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Abstract. Under smoothness conditions, it was recently shown by Vacher et al. [Proceedings of the 34th Confer-
ence on Learning Theory, Proc. Mach. Learn. Res. 134, 2021] that the squared Wasserstein distance
between two distributions could be approximately computed in polynomial time with appealing sta-
tistical error bounds. In this paper, we propose to extend their result to the problem of estimating
in L? distance the transport map between two distributions. Also building upon the kernelized
sum-of-squares approach, a way to model smooth positive functions, we derive a computationally
tractable estimator of the transport map. Contrary to the aforementioned work, the dual problem
that we solve is closer to the so-called semidual formulation of optimal transport that is known to
gain convexity with respect to the linear dual formulation. After deriving a new stability result
on the semidual and using localization-like techniques through Gagliardo—Nirenberg inequalities, we
manage to prove under the same assumptions as in Vacher et al. that our estimator is minimax
optimal up to polylog factors. Then we prove that this estimator can be computed in the worst case
in O(ns) time, where n is the number of samples, and show how to improve its practical computa-
tion with a Nystrom approximation scheme, a classical tool in kernel methods. Finally, we showcase
several numerical simulations in medium dimension, where we compute our estimator on simple
examples.
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1. Introduction. Optimal transport (OT) provides a principled method to compare prob-
ability distributions by finding the optimal way of coupling one to another based on a cost
function defined on their supports. Formally, given two probability distributions g and v
supported over metric spaces X and Y and a cost ¢: X x Y — R, the OT value between u
and v was defined by Monge as follows:

(L1) OT(u.v) = inf / (. T())dp(z)
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where the infimum is taken over maps T' that pushforward g onto v, that is, for all Borel sets
Aof Y, n(T~1(A)) = v(A). This nonconvex problem was later relaxed by Kantorovitch into
the following linear program whose primal formulation reads

1.2 inf m,c)+t(m =pu) +(me=v),

(1.2) WGM+(XXy)< ) +u(m=p) + ume=v)

where (-, -) is the duality pairing between measures and functions, ¢(-) is the convex indicator
function, M (X x Y') is the set of positive Radon measures over X x Y, and ; is the ith
marginal of 7. The dual formulation of this problem reads

(1.3) sup (¢, 1) + (¥, v) + (¢ D¢ < ¢),

)

where ¢, are continuous real valued functions over X (resp., Y'), that we shall refer to as
potentials in the rest of the paper, and where ¢ @ ) is defined over X XY as ¢ @ ¢ : (x,y) —
é(z) + 1 (y). In the Euclidean setting X,Y € R? and for the quadratic cost c(z,y) = M,
Brenier [6] showed that under regularity assumptions on p,v, the Monge problem (1.1) and
the dual Kantorovitch problem (1.3) are equal and are linked as follows: given ¢g the first
potential solution of (1.3), the OT map Ty is given by Tp(x) =z — Vo (x).

These OT maps are playing an increasingly important role in data sciences. Indeed, many
applications such as generative modeling [2, 32, 4, 23, 28], domain adaptation [12, 11], shape
matching [35, 17], dimensionality reduction [19], or predicting cell trajectories [33, 44] can
be formulated as the problem of finding a map from a reference distribution to a target dis-
tribution. Yet in the aforementioned applications, the measures u,v are usually supported
on high dimensional spaces and they are usually only available via their n-samples empirical
counterparts fi,,,. Hence one must design an estimator T,, of the transport map Ty that is
both robust in high-dimension and that can be computed numerically for reasonable values
of n. Defining the error as e(T) = [ | T — Tp||*du(x), this problem can be informally stated
as follows:

Can we design an estimator Tn(ﬂn, Uy) that can be computed in dimension-free polynomial
time and such that e(T},) scales “well” with the dimension d?

1.1. Related works. Over the past few years, numerous works have focused instead on the
statistical approximation of the scalar quantity OT(u,v) for the quadratic cost, also known
as the quadratic Wasserstein distance W3 (u, ). An intuitive choice of estimator is the plugin
estimator W22 (fin,Dp), which is simply the squared Wasserstein distance computed on the
empirical counterparts of y1, v. However, even though it can be computed in O(n?log(n)) time
using the network simplex algorithm [1], it suffers from the curse of dimensionality as it was
shown that E[|[W3(u,v) — W3 (fin, 2)|] ~ n~2/% [16]. Another popular choice of estimator is
the Sinkhorn model [13], which regularizes the OT problem with the addition of an entropic
penalty in the primal problem (1.2). Even though the computational complexity of the plugin
Sinkhorn model is lowered to O(n?), the error still poorly scales in O(n~%/¢) [10]. When the
measures (, V are assumed to have smooth densities, the statistical error can be improved as the
smoothness grows [21]. For instance, when the densities of p, v are assumed to be m-smooth,
the authors of [40] designed an estimator w, that yields an average error E[|w,, — Wa(u,v)|]
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scaling as n— ;j;;; in particular, the parametric rate 1//n is recovered in the very smooth
regime m — oo. However, their estimator w,, requires O(n%) time to be computed. It
was only recently that this computational/statistical gap was closed by [37]. Relying on the
kernelized sum-of-squares (SoS) tool [25] (see section 2 for a detailed background on SoS), the
authors proposed an estimator w2 that can be computed in O(n3®) time and that achieved
an average error E[|w2 — W2 (u,v)|] scaling in n™~ min(*55=.1/2) when the densities are assumed
to be m-smooth.

The question of how to estimate the transport map 7Ty came afterward. Again, when no
smoothness assumption is made on the transport map Ty, this task also suffers from the curse
of dimensionality. For instance, the authors of [24] designed a so-called plugin estimator T,
of the transport map, computed via the coupling 7,, solution of the empirical version of the
primal problem (1.2), such that the error |7}, — TOH%Z(#) .= e(T},) scaled as n=2/. Similarly, it

was shown that the maps 7}, obtained with the Sinkorn model achieved an error e(Tn) ~n~t/d
[29]; note that both these estimators can be computed in either O(n3) or O(n?) time yet, as
these rates show, and these models do suffer the curse of dimensionality. At the opposite end
of the spectrum, it was shown in [21] if T} is assumed to be C%, one could design an estimator
T,, that achieved an error e(T},) ~ n”=¥/21 | hence recovering a 1 /m error when smoothness
grows and that this rate was actually statistically minimax; yet this time the estimator cannot
be computed numerically as it involves solving an infinite dimensional optimization program.

1.2. Contributions. Following a similar technique as in [37], we close the statistical/
computational gap for the problem of OT map estimation when the OT map Ty is assumed to
be C% with a > d + 2. Our main result can be summarized in the following informal theorem.

Theorem 1.1. If pu,v have densities bounded from above and below on compact, convex
domains and Ty is C* with o > d + 2 and such that Jac(Ty) is nonsingular on the support of
i, then, given the empirical distributions [iy, Dy, there exists an estimator T, of the transport
map Ty that can be computed in O(n5) time and that verifies for n sufficiently large

a—1—d

a —min( == —2 ) xmin(1
(1.4) E[|T;, — TO”%%M)] <n ( 3 7a+d/2_1)>< (

2 )
’143d/(2a)
I

where O and < hide constants and poly-log factors.

In particular, not only do we provide a statistically efficient estimator that can be com-
puted in polynomial time, but also, when « is sufficiently large, our estimator is minimax up
to poly-log factors. We highlight the fact that even if we provide statistical and computa-
tional guarantees for our estimator, this work remains mainly theoretical as our upper-bounds
involve constants that are potentially exponential with the dimension. Combined with the
fact that our computational complexity scales in O(n5), we believe that our estimator is not
suited for modern big-data applications where n is typically of order ~ 10%. Nevertheless,
we showcase at the end of the paper a Nystrom approximation of our estimator in medium
dimension with Gaussian densities where a small amount of samples are drawn n ~ 103.

1.3. Outline of the paper. In section 2, we begin by explaining the estimation strat-
egy developed in [37], and after an introduction to the theoretical background on the ker-
nel SoS method [25], we show how it allows us to model smooth, positive functions in a

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/22/24 to 128.93.83.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

314 VACHER, MUZELLEC, BACH, VIALARD, AND RUDI

computationally tractable manner [31]. Finally, in order to better approximate the so-called
semidual formulation of OT, we propose an estimator that differs from the one introduced in
[37]. In section 3, we prove that our estimator does achieve the minimax rate n~ et by
deriving a new stability result on the semidual formulation of OT and by applying localiza-
tion arguments through Gagliardo—Nirenberg inequalities [7]. In section 4, we prove that our
estimator 7}, can be computed up to error 7 in O(n’log(1/7)) time. Finally, in section 5, we
show how to improve the practicality of our estimator by incorporating a Nystrom sampling
strategy, for which we do not provide guarantees. Using this heuristic method, we compute
our improved map estimator in the case where u,v are Gaussian distributions in medium
dimensions, e.g., d=2,4,8.

2. Preliminaries and background. Throughout the rest of the paper, we shall assume
that the measures p, v are supported on X,Y C R? and shall add additional assumptions on
u, v throughout the section.

2.1. Estimation of the OT cost. The starting point of the estimation strategy employed
in [37] relies on the empirical dual formulation of OT with a quadratic cost. Given the
n-samples empirical distributions fiy, 7, recall that the empirical OT cost is given by

—

OT = sup (b, fin) + (10, D)
(2.1) ($:4)EC(X)xC(Y)

2
st o)+ wiy) < 20
where C(X) (resp., C(Y)) is the set of continuous functions over X (resp., Y). In order to re-
cover estimation rates that scale well with the dimension, we need to restrict the search space
on the potentials to less complex spaces than C'(X) and C(Y), respectively. One straightfor-
ward way to reduce the complexity is to assume that (g, ), the solutions of original dual
OT problem (1.3), are both smooth. Using the regularity theory of OT, the smoothness of
the potentials can be inherited from the smoothness of the measures pu, v.

Theorem 2.1 (De Philippis and Figalli in [14]). If p and v have m-times differentiable
densities bounded from above and below over X (resp., Y ), bounded conver domain of R¢,
then the solutions (¢o,0) of problem (1.3) are (m+2)-times differentiable over X (resp., Y ).

V(z,y) e X XY,

Yet, instead of making a smoothness assumption on the density of the measures, we shall
make the less restrictive assumption of the transport potential themselves being smooth.
Denoting H,(Q2) the 2-Sobolev space of order s, for Q a Lipschitz bounded domain of R?
and s a positive real number [7], we shall assume that (¢o,1), the solutions of (1.3), belong
to Hg(X) and H4(Y'), respectively. Under this assumption, the new empirical dual problem
becomes

—

oT :(¢ 9 Hsgg " (Y)<¢7 ﬂn> + <1/}a’>n>
3 6 s >< e
22) Iz = gl
s.t. o(x) +(y) < — V(z,y) e X xY .

Statistically speaking, the convergence of the empirical problem (2.2) toward (1.3) is faster
as s grows than the convergence of (2.1) toward (1.3). Furthermore, when s > d/2, the space
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H,(£2) becomes a reproducing kernel Hilbert space (RHKS) [3], which is a Hilbert space with
appealing computational properties.

