
p
eratio

n
s

R
esearch

an
d

E
co

n
o
m

etrics
(C

O
R
E
),

C
ath

o
lic

U
n
iversity

o
f
L
o
u
vain

,
T
ech

.
R
ep

,
7
6
,
2
0
0
7
.



G
.

O
b
o
zin

ski,
M

.J.
W

ain
w

rig
h
t,

an
d

M
.I.

Jord
an

.
H

ig
h
-d

im
en

sio
n
al

u
n
io

n
su

p
p
ort

reco
very

in

m
u
ltivariate

reg
ressio

n
.

In
A

d
van

ces
in

N
eu

ral
In

form
atio

n
P
ro

cessin
g

S
ystem

s
(N

IP
S
),

2
0
0
8
.

G
.

O
b
o
zin

ski,
B

.
T
askar,

an
d

M
.I.

Jord
an

.
Jo

in
t

co
variate

selectio
n

an
d

jo
in

t
su

b
sp

ace
selectio

n
for

m
u
ltip

le
classifi

catio
n

pro
b
lem

s.
S
tatistics

an
d

C
o
m

p
u
tin

g
,
p
ag

es
1
–
2
2
,
2
0
0
9
.

B
.
A

.
O

lsh
au

sen
an

d
D

.
J.

F
ield

.
S
p
arse

co
d
in

g
w

ith
an

o
verco

m
p
lete

b
asis

set:
A

strateg
y

em
p
loyed

by
V

1
?

V
isio

n
R
esearch

,
3
7
:3

3
1
1
–
3
3
2
5
,
1
9
9
7
.

M
.
R
.
O

sb
orn

e,
B

.
P
resn

ell,
an

d
B

.
A

.
T
u
rlach

.
O

n
th

e
lasso

an
d

its
d
u
al.

Jo
u
rn

al
o
f
C
o
m

p
u
tatio

n
al

an
d

G
rap

h
ical

S
tatistics,

9
(2

):3
1
9
–
3
3
7
,
2
0
0
0
.

M
.
P
o
n
til,

A
.
A

rg
yrio

u
,
an

d
T

.
E
vg

en
io

u
.
M

u
lti-task

featu
re

learn
in

g
.
In

A
d
van

ces
in

N
eu

ralIn
form

atio
n

P
ro

cessin
g

S
ystem

s,
2
0
0
7
.

R
.

R
ain

a,
A

.
B

attle,
H

.
L
ee,

B
.

P
acker,

an
d

A
.Y

.
N

g
.

S
elf-tau

gh
t

learn
in

g
:

T
ran

sfer
learn

in
g

fro
m

u
n
lab

eled
d
ata.

In
P
ro

ceed
in

g
s

o
f
th

e
2
4
th

In
tern

atio
n
al

C
o
n
feren

ce
o
n

M
ach

in
e

L
earn

in
g

(IC
M

L
),

2
0
0
7
.

A
.
R
ako

to
m

am
o
n
jy,

F
.
B

ach
,
S
.
C
an

u
,
an

d
Y

.
G

ran
d
valet.

S
im

p
leM

K
L
.

Jo
u
rn

al
o
f
M

ach
in

e
L
earn

in
g

R
esearch

,
9
:2

4
9
1
–
2
5
2
1
,
2
0
0
8
.

S
.W

.
R
au

d
en

b
u
sh

an
d

A
.S

.
B

ryk.
H

ierarch
ical

lin
ear

m
o
d
els:

A
p
p
licatio

n
s

an
d

d
ata

an
alysis

m
eth

o
d
s.

S
ag

e
P
u
b
.,

2
0
0
2
.

P
.
R
aviku

m
ar,

H
.
L
iu

,
J.

L
aff

erty,
an

d
L
.
W

asserm
an

.
S
p
A

M
:
S
p
arse

ad
d
itive

m
o
d
els.

In
A

d
van

ces
in

N
eu

ral
In

form
atio

n
P
ro

cessin
g

S
ystem

s
(N

IP
S
),

2
0
0
8
.

B
.
R
ech

t,
W

.
X

u
,
an

d
B

.
H

assib
i.

N
u
ll

S
p
ace

C
o
n
d
itio

n
s

an
d

T
h
resh

o
ld

s
for

R
an

k
M

in
im

izatio
n
.

2
0
0
9
.

S
u
b
m

itted
.



J.
D

.
M

.
R
en

n
ie

an
d

N
.
S
rebro

.
F
ast

m
axim

u
m

m
arg

in
m

atrix
factorizatio

n
for

co
llab

orative
pred

ictio
n
.

In
P
ro

ceed
in

g
s

o
f
th

e
2
2
n
d

in
tern

atio
n
al

co
n
feren

ce
o
n

M
ach

in
e

L
earn

in
g

(IC
M

L
),

2
0
0
5
.

V
.
R
o
th

an
d

B
.
F
isch

er.
T

h
e

g
ro

u
p
-L

asso
for

g
en

eralized
lin

ear
m

o
d
els:

u
n
iq

u
en

ess
o
f

so
lu

tio
n
s

an
d

effi
cien

t
alg

orith
m

s.
In

P
ro

ceed
in

g
s

o
f

th
e

2
5
th

In
tern

atio
n
al

C
o
n
feren

ce
o
n

M
ach

in
e

L
earn

in
g

(IC
M

L
),

2
0
0
8
.

R
.
S
alakh

u
td

in
o
v

an
d

A
.
M

n
ih

.
P
ro

b
ab

ilistic
m

atrix
factorizatio

n
.

In
A

d
van

ces
in

N
eu

ral
In

form
atio

n

P
ro

cessin
g

S
ystem

s,
vo

lu
m

e
2
0
,
2
0
0
8
.

B
.
S
ch

ö
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