Definition 2.2. A Hilbert space H of real valued functions defined over some space Z en-
dowed with a scalar product (-,-) g is said to be an RKHS when for all z € Z, the evaluation
0. f € H— f(z) is continuous for the | - ||g-norm. In this case, it has a unique kernel
k:Z x Z+— R such that for all z € Z, k(z,-) € H and for all f € H, f(z) can be expressed as
f(2)=(fk(z,")n-

When the kernel k(-,-) is available in closed form, its associated RKHS has an appealing
computational property known as the “kernel” trick. For any Lipschitz loss L : H — R
depending on data points (z1,...,zy), the solution of the potentially infinite dimensional
problem

is of the form f =", a;k(z;,-); see, for instance, [34]. Hence, if we assume that the transport
potentials are in Hs(X) and Hs(Y) with s > d/2, the kernel trick does apply and problem
(2.1) becomes

- 1™ 1
OT = sup *ZZBJ‘]{Z)((SCZ‘,CU]‘)+*Zzw]'k‘y(yi,yj)
2.3) (Bw)eR™ xR T 57 j=1 g j=1
: n n 2
T —
s.t. Zﬂjkx(xj,x)—i—ijky(yj,y)gH2y|| V(z,y) e X XY,
j=1 j=1

where we denoted /i, = %E?:l 0z, (resp., Up = %Z?zl dy;) and where kx is the kernel of
Hy(X) and ky is the kernel of Hs(Y'). Yet, even though kx and ky are available in closed
form as shown in [41], problem (2.3) remains intractable as the constraint Y7 B;kx (z;, )+

Z;‘:l wiky (y;,y) < M must be enforced over the whole, potentially continuous, space
X xY.

A naive manner to overcome this problem is to simply discretize this inequality constraint
over the support of the empirical measures fi,, 7, and implement instead

n n . 2
> Bikx () + Y wiky (yj,0) < w vie{l,....n}.
j=1 j=1

However, the authors of [37] showed that when one discretizes an inequality constraint, the
error \6T — OT| scales as n~'/¢ with high probability no matter how smooth the potentials
(0, Po) are assumed to be. To overcome this issue, they use a particular structure that they
proved for the optimal potentials: the inequality constraint in OT (at the optimizers) can be
reformulated as an equality constraint with a smooth positive function v: X x Y — R and
proved that + could be expressed as a finite SOS.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/22/24 to 128.93.83.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

316 VACHER, MUZELLEC, BACH, VIALARD, AND RUDI

Theorem 2.3 (Vacher et al. [37]). Under the assumption (¢o,%0) € Hay1(X) X Hay1(Y),
if @ >d+ 2, there exist functions (w;)%, such that w; € Hy—1(X x Y) and that verify

le=wl> s
(2.4) FEUE — o) = doly) = 3wl )?,
=1

where (g, po) are the OT potentials, solutions of (1.3).

Using this result, they proposed to discretize instead the equality constrained version of
the OT problem and used the following estimator:

6?505 = sup <¢,[Ln> + <¢’ ,;n>
()1 €Ha—1 (X XY)

(¢ ) EH i1 (X)X Hapr (V)

(2.5) ]

st BT ) i =3 wo? e (1, )
.T. B l Ui —i:1 i\Tl, Yl PR .

When the estimator above is properly regularized, the authors of [37] showed that with high
probability |[OTg,s — OT| ~ 1y/n when a — co. Yet, computationally speaking, even though
the kernel trick still applies to ¢ and ¢, handling numerically the functions w; is a priori less
clear. In the next paragraph, we give some insight into the work of [25] and show how a

similar kernel trick can be applied to function v = Zle w?.

2.2. Kernel sum-of-squares. One simple way to model a positive function f: R — R is
to take the vector of the n first monomials e, (z) = (1,z,...,2") and A a symmetric positive
definite matrix A € S;(R"™), the set of positive-semi-definite (p.s.d.) matrices of size n, and
to form f(z) = en(x)" Ae,(2). Denoting (M1,...,\,) the (positive) eigenvalues of A and
Q € O,(R) an orthonormal diagonalizing basis, one has f(z) = > 1 Nigi(z)? with ¢;(x) =
[Qen(z)]i; as it is a sum of squared polynomials f is indeed positive. The polynomial SoS
representation has been used in global optimization for over a decade now [22], yet the idea
of modeling a positive function as a quadratic form on the space of monomials was recently
generalized to the RKHS case by [25]. Given H an RKHS with kernel & and A a positive,
self-adjoint operator on H, one can model a positive function as

(2.6) Va(@) = (k(z,-), Ak(z, ) m -

Assuming that A has finite rank p, it can be diagonalized in some orthonormal basis (e;)t_; € H
and one recovers fa(z) = YF_; Nie;(x)?, where the ); are the positive eigenvalues of A;
similarly, any finite sum of squared functions belonging to H can be expressed in the form
x + v4(x). These kernel SOS models also enjoy a kernel trick where one can reformulate
learning problems over the infinite set of positive, self-adjoints operators Sy (H) as finite
dimensional problems over the finite dimensional space of positive, symmetric matrices.

Theorem 2.4 (Marteau-Ferey, Bach, and Rudi [25]). Let L :R™ — R be a function which is
lower semicontinuous and bounded from below. Then the problem

inf L W)+ ATr(A),
At (va(z1),. .., va(2n)) + ATr(A)
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where X > 0, has a solution A* that can be expressed as A* = . bijk(x;') @ k(zj,-) with
B= [bl]] € S+(Rn)

The authors of [37] applied this result to the (regularized) problem (2.5) to recover the
following finite reformulation of their estimator:

6TSOS = Ssup <Zﬁsz l’l, ) b n> <ijkY y]7 s n>+)\T1"(B)

(Bw) R
(2.7) Bes, (k")

Hz—yzH Zﬂl zi,m) — Y wik(yj.y) = [KBK]y,
=1

where K is the matrix (kxvy ((zs,%:), (25,¥;5)))1<i,j<n With kxy the kernel of H,_1(X xY).
Using an interior point method, the problem above can be solved with a precision ¢ in
O(n*°log(%)) time. Hence they managed to recover an estimator of W3 (u,v) with a fa-
vorable statistical behavior and that can be computed in polynomial time with respect to the
number of available samples.

2.3. Estimation of the transport map. Even though the problem of estimating efficiently
the squared Wasserstein distance was solved by [37], our problem is more delicate as we need
to estimate the transport map itself, a.k.a the (gradient of the) argmin of problem (1.3).
If problem (2.5) had strictly positive curvature around the minimum, we could deduce the
convergence of the minimizers (¢, 1) toward (¢o, o) at the same rate as the convergence of OT
toward OT. However, the objective function in (2.5) is linear and in particular nonstrongly
convex. One way to remedy this is to use the so-called semidual formulation of OT. Making
the change of variable (f,g) = (” Ik — ¢, L2 — 1)), the dual formulation of OT can be written
up to moment terms as

OT =inf (f,u) + (g,v)
(2.8) 19
st f(z) +g(y) >y V(z,y) € X x Y,

which is also known as the Brenier formulation of OT. With this formulation, one has at the
optimum g = Lx(f) with Lx(f) the Legendre transform of f restricted to X defined as

(2.9) £X(f):y€Yr—>supxyT—f(a:),
reX

and the problem can be rewritten OT = inf; Jx (f) := (f, u) + (Lx(f),v). If X =R and f is
convex and globally M-smooth, that is, sup,ega ||[V2f(2z)|| < M, it has been shown that this
new objective is strongly convex with respect to the L?(x) norm [21] and verifies

195 = Toll3ag < T (x ()~ Tx(fo)),

where fj is the ground truth OT potential that verifies V fo =Ty. We show in the next section
that a similar result holds when X is a Lipschitz domain and f is M-smooth over X but not
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necessarily convex. Hence, in order to estimate the transport map 7y we choose instead
to solve

inf iy, JUn) + (A
el oy o)+ 00 + AT+ 1B + Dol o)

(2.10) (£,9)€EHas1 (X)X Hayr (Y)
2
+<Z< z) +g(u) — o yi — VA(iEl,yz)> ,

where A\ and ( are positive reals that we make explicit in the next section, || - ||% is the
Froebenius norm, and 74 corresponds to (2.6) for k& = kxy the kernel of H,_1(X x Y).
Note that our estimator is different than the one defined by [37] (see (2.7)) on two levels.
First, for computational purposes that will be made clearer in section 4, we replaced the
trace operator by the Froebenius norm and we used soft penalties instead of hard equality
constraints. Second, as mentioned above, we rely on the Brenier formulation of OT (2.8)
instead of the Kantorovitch formulation (1.3). The rational behind this slight variation is
that as n grows, denoting ( 1, g) the minimizers of (2 10), we expect the empirical potentials
to be linked as §~ Lx(f) and a fortiori that Epio( £.9)~ Jx(f) so we can leverage the strong
convexity of the semidual.

2.4. Assumptions. We formally state our assumptions in this paragraph and discuss their
impact. Our first assumption is our main smoothness assumption on the transport potentials.
As discussed above, it allows us to both temper the curse of dimensionality and design tractable
estimators.

Assumption 2.5. The OT potentials (¢g,10) belong to Hqo (X ) x Hy(Y) and with o > d+2.

Note that our smoothness assumption slightly differs from [21] on two different levels.
First we impose that a > d + 2 which is essentially to ensure that H,_1(X x Y) is indeed
an RKHS so we can apply the SoS trick ; the extra order of regularity required is a small
technical requirement that is developed in [37]. The other difference is that we make the
weaker assumption that (¢g,1p) are in a 2-Sobolev space of order s instead of an co-Sobolev
space of order s. Our second assumption is a set of technical hypotheses on the measures p, v

Assumption 2.6. The measures y, v are supported over X and Y, Lipschitz domains of R¢.
Furthermore, we assume that p,r have continuous densities with respect to the Lebesgue
measure that are bounded from above and below.

The goal of Assumption 2.6 is threefold: (i) it ensures that one can apply the Brézis—
Mironescu inequalities [7] to quantities of the form || f[|zs(,), (ii) it ensures that the spaces
X and Y are “well-covered” by the empirical counterparts /i, 7 and (iii) it ensures that the
measure of points that are r-close for the quadratic distance to the boundary of the supports
vanishes as r goes to zero. Equipped with these two assumptions, we prove in the next section
that for well-chosen scalars (\,¢), we have ||V f — Tol|?. < n” e/,

3. Statistical rates. A standard way to derive optlmal error bounds in nonparametric
statistics is to rely on two key ingredients: the strong convexity of the true risk and the
concentration of the empirical risk toward the true risk. The combination of these two ingre-
dients, also known as localization techniques [39], lead to optimal error bounds scaling as 1/n
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instead of the classical 1/4/n error rate. However, as mentioned in the previous section, our
empirical risk, which is the linear part of objective (2.10) is not strongly convex. Hence, we
first show that at the optimum, our linear risk nearly upper-bounds the semidual. Then we
proceed as in standard nonparametric statistics: we extend the strong convexity properties of
the semidual when the Legendre transform is restricted to the support of the measures and
we prove the concentration of the empirical risk toward the true risk in a localized fashion
using Brézis—Mironescu inequalities. Beforehand, we show that our estimators are indeed well
defined.

Proposition 3.1. If o > d + 1, there exist minimizers (f,§, A) € Hay1(X) X Hay1(Y) x
H,_1(X xY) for problem (2.10).

The proof is left to the appendix and relies on the Kakutani theorem. Equipped with this
result, we can start to prove the results stated above.

3.1. Upper-bound of the semidual. For potentials (f, g), let us define €, ,.(f,g) := (f, )+
(g,v), the (deterministic) linear part of objective (2.10). In the following proposition, we prove
that at the optimum of problem (2.10), &, , nearly upper-bounds the semidual Jy.

Proposition 3.2. Under Assumptions 2.5 and 2.6, it holds for any 0 < <1 that the mini-
mizers (f g, ) of problem (2.10) verify with probability at least 1 —§

1/ V1i+A
\/Z 9

where R is defined as R :=1+ HfHHu+1 y Hlall e, o) + |A|lF and < hides constants that
are independent of n,d,(, and A.

Proof. Using Theorem 2.3, there exist (w;)%; € H,—1(X x Y) such that the optimal
potentials (fo, go) verify for all (z,y) e X xY

Ix(f) = Euw(£.9) S (n/1og(n/8)) @7V EDR 4 (n/log(n/5))

fo(@)+g0(y) —a"y = Zw z,y).
Defining the operator
d
(3.1) A=) "wi®w;,
i=1

the equality above can be rewritten as fo(z) + go(y) — 2"y = va(z,y). Hence, using the
optimality conditions of (2.10), it holds that

2
<Z< 21) + () — 2y — wl,yn) <ol o+ ol oy + 1AIR)

& ,V(foagO) .
Now, using the fact that £, (fo,90) < || follwe (x) + lgollwee vy, we recover that

2
CZ( w) + §(u) — 2 i — m(wl,yz)) ST+
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In particular, for all indexes | we have

(3.2) f@0+§@0—wﬁn—%ﬂﬂwﬂﬁvi%A.

Let us define 0(z,y) := f(z) +gly) —x y — v4i(z,y) for (z,y) € X x Y. As a combination of
functions in H,—1(X xY), 0 is indeed in Ho_ 1(X xY) and its norm can be upper-bounded
as

(3.3) 1611z, xxv) S QA 1l r0ss ) + 19100y + AT ) -

Using the sampling inequalities [42, Proposition 2.4] together with (3.2) and (3.3), we obtain

V1I+A
\/Z 9y

where h is the filling distance defined as h := sup(; e x xy ming [|(2,y) — (21, y1)[|2 and R:=
(1+ H]EHHQH(X) + 1dller.., vy + IIAllF). Now, as shown in [37, Lemma 12], for all 1 > & > 0
we have under Assumption 2.6 that with probability at least 1 — 4, if n > ng, where ng is a
constant independent of n,d, we have h < (n/log(n/8))~*/ % and hence with probability at
least 1 — ¢ for all (z,y) € X x Y,

10]lw=  (xxyv) Sh* IR+

Y@y VitA
V<

Taking the maximum of the right-hand side with respect to x and integrating y over v, we
recover that with probability at least 1 —§

i(y) = @y = f(2)) 2 —(n/log(n/8))" T =V/CIR — (n/log(n/s))"

1/2d)\/1+)\. n
Ve

3.2. Strong convexity of the semidual. We prove in this paragraph that the semidual is
strongly convex around its optimum in our setting. Indeed this result is already known when
the following assumptions hold:

1. Either the semidual is evaluated on convex, smooth potentials [21, Proposition 10]
or the semidual is evaluated on convex potentials (nonnecessarily smooth) with a
continuous target measure [15, Theorem 2.1].

2. The Legendre transform is taken globally over R? and is defined as f*(y) : y
SUDyenew Y — (). A

Yet none of these two requirements holds in our setting as (1) our estimators (f, g) are not
guaranteed to be convex and (2) the Legendre transform is taken only locally over X. Instead,
we prove that [21, Proposition 10] nearly holds when the Legendre transform is taken locally
at the price of restricting the measure p to points that are “not too close” to the boundary.
In what follows, we shall denote for some compact set € and some point = € R? the distance
from z to Q as d(z,Q) :=infycq ||z — y||2.

Eun(f,9) = Ix () Z —(n/log(n/8))~ @~ V/CDR — (n/log(n/5))~
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Proposition 3.3. If u is a probability measure supported on a bounded open set X and v is
a probability measure such that the OT map Ty =V fy from p to v exists, then for a potential
f with an M -Lipschitz gradient over X and strictly positive distance r >0, we have

IV F = Toll .,y < 2MI(Tx () = Ix(fo))

where p, is the measure p restricted to A, = {x € X|d(x,0X) >r} the set of points the are at

. V 7T o0
least at distance r from the boundary and M= max (M, M)

Before starting the proof, note that as X expands toward the whole space R¢, we can take
r arbitrary large and recover the result |V f — T0||%2(M) <2M(J(f) — J(fo)). Even though
this result is standard in OT literature [21, 24, 38|, we manage to obtain it without assuming
the convexity of the potential f. Unfortunately, we did not manage to prove the tightness of
the upper-bound, and in particular, we do not know if a similar result holds when r = 0; we

postpone this open question for future work.

Proof. We begin by noting that, since Tj is a bijection between X and the support of v,
the term (Lx(fo),v) can be rewritten as (f§ o Ty, 1), where f§ is the Legendre transform of
fo taken globally. Similarly, the term (Lx(f),v) can be rewritten as (Lx(f) o Ty, u). Hence
the difference Jx(f) — Jx(fo) reads

(3.4) Ix(f) = Ix(fo) = /f(l‘) + Lx(f)(To(x)) = fo(x) — fo (To(z))dp(x).

The Fenchel-Young equality gives for all z in R? that f3(Ty(z)) =2 To(z) — fo(x), and hence
the fo terms cancel in the formula above and we obtain

(35) Ix(1) = Ix(0) = [ 1)+ Lx(H(Tala)) ~ o To(w)dn(e).
Now, by definition of the Legendre transform, the integrand reads pointwise for all u € X
(3.6) F(@)+ Lx(f)(To(x)) — & To(w) > f(x) +u' To(z) — f(u) — 2 To(z).

In particular, for v = x, the right-hand side is zero, and hence it proves that the integrand
is pointwise positive. Hence, for r > 0, we can lower-bound the difference Jx (f) — Jx(fo) by
the integrand integrated over the restricted measure g,

(3.7) Tx(f) = Tx(fo) > / (@) + Lx(F)(To()) — 5" To () dpie ()

Let us now use again (3.6) with us(x) :== 2z + a(To(x) — V f(x)), where a > 0 is to be chosen
later. First, we need to chose « such that u belongs to X. Let us define o™ as

o =inf By :={a>0|uq(z) ¢ X}.

Since X is open, o* is indeed strictly positive. For arbitrarily small e > 0, one has uq-—(x) €
and hence uqy-(z) € X. Furthermore, as X is opened, we can guarantee that ue-(z) ¢ X.
Hence, uq- () € X N(RY\ X) =0X. Now recall that = € A,, so in particular, ||z —uZ(x)| > r,

«

X
X

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/22/24 to 128.93.83.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

322 VACHER, MUZELLEC, BACH, VIALARD, AND RUDI

ie., a*||[Vf(z) — To(x)|| > r. Hence by definition, a* > r/[|V f — Tyl (x), and as a conse-
quence, it suffices to take a <7 /||V f —To||wee (x) to guarantee that u,(z) € X. Noting that for
all t € [0, 1], we have tx + (1 — t)ua(7) = u(1—)a ( ) € X, we can apply the Taylor inequality to
the integrand at order 2 with respect to a. Denoting A(z) = f(2) + Lx (f)(To(x)) — z " Ty(z),
we recover for all z in the support of p,

A(z) 2 f(2) + ua(@)  To(z) — f(ua()) -z To(x)

(2) + alTo(x) — V() To(x) — f(2) — aVf(2) (To(x) - V()
M 9 p ) To(o)?

=a|To(z) - VF(2)|I* -

> f
> f

() = To ()]

Taking the maximum with respect to 0 < a <r/||Vf — T |y~ (x) is separated into two cases:
elther & <r/|IVf-T 0||Woo y and we get that the maximum of the right-hand side above is
37 IV f(z) = To||? or 47 > r/||Vf To|lwee (x) and we obtain the following lower-bound:

5 2
| . M . IVf(2) - To(x)|
(3.8) (z) 2 (T 2 \|Vf—ToHW0°°(X)) IVF = Tollwsx)
- r|Vf(z) — To(z)|?
= 2/IVF — Tollwg(x)

(3.9)

Hence we have

1 T
10 I = I 2 min 537 e ) IV = Bl

which gives the desired result. |

Now, it remains to control the gap between ||V f —To||r2(,,) and |V f —Tol|1>(,)- To this
end, the lemma below guarantees, for X a Lipschitz domain, pu(R?\ A,) is O(r). It allows us
to bound the gap as

IVF — Tol2,.,
IV = Tol32 < ) 4|V f - Dol x)

in particular, as V f converges toward Ty, the gap can be tighten.

Lemma 3.4. Let p1 be a probability measure supported by X a Lispchitz domain of R, If u
s continuous with respect to the Lesbeque measure with a density bounded from above by pg,
then there exists ro such that for all v <rq, it holds that u(R*\ A,) < por.

The proof is left to the appendix.

3.3. Localized concentration. In this paragraph, we collect the last technical result to
derive our statistical rates. We derive a concentration bound for the empirical process (g, u— )
when p is supported over X a compact subset of R? with a Lipschitz boundary and g is assumed
to belong to some Sobolev space Hg(X) with 8 > d/2. We highlight the fact that while
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standard concentration results rely on (localized) metric entropy bounds, we use instead the
Pinelis inequality combined with Brézis—Mironescu inequalities. Had we relied on the former,
we would not have matched the minimax upper-bounds in [21] in the highly smooth regime.

Proposition 3.5. Let u be a continuous probability measure bounded from below, supported
over X a connected bounded subset of R® with Lipschitz boundary, and let [ be its n-samples
empirical counterpart. Let g be a potential belonging to Hz(X') with 3 >max(1,d/2). For any
0<0<1 and € >0 such that d/2+ € < 3, it holds with probabilty at least 1 —§ that

. log(2/6 p=d/2= 42
(3.11) <94L—u)§(iﬁi)uvgmpa) ol -

Proof. Defining the mean of g over X as m= [ g(x)dzx, we first observe that (g, — fi) =
(9 —m,pu — f1). Then, we define the kernel mean-embedding as w, = Ez.,[k(Z,-)], where k
is the reproducing kernel of Hg/yy(X). Using this definition and reproducing property, we
have

(3.12) (g — i) = / (9(z) — m) d(u(z) — ()

xT

(3.13) = [tg = k(e )i, ) dlil) — i)
(314) = <g —m,wy — wﬂ>Hd/2+e(X)
(315) < Hg - m"Hd/2+5(X)“wN - wﬂ”Hd/ere(X) )

where the last inequality is obtained using Cauchy—Schwartz. For any 0 < § < 1, we can
upper-bound the second term of the right-hand side: the Pinelis inequality [9] yields that
with probability at least 1 — 6,

log(2/9)
ku - wﬂ|’Hd/2+e(X) 5 ﬁ :

The first term is upper-bounded using [7, Theorem 1] with p=p; =pa =2, s=d/2+¢, s1 =1,
and so = 3, and we obtain

B=d/2—¢ d/2+e—1

9=l 1000 S Nlg = il g = mll i -

The term ||g — m| g, (x) is decomposed as ||g — m|| g, (x) = IVgllL2(x) + [lg — M2 (x)- Since
f v9(x) =mdr =0 and X is a bounded connected subset of R? with Lipschitz, we can use
the Poincaré-Wirtinger inequality [26] to recover |lg —m|lr2(x) S [IVgllr2(x). Using the fact
that p has a density over X bounded from below, we get [|Vgllz>(x) S Vgl 12, and hence
with probability at least 1 — ¢

.\ log(2/0) S =
(3.16) <gvﬂ_ﬂ>§ﬁ"g_m”}[;(x) ”VQHL;(M)
We conclude using the fact that |lg —m| m,x) < 2/l m,(x)- u

Equipped with this result, we now have all the ingredients to derive the statistical rates
of our estimator of the potentials.
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3.4. Proof of the main result. This paragraph is dedicated to the analysis of the conver-
gence of our empirical estimator V f toward the OT map T from p to v using the results from
the three subsections above. Equivalently, we shall study at the same time the convergence
of Vg toward the inverse transport map TO_I, i.e., the OT map from v to v.

Theorem 3.6.71({szer Assumptions 2.5 and 2.6 and the additional assumption d > 2, if we
set Ap=mn min(*57 a1 and (= )\T_LQn_l/d, then, denoting Ty the OT map from u to v,
the minimizers (f,g) of the empirical problem 2.10 verify

min(1

3 & - SEEPVIETSY,
(3.17) BV S~ Tollay + 1V — Ty ag] S n 7
where < hides poly-log factors in n and constants that do not depend on n.

Hence, as claimed in the introduction, when the smoothness parameter « is sufficiently
large, we have A, ~ n”=%/21 and we match exactly the minimax rate found in [21]. While
the slow rate n~"2¢~ could indeed be expected in the less smooth regime as it quantifies
how much the constraint f(z) + g(y) > xy' is violated, the extra 1+3+/(2a) exponent may be
an artifact of our proof. It comes from the fact in Proposition 3.2 that we only managed to
prove strong convexity of the semidual with respect to the L?(j,.) seminorm, where j,. is the
measure p restricted to the points that are at least at distance r from the boundary of its
support, instead of the L?(y) seminorm, with an upper-bound degrading as r — 0. However,
this extra exponent can be removed by slightly tweaking our estimator. The idea is to sample
the cost SoS constraint on a domain larger than X x Y instead of imposing the (soft) cost
constraint over the pairs (z;,y;) one can inject noise and impose the cost constraint as

flaite)+alyi+e)— (mi+e)(yi+e) —valz +e,yi+6)<<1,

where the e%,e? are uniformly drawn in the ball B(0,¢p) with € fixed; this simple “oversam-

pling” strategy allows us to get rid of the edge effect introduced by Proposition 3.2.

Proof. The proof is decomposed into the following main steps: (1) we use the results of
section 3.2 on the strong convexity of the semidual to upper-bound the error ||V f=Tp | 22(u) by
Jx(f)—Jx(fo) and a residual term, (2) we use the upper-bound of Proposition 3.2 to replace
the difference of the semiduals by the difference of the nonstochastic objectives £, , and use
the concentration result of Proposition 3.5 to concentrate the empirical objective toward the
nonstochastic objective; we obtain an upper-bound on the error that depends on the RHKS
norms of the empirical potentials, (3) we use the same type of arguments to bound the RKHS
norm of the empirical potentials, (4) we obtain two coupled upper-bounds that relate the error
and the RKHS norm of the empirical potentials, and we conclude. Note that the main difficulty
of the proof comes from the fact that we softly penalize the norms ||JE||HQ+1(X)> 9/l ., (v) and
|A||% instead of imposing a hard constraint that would require a priori knowledge of these
objects and lead to a less adaptive estimator. To ease the understanding of the proof, we
advise the reader to treat these quantities as O(1) in the first place.

(1) For a Lipschitz function h and r > 0, we define the error ey, (h) := (HVhH%Q(M))l/Q. For

any probability measure y, the error eg ,,( f — fo) can be upper-bounded as

&3, (f—fo)<es, (f—fo)+IIVF- TOH%/VO”C(X)/“L(Rd\AT)a
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where A, is defined as A, = {z € X | d(x,0X) > r} and where p, is the measure u restricted
to A, that is such that for all Borel sets B, u,(B) = u(BNA;). Using Proposition 3.3, if r >0
is sufficiently small, the first term is upper-bounded as

N IVf - Tollwee (x

r

&, (F-fo) < 2<||f||W2°°(X) )>(Jx(f) ~ Ix ().

and using Lemma 3.4 we have u(R?\ A,) < r. Hence, denoting for some Lipschitz function
h and some measure p the supremum norm of the gradient over the support of y, ex ,(h) =
VA Lo (4), We get with this notation

oou<f—fo>) (Tx () = Tx(fo) + e — fo).-

(3.18) eg,u(f—fo)§2<||f||wgw(x)+

We now upper-bound the term eq ,,( f — fo) by ea u( f— fo) using Gagliardo-Niremberg inequal-
ities [27, Theorem 1]. Since both Vf and V fj belong to the RKHS H,(X) componentwise,
it holds that

~ ~ A ~ 1—-2 ~ 1—-4
(3.19) eoon(F = 10) SIF = foll3.. oo IVF = Toll o, + IVF — Toll 2%,

Since p has a bounded density with respect to Lebesgue over X, we can upper-bound ||V f —
Tollz2(x) by [IVf = Tollz2(u) and we recover

(3'20) eoo,u(f_ fO) 5 BQ,M(f - fO)lii(Hf”H +1(X) + 1)
which eventually yields

~ " e A— 1_* _|_1 R
eg,u(f—fo)SJ(Hwaoo(xﬁ 20l = ORI o ))uX(f)—JX(fo))

(3.21) r

+reau(f = fo)? "(llfllH oo T2

Conversely, a similar result holds for the empirical potential §

(g = BV (315 + 1)
T

2y Beli =15 (b + )i i)

treaw(d— 137 (35 oy + 12

(2) Now let us upper-bound the term Jx( f) — Jx(fo) with high probability. This term can
be rewritten as

(3.23) Ix(f) = Ix(fo) = (Ix(f) = Eun(F,0)) + (Eun (f. ) = En(fou £3))

where we recall the notation &, ,(f,9) = (f, 1) + (g,v). Using Proposition 3.2, we have for all
0 < < 1 with probability at least 1 — ¢

1+

>

(3.24)  Jx(f) = Euw(f,3) < (n) log(n/8)) " 1=D/CD R 1 (n/1og(n/6))"1/ @D

S
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where R is defined as R :=1+ ||f||Ha+1
empirical risk £, 5 ( £ g) in the second term as

Eun(£10) = Eun(fo, 17) = Eni(fo f5) - Eao(f,9) +
+ gﬂ,z)(fag) }Lﬂ/(f f )
g 7

y e, o) + |A||p. Now, let us introduce the

kﬁ>
o

i (f5.9) = Euu(fo, 10)

9

We upper-bound the last term difference £, ,(f,9) —
empirical potentials (f,§) as

(3.25) Eio(£,9) < Eo(for £3) + M follir.,., ) + 15 Vo, vy + 1A

where the operator A is defined in (3.1). The first terms can be rewritten as

o (fos f3) = Eao(f,9) + Euw(F,0) — Ep (fou f3) = (fo — [ o — 1) + (f§ — 6,0 — v).

o(fo, f§) using the optimality of the

Let us now denote A(f, g) = {(fo— f,ﬂ — )+ (f5 — g, 7 — v) and let us use Proposition 3.5
with 8 =a + 1 to upper-bound with probability at least 1 — 29 the right-hand side as

1 25 d/24+e—1
8/ | o) (F = Fo) =1~ ol

A(f,9) S
EA/ T
(326) f atl—d/2—¢
+ 62,1/(.@ - fg) *

24e—1

g — f(}k”Ha:l(y)

Assuming that A <1, we have with probability at least 1 — 2§

Ix(f) = Jx(fo) SA+ R(n/log(n/8))” 2" + (n/log(n/8)) "1/ @ ¢=1/2

lOg 2 (5 ~ a+1— 4/2 d/24e—1
(3.27) ; fﬁ{)ez,u(f—fo) I = foll
10g(2/5) atl-d/2—c . d/2+e—1
iy () A 1 RS

and a similar result holds for Jy (g) — Jy ( fo) Let us now merge together the results from the
two previous paragraphs. Denoting Z = 3 u( f—=fo)+ e3, 2,(9 — f) and picking ¢ such that
n~ 1/ (2d)=1/2 — )\ yields that with probability at least 1 — 4(5 that for r <rgy, we have

d

. Ri=zl/?-1i Lo a1
Z< <R+ 7') <)\log(n/6)2d + R(n/log(n/d))” =

10g(2/5) A atl— d/2— A d/24e—1 Ao d A d
R « Z 2a R2a .
Y edn €f r

Hence, provided that the quantity R remains bounded as n — oo, we can obtain the conver-
gence of Zasn grows.

(3) To ensure that R is bounded, recall that the optimality conditions of estimator (2.10)
imply that

(3.29) AR? <A(lfolldr, ) + 151 o) + AR + Eno(fo, £5) — Epi(

(3.28)

s
Na)y

).
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Then, we handle the term &; 5 (fo, f5) — Epi( £,9) in a similar fashion as in the previous
paragraph. We decompose as

(3.30) Eno(for £3) = Eo(F,9) = Euw(for 15) = Eun(F,9) + (f 9)
where we defined A(f,§) := Euo(fo, f3) = Epo(f,9) = (Enw(fo, [7) = Enw (],

can be rewritten as

(3'31) 5u,u(f07f6k) - gu,u(fag) = JX(fO) - JX(f) + (JX(f) - gu,z/(fvg)) .

The term Jx(fo) — Jx(f) is negative as fo is the minimizer of Jx and the term Jx(f) —
Euwv(f,§) is upper-bounded with probability 1 —§ using again Proposition 3.2 as

(3.32) Ix(f) = & (£.9) < (n/1og(n/8)) " 1=D/CD R 4 Nog(n/5)2i

Conversely, remark that A(f,§) = (fo— f,fi—u) + (f§ —g,v —v) and hence we can use again
Proposition 3.5 to recover with probability at least 1 — 24

> . log(2/0) at1=d/2= d/24e-1
A(f,g) ef va T0||L2 ”f fOHH 1(X)
/24e—1

afl-d/2—¢ d/2t+e-1
=+ HVQ T_ ||L2(u) Hg - fSHH(,jl(Y) .

g)). The first term

Hence we recover the upper-bound with probability at least 1 — 34,

a721<17dR 10g(2/5) a+1l 2d/2— R 1/22 e—1 .

ev/n

In particular, if Z converges to zero sufficiently fast, we can ensure that R is bounded up to
log factors.

(4) If we combine the conclusions of the paragraphs (2) and (3), we come up with the following
coupled upper-bounds on Z and R:

(3.33) AR? < Mog(n/8)2i + (n/log(n/8))~

—d

A (R 4 REZ ) ()\ log(n/8)2 + R(n/log(n/s))” =i

P d/2— ~d/24e—1 A d oA d
| los(2/9) pzt >+er 2 Rza,

evn
AR? < Mog(n/6)2a + (n/log(n/8))~

log(?/é) A atl— d/2 eRd/2+e 1

o

Recovering the parameters A, e, and r such that R is bounded and such that Z converges as
fast as possible is now a purely algebraic problem and does not present much interest on its
own. Hence we conclude with the following lemma, whose proof is left to the appendix.

Lemma 3.7. Let (a,) and (by,) be two positive sequences such that by, > 1 for all n that
verify

1—-d

an (b +t ) (A log(n/8)% + bu(n/ log(n /)~ "5

atl—d/2—e d/24+e—1 d d
log(2/4 o a =551 54
—I—%an 2 bn )—I—ran 2o e

Ab2 S Mog(n/8)2i + (n/log(n/d))~

at+l—d/2—e d/24e—1
log(2/8) | “H5HA=E A
f n n
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_ : o _a—1—d 3d
for any e, A < 1 and r < rg. Choosing A\, = n min( 7~ %5 ), r = ro\a"", and
en = 1/log(n), then one recovers

2a+d )
min(1 d—1

5 max(6,
(3.34) an ST (10g<n> 1og<2/a>> — .

Applying the previous lemma to a, = Z and b, = R with the appropriate parameters
yields that with probability at least 1 — 46 we have Z < ¢,, where ¢, is defined in (3.34).
There remains to obtain this result in expectation. Recall the optimality conditions that hold
with probability 1:

(3.35) MR < € (fo. £3) + Malll ol ., o I 75 1, vy + IANE)

In particular 22 < A-1 and, recalliAng that Z = eu(f — fo)> +eu(g — {”6*)2 < ||f||?{a+1(x) +
ngfgw(y) + 1, we have a fortiori Z < A\, 1. Let us now upper-bound Z in expectation: for
any 0 <& < 1, it holds that

E[Z) SE[Z|Z < cnP(Z S en) + EIZ|Z 2 cn]P(Z = ).

Using the results above, we have that E[Z|Z > ¢,|P(Z > ¢,) < 46A; 1. Hence, it suffices to
take 0, = 1/n to recover up to poly-log factors

~ min(1

2
(3.36) (2] < an )

4. Finite reformulation and associated complexity. We proved in the previous section
that our estimator (2.10) was statistically optimal for well-chosen regularizers (A,() yet it
remains to prove that our estimator is indeed tractable. At first glimpse, as problem (2.10)
optimizes over infinite dimensional objects, it is not clear that our estimator can be computed
numerically. Yet as detailed in the introduction and section 2, standard and SoS kernel tricks
apply; the following proposition shows that the objects involved in problem (2.10) admit a
finite reparametrization at the optimum.

Proposition 4.1. Denoting (f,g},fl) solutions of (2.10), there exist coefficients (fi)i<i<n,
(9j)1<j<n and a positive symmetric matriz (a;j)i1<i j<n such that

F() =301y fikx (xi,-),
(4.1) 90) = 251 9iky (yj:),
A=370 aighxy (%6,9i)s ) @ kxy (5, 95), )

where kx (resp., ky) is the kernel of Hoy1(X) (resp., Hot1(Y)), kxy is the kernel of
H,_1(X xY) whose explicit forms can be found in [37, Proposition 4], and where

kxy ((zs,vi),-) @ kxy (2,95),7) : h € Hae1 (X X Y) = h((z5,95)) kxy ((zi,9i), ) -
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Proof. Fixing the potentials (f,g), our problem (2.10) becomes

inf i) + (g, 7) + A ]| A ;
oo g o)+ ) + MBI+ 11 0+ )

2
+CZ< (@) +g(w) — ) v — ’YA(l‘z,yl)> :

Using [25, Theorem 1] immediately yields that at the optimum,

n
A= agkxy ((zi,i),) ® kxy ((z5,95),)
ij=1
with (a;;) a positive symmetric matrix. The finite reparametrization on f and § simply follows

from the standard kernel trick. [ ]

When we plug this finite reparametrization into our estimator (2.10), we obtain a finite
convex problem that we can provably solve in polynomial time. However, left under this form,
the problem is ill-suited to practical resolution as it is constrained over the cone of p.s.d. ma-
trices. Instead, we derive the dual formulation of the problem, which is unconstrained.

Proposition 4.2. Problem (2.10) is equivalent to
2

1 5 1 Z T 1, 1 ¢
(4.2) —ulenﬂgn e Qu—kﬁ —Zuiq)jq)j +EHUH - ﬁZujzj—l—ﬁ,
j=1 j=1
+lFp

where (-)4 is the projection operator on the p.s.d. cone, Q = (kx(xi, ;) + ky (¥, yj))1<ij<n,
zj = 2)\.7:]»Tyj + %[Ql]j, ¢ = ﬁlTQl, and ®; is the jth column of K)l(/é with Kxy given by
(kxy ((zi,vi), (x5,Y5)) )1<ij<n. Furthermore, the following primal-dual relations holds (at the
optimum,):

(4.3) fr=ax X (i — )kx (i, ),
9 = o 2oiey (ui — 2 )ky (yi, ).
Proof. We start by plugging the finite dimensional reparametrization into problem (2.10),
which becomes

. 1 1
inf lTKxf-i-1TKyg+)\<||AnyH%+fTKxf+gTKyg>
4.4 (f,9)ER™ N n
(4.4) Aes| (r")
+C||Kx f + Kyg — Diag(XY ") — Diag(Kxy AKxy )|,
where Kxy = (kxy (%3, vi), (25,95)))ijs Kx = (kx (@i, 25))i5. Ky = (ky (¥, ¥5))ij, X = (2:)i €
R™ 4 and Y = (y;); € R™*¢ and where Diag(-) stands for the diagonal of the matrix and 1
stands for the vector of ones. Making the change of variable B = K;(/S%AK;/}Q, yields
1 1
inf 1 Kxf+-1"Kyg+ A(HBH% +fTKxf+ gTKyg>

G)ER" N
(4.5) B(égi(R")

+C||Kx f + Kyg — Diag(XYT) — Diag(K 32 BKY2)|I2.
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Defining the function © : u € R — (||lu — Diag(XY ")||?, the operator O: (f,g,B) — Kxf +
Kyg — Diag(Ky{2 BKY?), and

1 1
Q:(f,9,B) ﬁlTKxf + ﬁlTKyg + A(HBH% +fTKxf+ gTKw) + (B €S4+(R"),

the previous formulation reads with this notation:

(4.6) inf Q((f,9,B)) +0O(0(f,9, B)) = sup —Q*(0"u) — ©"(-u),
o

where the equality comes from the Fenchel-Rockafellar theorem [30] and ©* and ©* are the
convex conjugate of 2 and ©, respectively, and O* is the adjoint of O. Furthermore, at the
optimum we have O*u € 9Q((f,g,B)), where 00 is the subgradient of Q. Let us compute
explicitly the convex conjugates and the adjoint: as a quadratic function, the conjugate of ©

reads ©*(u) = ||4¥ 4+ Diag(XYT). Let us compute the conjugate Ofﬁ-BH)\HBHF—i—L(BE
S+(R™)),
T(B)= sw (AB)r—AlAl}
A€S, (R™)
B
== it —(A5) +IA4I
AeS (R™) AN g
BI* _|IBII?
ST EE F
Aeélf(m‘ 2 Ipe
IBI% 1 2 2
= T 20\A-B Bl%2 - ||B. - B
o Doaae I3 = (IBIE ~ 1By — BI3),

where ()4 is the projection on the p.s.d. cone with respect to the Froebenius norm. Now recall
that for any A € S;(R™), we have (A— B4, B — B4 )p [8, Lemma 3.1]; in particular, for A =0
and A =2B., we recover that (B, B— B;)p =0 and as a consequence || B||% — || By — B||% =
| B4+ ||%. Being the independent sum of 7(-) and two quadratic functions, we deduce that

O ((f.9. B)) = fTKf 1T 1TKx1 ¢g'Ky'g 179 17Kyl
9 EVE TN oA | AnZ) AN 2) 42\
Finally, one can check that O*u = (KXu,.K'yu,—Z?:1 uj<I>j<I>;—), where the ®; are the j
column of K)l(/é Plugging this formula into the conjugates yields

1
—|IB.|%.
4AH +lE

T S i ®dT) . |2 2
Q4 (0% u) — O (—u) = — (Kx + Ky)u (=251 4% )+llF — u]

4N 4\ 4¢
1"(Kx+ K 1" (Kx + Ky)1
( X + Y)U +'LLTD1&g(XYT) . ( X + Y)
2n n2

Finally, the optimality condition O*u € 9Q(( f g, B)) on the first two variables yields Kxu=
1 ITK +2)\fTKX and Kyu= lTK +2\g" Ky, which is equivalent to f = 5% Z?:l U; — %

and 9= 3x ZZ L Ui — n, which eventually yields on the potentials themselves f = %\ o (u—
%)kX(xH ) and g = 22 Zz:l(ul n)ky(yw ) u
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Now that we have a finite unconstrained convex reformulation of our estimator, we can
derive its associated computational complexity. We chose an accelerated gradient descent
scheme to solve (4.2), which is known to be the most efficient first order method for convex
problems [8]. To recover its associated complexity, we simply need to compute the condition
number of the problem, which is given by the ratio of the smoothness of the objective divided
by its strong convexity constant.

Proposition 4.3. The condition number of problem (4.2) is given by k:=1+ 3 (fmaz(Q) +
| Diag(K xy)||3), where &mar(Q) is the squared largest singular value of Q. As a consequence,
solving problem (4.2) with an accelerated gradient method for a T precision can be done in
O(log(1/7)\/K) steps, where each step costs O(n?).

Proof. As a sum of convex terms and of u +— 4C||uH2 we immediately have that the
objective is at least 2( -strongly convex. In order to compute the smoothness, we need to
compute the smoothness of h: u— [|(— Z LU P @T)J,_HF Note that h can be decomposed
as h=1o¢, where ¢(u) =—>"_, u;®; <1> and where ¥(B) = || B+ ||%, the squared Froebenius
norm of the projection on the p.s.d. cone Wlth respect to the Froebenius norm. By the chain
rule, for any (u,v) in R™ it holds that

IVA(u) = Vh(v)|3 = [|Tac(¢) (u) Vi (b(u)) — Jac(d) () Vi ((0)) 13

n

Z@@T Vi (¢(u) — Vo(p(v)) s

<.
Il
-

S Emax (Vi ($(u)) — Vip((0)))?[| ;1

||M:

ZII‘I> 12 | Ve ((w) = Voo (v))lIE

Now recall that 1 is 2-smooth with respect to the Froebenius norm [20, equation (1.2)], so we
can deduce

1/2
n
IVA(u) = Vh@)[2 <2 [ D@50 ) llé(w) = é()lr
j=1
. 1/2
=2 12,15 HZ 180 | r
j=1
1/2
n n
<20l | Dy — vl 9% || e
P =1
. v2 o, 1/2
<2fu—vl2 | Y1193 > @@ 7
j=1 J=1

n
=2u—vl2 [ Y I19;13
j=1
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By the definition of ®; as the jth column of K)lf/é, it reads || ®;[]3 = (ny)?j, and hence
we recover that h is 2||Diag(Kxy)||3-smooth and by extension that the objective of (4.2) is
(i + 35 (§max(Q) + || Diag(K xy ) [13))-smooth. In particular, the condition number of objective

(4.2) is given by k =1+ %(fmaX(Q) + ||Diag(K xy)||3). Using [8, Theorem 3.18], we deduce
that O(y/klog(1/7)) steps of accelerated gradient descent are required to solve (4.2) with a
T precision. Finally, each step of the accelerated gradient descent only involves computing
the gradient of the objective (4.2) whose complexity is dominated by the computation of the
gradient of the function h defined above. By the chain rule, recall that the gradient of h
is given by Vh(u) = Jac(¢)(u)Vy(¢p(u)), where ¢ and ¢ are also defined above. Using the
previous computations, recall that

Jac()(u) V() = (2,9, Vi ((w))) F)1<j<n
= (@] V(d(u)®))1<j<n -

The complexity of evaluating V)(¢(u))®; scales as O(n?) and has to be done n-times, which
leads to an overall complexity of O(n?) plus the complexity to compute V(¢ (u)). Using [20,
equation (1.2)], the gradient of ¢ at some matrix B is given by V¢(B) = 2B, where By is
the projection of B with respect to the Froebenius norm on the p.s.d. cone. If B is symmetric,
this projection is obtained by computing the spectral decomposition of B as B = Z;‘:l /\jujujT
and by cropping the negative eigenvalues B, = Z?zl max (0, )\j)ujujT [5, section 8.1.1]. Since
the spectral decomposition of an R™*"™ matrix scales as O(n?), we recover a total complexity
of O(n?) per gradient step. [ |

Let us give a worst case bound on x so we have a fully explicit complexity with re-
spect to the number of samples n. First, since kxy ((z,y), (z,y)) = 1 [41], we exactly have
HDiag(KXY) H% =n. Furthermorev since gmax(Q) < TI‘(Q), we have gmax(Q)"i_ HDiag(KXY)H% <
3n. It remains to bound the ratio %: if one picks the values of A and ( indicated in Theo-
rem 3.6, this ratio depends on the smoothness parameter . If a — d+ 2, we have A ~n~1/24
and ¢ ~ 1, which give a total complexity of O(n35+t1/(44)1og(1/7)) to reach a 7-precision. On
the other hand, in the highly smooth regime o — oo, we have A ~ 1/n and ¢ ~ n?, which give a
total complexity of O(n®log(1/7)) to reach a T-precision; in particular, we do reach a polyno-
mial dimension-free worst case complexity. However, while the statistical rates improve with
the smoothness, the computational complexity on the contrary degrades with the smoothness.
We believe we could have avoided this poor dependence on the smoothness by resorting to
Newton-like methods, as done in [37]. However, we chose to use a first order method as it is
easier to implement and scales slightly better in practice.

5. Nystrom approximation and numerical simulations. In this section, we present nu-
merical simulations of our estimator when applied to simple examples of smooth OT problems
in medium dimensions. Yet beforehand, we used a Nystrom approximation strategy in order
to reduce the O(n?) per step complexity previously found. We highlight that we do not pro-
vide any theoretical guarantees for this heuristic, whose main goal was to allow for simulations
to run with n ~ 103 samples; without this heuristic, we hardly were able to run the accelerated
gradient for n ~ 102,
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5.1. Nystrom approximation. As showcased in the proof of Proposition 4.3, the main
computational bottleneck of the gradient descent is the computation of the SVD of the matrix
=2 uj<1>j<l>;-r followed by the computation of the scalars <I>;-r(— > i1 uj<1>j<1>;-r)+<1>j for a
given u € R". This complexity can be reduced by replacing the kernel matrix Kxy that
appears in (4.5) by its Nystrom approximation [43] K = K¢y (Kyy) " H(Ky) T, where r <<n
and Ky isanrxr matrix randomly extracted from Kxy and K ¥y is its corresponding n x r
matrix. A square root of K is given by {(};(K&;)_I/ 2 ¢ R™ ", which amounts to replacing
the (®;)1<j<n in problem (4.2) by the (®;)1<j<n, the n rows of the matrix Ky (K, )~1/2.
Hence the approximated problem to solve is now given by

2
2

1, 0 1 q
+EHUH —”\;u]z]+4)\.

.1 1 -
(5.1) —uleann e Qu—kﬁ —Zlulq)]q)j
J:

+1F

The cost of forming the matrix — 2721 uji)fi);r is now given by O(nr?), the cost to compute
its SVD is O(r?), and the cost to compute the scalars &?}(—Z?:l ujcf)ji);—)gi)j is O(nr?).
Hence the total cost per gradient step is reduced to O(n? + nr?), where the n? term comes
from the computation of the vector Qu.

5.2. Synthetic experiments. We describe in this paragraph the setting of our numerical
experiments. We chose p and v to be centered Gaussians distributions whose covariance
matrices C,,C), were drawn from a Wishart distribution with parameters Iy,d, where I is
the identity matrix of size d; for this choice of distributions y, v the OT map Ty has a closed
form [36]. Then we drew nyrain, Mtest, Nvalia Samples from p and v, respectively, and we solved
problem (5.1) with parameters ¢ = 103, 7 = 100 and Sobolev kernels Hy with s = 20. The
parameter A was taken in {1077,107%,107°,107%,1073, 1072} and for each value of \, we solved
problem (5.1) on the training samples and recovered transport maps Tl’\,T 2>‘ from p to v and v
to u, respectively. Then the parameter \ was chosen according to the following heuristic: we
picked the value of A that minimized the sum MMD (T (fitest), Ptest )2 +MMD(T5 (Ptest ), fitest )2
where MMD(+) is the maximum mean discrepancy [18] with respect to the RKHS H,. Finally,
after selecting \, we reported the empirical error MSE = || T~ Ty ||%2(ﬂva1;d)+||f2/\_T(;l ||%2(9va“d).
The values of ntegst, Nvalia Were both fixed to 1000, while the value of nipain ranged from 200 to
1000. This experiment was carried out in dimensions d = 2,4, 8.

The results of the experiments are reported in Figure 1. In all cases, the error does decrease
with the number of samples yet it is unclear how the dimension affects the convergence rate

—— MSE(T,T) —— MSE(T,T) —— MSE(T,T)

0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
# samples # samples # samples

Figure 1. Transportation map mean square error (log scale) in dimensions 2, 4, and 8, respectively. Shaded
areas correspond to the standard deviation.
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a.k.a. the slope of the curves displayed in Figure 1. One possible explanation is that the rates
of convergence only hold for n sufficiently large (see Proposition 3.2). We plan to investigate an
implementation that could run at scale for future works and hopefully observe more accurately
the theoretical convergence rates stated in Theorem 3.6 as well as the effect of the dimension.

Appendix A. Additional results.

A.1. Proof of Proposition 3.1. The existence of A is ensured by [25, Proposition 7].
Let ( e, Jx) be a minimizing sequence of problem (2.10). Denoting (f,g) the minimizers of
problem (1.3), the OT potentials from u to v and from v to u, respectively, and A defined in
Theorem 2.3, we have for k sufficiently large that

ARZ <2((f, 1) + (g,v) + AR?),

where B2 = FI2, o+ 9l oy + A1 and B2 = [ Ful, o) + 19el2, o + A1
Using the Kakutani theorem, we can extract from ( fk) and (gy) weakly convergent sequences
such that f, — f ¢ Hy1(X) and g, — g € Ho1(Y). Since the integrations with respect
to u and v are continuous linear forms, we have in particular limg( fk,m — f, ) (resp.,
limy (g, ) — (g, 1)). This implies

~

(A1) (Fom) +(G,v) + AR? < T fi ) + (Gr,v) + AR,

where 12 =[£I x)+ 19,0 + 1411

A.2. Proof of Lemma 3.4.

Proof. By the definition of a Lipschitz domain, there exists a radius rg > 0, centers
(pi)¥_;, radii (r;)%_,, and bi-Lipschitz bijective functions (h;) from B, (p;) to B1(0) that verify
hi(X N By, (pi)) =Q+ and h;(0X N By, (pi)) = Qo such that

R\ Ay, C UL By j3(pi)

In particular, for all r < ro, we have R%\ A, C UleBm (pi). In the rest of the proof we
shall denote by G, the set R \ A,. Let us assume that r < ming<;<;7; and let z € G,.
Since the boundary is compact, there exists p € X that realizes the infimum and such that
d(x,0X) = ||z — p|| < 7. Furthermore there exists an index i such that = € B,, /3(p;) and in
particular, ||p; — pl| < ||pi — x| + || — pi|| < (2r;)/3, which proves that p also lies in B, (p;).
Hence, we can apply the surjectivity of h; to recover z(x) € Q4 and z(p) € Qo such that
|z —p|| = ||h; ' (2(z)) — h; *(2(p))||. Since h; ' is also bi-Lipschitz, there exists L; independent

)

of r such that ||2(z) — 2(p)|| < rL;. This proves that = € h; ' (G,), where G, is defined as

(A.2) Gr={2€ Q4 |d(z,Qo) <r}.
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Using this result, we can now upper-bound u(G,) using a union bound and the change of
variable theorem.

WG = [ duto)
k
SPO'Z/1 .
<pOZ/ | det (D) |lwie (5, (o)) d -

It remains to upper-bound fG dr = VOI(G L,r)- The volume of G L;r can be computed ex-
plicitly: it is the volume of the northern hemisphere of a ball of radius 1 minus the volume of
the northern hemisphere of a ball of radius 1 — L;r. Hence we get

(A.3) Vol(Gr,,) S1—(1—Lir)?
(A4) < Lidr,
and we recover u(G,) Sr. [ |

A.3. Proof of Lemma 3.7.
Proof. Recall our two coupled upper-bounds:

—ld

%s(m+*”$4)(ﬂ%mww+bmﬂ%mm»

atl1—d/2—c d/2+4e—1 d d

Jrlog(2/5) a, > b, ° >+rai_2“bfz”,

evn
b < Alog(n/6)2 + (n/log(n/6))~

atl—d/2—e d/24e—1
log(2/8) | 5= A
e/n n n

atl—d/2—c d/2+4e—1

Defining ¢, := Alog(n/8)3d + (n/log(n/8)) ™" 10%52%5) an ** b, © , we notice that
our upper-bounds can be rewritten as
5h V2 e -4 4
(A5) an S, cnbp + ¢y ba ay;n74 +ran **by” s
b2 < ey
We observe that the upper-bound on a, is composed of three terms. Hence we shall spht our
- . b3E oM/
analysis in three cases: the case where the term c¢,b,, dominates, the case where ¢, 2= a’;
. 1-4 & . . .
dominates, and the case where ra, 2*b;* dominates. We shall make a similar analysis on ¢,:

in the rest of our proof we shall assume that X is of the form )\, =n#, where 3 < afgldfd. As

a result, using the fact that b, > 1, we can upper-bound ¢,, as

a—1-d ]0g(2/5) atl—d/2—e d/2+e—1
A6 n < )\n I ) 2d bn = a, = bn - )
(4.6) cn S Mn(log(n/8) "5 by + =T
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Again we must split the analysis in two cases: the case where \,(log(n/8)) 2 b, dominates
aF1—d/2—e d/2+e—1
and the case where log%a) an ** by, © dominates. In total, we have six distinct regimes:

the regime a,, < ¢,by, and ¢, < A, (log(n/d)) 34" by, which yields

(Case 1) an < An(log(n/8)) 3 by,
A2 < An(log(n/8)) 2 by,
5k 172
the regime a, < cnb”““i and ¢, < \p(log(n/d)) 2a by, which yields
a— 1 dp. 2add 1/2- 4
(Case 2) an S An(log(n/d)) = C;n )

Aab2 < N\ (log(n/6))” St by

d d

the regime a, < raifgb{?“ and ¢, < A\, (log(n/8)) 2 by, which yields

1—<24 4
{ansran 2a 'I’ZLay

(Case 3) a1 d
Anby; S An(log(n/d)) =

bn ,

atl—d/2—e d/24+e—1
< log(2/6)  *H5A
Ef n n

the regime a, < ¢,b, and ¢, < , which yields

atl—d/2—e a+d/24+e—1

< log(2/)  SHGHE =

an

n b
(Case 4) ~ 6\/> atl—d/2—e d/2+4e—1
)\ b2 < 10g(2/5) 2 b, ©
evn an, n )
b%al/g,% log(2/5) at+l—d/2—e d/2+e—1
1 n n 200 . . }
the regime where a,, < ¢, ~*2—— and ¢, evn an b , which yields
< log(2/8) SIS A a0 e
(Case 5) " evn i at1— d/2 7: d/2+e—1 " ’
. b2 < log(2/9) . b e
Ef 7’L n )

atl—d/2—e d/24+e—1
< ToB(2/) S5
Ef n n

and finally the regime where a,, < ra}z 2e b,%“ and ¢, , which yields

1—<4 4
ap, Sran b,
at+1—d/2—c d/2+e—1

(Case 6) )\nbig %an 20 bn e}

Our purpose is to show that for well-chosen \,,r, €, we have in any cases a, < \,. We shall

start with Cases 1, 2, 3, which are easier to work with as we almost have b, = O(1). Then we
shall move on to the remaining cases. |
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a—1

Cases 1, 2, 3. In these cases, we have \,b2 < \,(log(n/d)) 20 by, which implies b, <

(log(n/8)) = . In Case 1, we thus obtain

3(a—1—d)

(Case 1) an S An(log(n/d)) =

in an < A N N
In Case 2 we obtain a, < 5=(log(n/d)) 2¢ Tzaay , which yields ap** < 22(log(n/

r

atd—1 | d .
§)) 2 T2a, s0 we obtain

4o

)\n dafatd=1) | _2d

ns (32)" onnyo) B
r

In Case 3, we have a,, <1 ¢ (log(n/d)) “S7* . Hence we must pick r such that the two previous

upper-bounds match up to the poly-log factors, i.e., r must satisfy

4o

SO W ==
7"7: —
r

20(2a+d)+4ad 4o
<= r d(2atd) =\
dad

r= A’Z/a(2a+d)+4ad ,

2d
and hence{zryve obtain r, = A\ny*"**; recalling that r» must verify r < rg, we shall thus set instead

rn =roAn "> which yields

o do(atd=1) | 24
(Case 2) an, 5 )\%a+3d (log(n/d)) 2d(2t+d) +2aid
and
(Case 3) Gn § )\T2La+3d (10g(n/5)) (af;d—d)

Cases 4, 5, 6. The main difficulty of these cases is that b, is not a priori O(1) if A\, <<

atl—d/2—c d/2+e—1

1/4/n. Indeed, recall that b, now verifies \,b2 < %an 2 b, * , which yields

log(2/6) Taticajame _atlod/z-c
A7 b, < | ===/ 72 2(2a+1=d/2=¢)
(A7) "~ ( A/ n

Using this upper-bound, let us move on to each case separately.
at+l—d/2—e a+d/2+e—1

log(2/6
5 0%% )an 2a bn

Case 4. Recall we have a, , and hence we recover

atd/2+4e—1

log(2/5) wgw[(log(z/a))awlf‘w—s s |
[e3 an €

(7% < ———Qn - =
~ 6\/ﬁ EAn\/ﬁ
14 atd/24e1

a+1—d/2—5(1+ a+d/2+e—1 ) (log(2/5)> m)\_ a+d/2+e—1

. 20 2atl-d/2—c 2atl_d/2—c
= an n

evn

3a
3(atl—d/2—¢) Satilodia—e _ oatd/2+e—1
2(2a+1—d/2—¢) <10g(2/5)> 2a+1-d/2 Y 2a+1—d/2—€
n

evn

:an y
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atd/24+e—1 . 5 _ atd/24+e—1
which yields ap®**' %279 <( Of% ))2a+1 /2= \,, 2717927 50 we eventually get
6
log(2/6)\ =Farsre
s s ()

Unlike the three previous cases, the rate of convergence of a,, degrades as \,, accelerates toward
zero. Hence, we see that there appears to be a trade-off on how to pick \,: the upper-bound
above must match the weakest upper-bound of Cases 1, 2, 3. When o — oo, the weakest
upper-| bound is A, and hence, up to poly-log factors and the € term in the exponent, we have
n” aTaja ata/21 \-2 = )\, which yields \, = n~ =7/2-1. Hence in the rest of the proof, we shall
assume that \, =n~? with § = min(2==2 21d d #/21)

< log(2/8) 57t H : <
Case 5. Recall that we have in this case a, < an by, , SO we obtain a,
~ r, 6\/> ~

(%) #+-1b2. Combining this upper-bound with (A.7) yields

(A.9) a log(2/0) P log(2/9) ma% 2
N Tnef 6)\ f
s (108(2/8)\ 7T (log(2/6) | Tz

Al zari-aee < ((20812/0)

(A.10) —a N(Tnef A/l

+1

e <liiiif>>”‘<t§%@>

d+2e—4a—2 2d

log(2/4) y -otd 2 dre-1 2a+3d
( evn )d+ 1)\ A

which eventually yields a,, < . Recalling that we set r,, = roA;

~y Y

dt2e—da—2 2d(dt2e—a0-2)
we have A\ 27, "7~ A ZAZPT D In what follows, we shall pick € = ¢, = 1/log(n);

since we assumed d > 2, we can then neglect the e terms in the exponents and recover

2a+4d

datd 2d  4a+2-d

e P (logm)log@/é))

Note that the exponent h(a) =2+ Za%de 4aj_2fd =2+ 1+3d/(2a) +(2;‘_1)1/(2°‘) increases with a.
_4da+d

Hence, as o grows, we have a trade-off on our upper- bound: while the term n 26@-9 accel-
2d 4a+2—d
2a+3d d—1

erates the convergence toward 0, the term )\n degrades the convergence with a
doubly negative effect. First, as mentioned above, the magnitude exponent increases, and

furthermore, recalling that A\, = n=?(®) with 8(a) = min(a_Tld_d, #/2_1), An accelerates its
__2d 4at2-4d
2a+3d d—1

-2
convergence toward 0 as a grows, and hence the term A, diverges more quickly.
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With the goal of showing that we always have in fact a, < A, up to poly-log factors, we
propose to quantify this trade-off and split the analysis into four smoothness regimes: (a) the
regime d < a < 2d, (b) the regime 2d < o < 8d/3, (c) the regime 8d/3 < a < 13d/4, and the
regime (d) 13d/4 < a.

In regime (a), we have S(a) < 1/2 and a fortiori A ) < nah2D) where h(2d) reads
h(2d) =2+ 4d2+d3d de dt2 — 9 4 2 7d+2. Conversely, since a > d, the term n_% is upper-

bounded by n~ peEy) D, which ylelds the following upper-bound on a,, (up to poly-log factors):

_5d__ 4y 17dt2
ansn 2(.1 1) 7 d—1

<n -4 (5/2—(d—1)/d—1-2/(7d))

_ -7 (1/245/(7d)

An

A

In regime (b), since M < 5/6 we have B(a) < 5/6 and a fortiori A, h() < peh(®d/3),

where h(8d/3) reads h(8d/3) =2 —I— 16d/2§l+3d 32d§’j127d =2+ 29d/3+2 Conversely, the term
_da+d

n 2@-1 is upper-bounded by n T b which yields the followmg upper—bound on a, (up to
poly-log factors):

+10/6+ 20d/3+2

5(d—1)

an S n 2(d 1)

<n —4_(9/2—10(d—1)/(6d)—29/15—2/(5d))
— y—75(9/2-10/6-29/15+10/(6d)~2/ (5d))
S

In regime (c), we coarsely upper- bound 6((1) by one and we evaluate the exponent h(«) in

a=13d/4. We have h(13d/4) =2 + 55755 2454, which yields

35d 2d 13d—d+2
35 +2+ +

(A.12) a, <n” o0 T3d/243d  d—1
(A.13) < 11 (35/6-2(d—1)/d—48/19-8/(19d))
(A.14) <1/n< .

In regime (d), we coarsely upper-bound (a) by one and the exponent h(a) by limg—y o0 h(ar) =
24+ 4d%‘l1, which yields the upper-bound

4d
an Sn- -D 1>n 2+

<S1/nS A,

Case 6. Recall that in this case

d d

1—
ap STrpan 2 b3
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2a

which implies a,, <7’ b,. Using the upper-bound (A.7), we get
0, < r:?a log(2/0)log(n) 2&+1—d/2qﬁ%
A/

e (log(2/5) log(n)\ T
a’rz;(2a+1fd/2) <7”nd <Og()\/ \)/gg(n)>
n

da(2at1-d/2) Satiaz
an 5 rnd(3a+1—d/2) (k)g(?)\/é\)/lgg(n)) 3a+1-d/
n

2a 4(2o¢+1—d/2)_1
3a+1—d/2 3d+2a

= an S\

]n_w <10g(2/5) log(n)) e

If we further develop the exponent on A, and we neglect the 1 —d/2 (negative) terms in the
denominators, we recover the slightly weaker upper-bound

2(6a44—5d)

gy
an SN O L3 <10g(2/5) 108;(”)) ;

let us prove that for any «, this upper-bound is lower than A, up to the poly-log terms. The
idea is the following: when the smoothness « is low, we have A\, >> n~1/3, so we indeed have
that our upper-bound is lower than ), thanks to the fact that the n~/3 term alone as the
exponent on )\, is positive whenever a > d. When the smoothness is high, the exponent on A,
is greater than one, and hence we get to the same conclusion; there remains the in-between
cases.

We shall split the analysis into three regimes: (a) the regime where o > 2d, (b) the regime
where 3d/2 < a < 2d, and (c) the regime where o < 3d/2. First note that the exponent
h(a) = Abat4—5d) 4y) reases with a: indeed, the sign of A’ is given by 6(3d + 2a) — 2(6cx + 4 —

3(3d+2a)
5d) = 28d — 8 > 0. Hence for case (a), we have in particular that h(a) > 2(:,’7(6%)4) > 2/3,

< )\i/3n*1/3. Since we always have A\, 2 1/n, we recover a, < A,. In

the regime (b), the exponent h verifies h(a) > 32((3)4;134(3) > 4/9. Furthermore, recall that

a—1—d

Ap = (5 ’a+d72*1), and hence in regime (b) A, = 1/y/n. Reinjecting this fact into
our upper-bound yields a, < )\i 9)\% 3 < Ap. Finally, in regime (c), one can check that
min(

which gives a,

a—1—d «a _ a—1l—-d : : —1/3 . .
S a+d/2_1) = 457 <1/4 and in particular A\, 2 n S0 we recover in particular

an S\

s ra—d—1 o _2d
Conclusion. If we pick A\, = i 2 ’ﬂ+d/2—1), T = roAn’ > and €, = 1/log(n), we
recover at worst
1 max(6,2244)
(A.15) ap S AL (log(n) 10g(2/(5)>

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/22/24 to 128.93.83.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ESTIMATION OF TRANSPORT MAPS WITH KERNEL SOS 341

[10]

[11]

[12]
[13]
[14]
[15]
[16]

[17]

18]
[19]
[20]
21]
[22]
23]
[24]

[25]

REFERENCES

R. K. AHuJA, J. B. ORLIN, AND T. L. MAGNANTI, Network Flows: Theory, Algorithms, and Applications,
Prentice-Hall, Englewood Cliffs, NJ, 1993.

M. ARJOVSKY, S. CHINTALA, AND L. BoTTOU, Wasserstein generative adversarial networks, in Proceed-
ings of the International Conference on Machine Learning, 2017.

N. ARONSzAJN, Theory of reproducing kernels, Trans. Amer. Math. Soc., 68 (1950), pp. 337-404.

E. BErNTON, P. E. JACOB, M. GERBER, AND C. P. ROBERT, On Parameter Estimation with the
Wasserstein Distance, preprint, arXiv:1701.05146, 2017.

S. P. BoyD AND L. VANDENBERGHE, Conver Optimization, Cambridge University Press, Cambridge,
2004.

Y. BRENIER, Décomposition polaire et réarrangement monotone des champs de vecteurs, C. R. Acad. Sci.
Paris Sér. I Math., 305 (1987), pp. 805-808.

H. Brezis AND P. MIRONESCU, Gagliardo-Nirenberg inequalities and non-inequalities: The full story,
Ann. Inst. H. Poincaré Anal. Non Linéaire, 35 (2018), pp. 1355-1376.

S. BUBECK, Convez optimization: Algorithms and complerity, Found. Trends Mach. Learn., 8 (2015),
pp. 231-357.

A. CAPONNETTO AND E. DE VITO, Optimal rates for the regularized least-squares algorithm, Found.
Comput. Math., 7 (2007), pp. 331-368.

L. CHizAT, P. ROUSSILLON, F. LEGER, F.-X. VIALARD, AND G. PEYRE, Faster Wasserstein distance
estimation with the Sinkhorn divergence, in Proceedings of Advances in Neural Information Processing
Systems, 2020.

N. Courty, R. FLAMARY, A. HABRARD, AND A. RAKOTOMAMONJY, Joint distribution optimal trans-
portation for domain adaptation, in Proceedings of Advances in Neural Information Processing Sys-
tems, 2017, pp. 3733-3742.

N. Courry, R. FLAMARY, D. TuiA, AND A. RAKOTOMAMONJY, Optimal transport for domain adapta-
tion, IEEE Trans. Pattern Anal. Mach. Intell., 39 (2016), pp. 1853-1865.

M. CuTuRl, Sinkhorn distances: Lightspeed computation of optimal transport, in Proceedings of Advances
in Neural Information Processing Systems, 2013, pp. 2292-2300.

G. DE PHiLIPPIS AND A. FIGALLI, The Monge—Ampére equation and its link to optimal transportation,
Bull. Amer. Math. Soc. (N.S.), 51 (2014), pp. 527-580.

A. DELALANDE AND Q. MERIGOT, Quantitative Stability of Optimal Transport Maps under Variations of
the Target Measure, https://arxiv.org/abs/2103.05934, 2021.

R. M. DUDLEY, The speed of mean Glivenko—Cantelli convergence, Ann. Math. Statist., 40 (1969),
pp- 40-50.

J. FEYDY, B. CHARLIER, F.-X. VIALARD, AND G. PEYRE, Optimal transport for diffeomorphic registra-
tion, in Proceedings of the International Conference on Medical Image Computing and Computer-
Assisted Intervention, Springer, 2017, pp. 291-299.

A. GRETTON, K. M. BORGWARDT, M. J. RASCH, B. SCHOLKOPF, AND A. SMOLA, A kernel two-sample
test, J. Mach. Learn. Res., 13 (2012), pp. 723-773.

F. GUNSILIUS AND S. SCHENNACH, Independent nonlinear component analysis, J. Amer. Statist. Assoc.,
118 (2023), pp. 1305-1318.

R. B. HOLMES, Smoothness of certain metric projections on Hilbert space, Trans. Amer. Math. Soc., 184
(1973), pp. 87-100.

J.-C. HUTTER AND P. RIGOLLET, Minimaz estimation of smooth optimal transport maps, Ann. Statist.,
49 (2021), pp. 1166-1194.

J. B. LASSERRE, A sum of squares approximation of nonnegative polynomials, SIAM Rev., 49 (2007),
pp. 651-669.

A. MAKKUVA, A. TAGHVAEI, S. OH, AND J. LEE, Optimal transport mapping via input convexr neural
networks, in Proceedings of the International Conference on Machine Learning, 2020, pp. 6672-6681.

T. MANOLE, S. BALAKRISHNAN, J. NILES-WEED, AND L. WASSERMAN, Plugin Estimation of Smooth
Optimal Transport Maps, preprint, arXiv:2107.12364, 2021.

U. MARTEAU-FEREY, F. BAcH, AND A. RUDI, Non-parametric models for non-negative functions, in
Proceedings of Advances in Neural Information Processing Systems, 2020.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1701.05146
https://arxiv.org/abs/2103.05934
https://arxiv.org/abs/2107.12364

Downloaded 04/22/24 to 128.93.83.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

342

VACHER, MUZELLEC, BACH, VIALARD, AND RUDI

[26]
[27]

[28]

[29]
[30]
31]
32]

[33]

[34]
[35]
[36]
37]

[38]

[39]
[40]
[41]
[42]
[43]

[44]

N

B.

A.

K.

. G. MEYERS AND W. P. ZIEMER, Integral inequalities of Poincaré and Wirtinger type for BV functions,
Amer. J. Math., 99 (1977), pp. 1345-1360.

. NIRENBERG, An extended interpolation inequality, Ann. Sc. Norm. Super. Pisa Cl. Sci. Fisiche Mat.,

20 (1966), pp. 733-73T7.

. ONKEN, S. Wu Fung, X. L1, AND L. RutHOTTO, OT-flow: Fast and accurate continuous normalizing
flows via optimal transport, in Proceedings of the 35th AAAI Conference on Artificial Intelligence,
2021.

.-A. POOLADIAN AND J. NILES-WEED, FEntropic Estimation of Optimal Transport Maps, preprint,
arXiv:2109.12004, 2021.

. T. ROCKAFELLAR, Conver Analysis, Princeton Landmarks Math. 36, Princeton University Press,

Princeton, NJ, 1970.
. Rupi, U. MARTEAU-FEREY, AND F. BACH, Finding Global Minima via Kernel Approrimations, pre-
print, arXiv:2012.11978, 2020.

. SALIMANS, D. METAXAS, H. ZHANG, AND A. RADFORD, Improving GANs using optimal transport, in

Proceedings of the International Conference on Learning Representations, 2018.

SCHIEBINGER, J. SHU, M. TABAKA, B. CLEARY, V. SUBRAMANIAN, A. SOLOMON, J. GOULD, S.
Liu, S. LiN, P. BERUBE, L. LEE, J. CHEN, J. BRUMBAUGH, P. RIGOLLET, K. HOCHEDLINGER, R.
JAENISCH, A. REGEV, AND E. S. LANDER, Optimal-transport analysis of single-cell gene expression
identifies developmental trajectories in reprogramming, Cell, 176 (2019), pp. 928-943.

SCHOLKOPF, R. HERBRICH, AND A. J. SMOLA, A generalized representer theorem, in Proceedings of
the International Conference on Computational Learning Theory, 2001, pp. 416-426.

. Su, Y. WANG, R. SHi, W. ZENG, J. Sun, F. Luo, AND X. Gu, Optimal mass transport for shape

matching and comparison, IEEE Trans. Pattern Anal. Mach. Intell., 37 (2015), pp. 2246—22509.
. TAKATSU, Wasserstein geometry of Gaussian measures, Osaka J. Math., 48 (2011), pp. 1005-1026.
. VACHER, B. MUuzELLEC, A. Rupi, F. BACH, AND F.-X. VIALARD, A dimension-free computational
upper-bound for smooth optimal transport estimation, in Proceedings of the 34th Conference on Learn-
ing Theory, Proc. Mach. Learn. Res. 134, 2021.
VACHER AND F.-X. VIALARD, Parameter tuning and model selection in optimal transport with semi-
dual Brenier formulation, in Proceedings of Advances in Neural Information Processing Systems,
2022.

. VAN DE GEER, M-estimation using penalties or sieves, J. Statist. Plann. Inference, 108 (2002),

pp- 55-69.

. WEED AND Q. BERTHET, Estimation of smooth densities in Wasserstein distance, in Proceedings of

the Conference on Learning Theory, 2019, pp. 3118-3119.

. WENDLAND, Scattered Data Approzimation, Cambridge Monogr. Appl. Comput. Math. 17, Cambridge
University Press, Cambridge, 2004.

. WENDLAND AND C. RIEGER, Approzimate interpolation with applications to selecting smoothing pa-
rameters, Numer. Math., 101 (2005), pp. 729-748.

. WILLIAMS AND M. SEEGER, Using the Nystrom method to speed up kernel machines, in Proceedings

of Advances in Neural Information Processing Systems, 2001, pp. 682—688.

D. YanGg, K. DAMODARAN, S. VENKATACHALAPATHY, A. C. SOYLEMEZOGLU, G. SHIVASHANKAR,
AND C. UHLER, Predicting cell lineages using autoencoders and optimal transport, PLOS Comput.
Biol., 16 (2020), €1007828.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/2109.12004
https://arxiv.org/abs/2012.11978

	Introduction
	Related works
	Contributions
	Outline of the paper

	Preliminaries and background
	Estimation of the OT cost
	Kernel sum-of-squares
	Estimation of the transport map
	Assumptions

	Statistical rates
	Upper-bound of the semidual
	Strong convexity of the semidual
	Localized concentration
	Proof of the main result

	Finite reformulation and associated complexity
	Nystr&#x00F6;m approximation and numerical simulations
	Nystr&#x00F6;m approximation
	Synthetic experiments

	Appendix A. Additional results
	Proof of Proposition&#x2009;&#x2009;<0:xref 0:ref-type="statement" 0:rid="pro3-1" >3.1</0:xref>
	Proof of Lemma&#x2009;&#x2009;<0:xref 0:ref-type="statement" 0:rid="lem3-4" >3.4</0:xref>
	Proof of Lemma&#x2009;&#x2009;<0:xref 0:ref-type="statement" 0:rid="lem3-7" >3.7</0:xref>

	References

