Sum Product Algorithm and Hidden Markov Model 2014/2015
Cours 7 — 12th November 2014

Enseignant: Francis Bach Scribe: Pauline Luc, Mathieu Andreux

7.1 Sum Product Algorithm

7.1.1 Motivations

Inference, along with estimation and decoding, are the three key operations one must be able
to perform efficiently in graphical models.

Given a discrete Gibbs model of the form: p(z) = £ [[oce Yo(@c), where C is the set of
cliques of the graph, inference enables:

e Computation of the marginal p(z;) or more generally, p(z¢).

e Computation of the partition function Z

e Computation of the conditional marginal p(x;|X; = x;, X = )
And as a consequence

e Computation of the gradient in a exponential family

e Computation of the expected value of the loglikelihood of an exponential family at step
E of the EM algorithm (for example for HMM)

Example 1: Ising model

Let X = (X;)icy be a vector of random variables, taking value in {0, 1}Vl of which the
exponential form of the distribution is:

Heﬁzfz H eiiTits (71)

eV (i,J)eE

We then have the log-likelihood:

= > mwit Y mgriz; — AQ) (7.2)

eV (i,9)EF

We can therefore write the sufficient statistic:

= ((iremer) &
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But we have seen that for exponential families:

I(n) = ¢(x)"n — A(n)
V() = é(z) =V, A(n)
Ey[o(X)]

We therefore need to compute E,[¢(X)]. In the case of the Ising model, we get:

E,[Xi] = Py X; = 1] (7.6)
Ey[XiX;] =Py [Xi =1, X; = 1] (7.7)

The equation 7.6 is one of the motivations for solving the problem of inference. In order
to be able to compute the gradient of the log-likelihood, we need to know the marginal laws.

Example 2: Potts model

X; are random variables, taking value in {1,..., K;}. We note A;; the random variable such
that A, = 1 if and only if X; = k. Then,

p( = exp Z Z i, kézk + Z Z Z ik kzélk@k/ — A( ) (78)

i€V k=1 (i,§)€E k=1 k'=
and
6(6) = ( Oik ) (7.9)
(OikOikr )ik it
E,[Aix] =P, [X; = k] (7.10)
E,[AiAjp] = ]Pn[X =k X; =F| (7.11)

These examples illustrate the need to perform inference.

@ Problem: In general, the inference problem is NP-hard.

For trees the inference problem is efficient as it is linear in n.

For ”tree-like” graphs we use the Junction Tree Algorithm which enables us to bring the
situation back to that of a tree.

In the general case we are forced to carry out approximative inference.
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7.1.2 Inference on a chain

We define X; a random variable, taking value in {1,..., K}, i € V ={1,...,n} with joint
distribution p(x) defined as:.

T) = %sz(xz) H¢i—17i($i—1ami) (7.12)
i1 i=2

We wish to compute p(z;) for a certain j. The naive solution would be to compute the
marginal

= > ... ) (7.13)

TV {5}

Unfortunately, this type of calculation is of complexity O(K™). We therefore develop the
expression

Z sz Z; sz 1,i :L‘Z laxz) (714)

l‘vw} i=1

_ = Z sz () H@m Vi (@1, ) () nt (T, ) (7.15)

xV\{J} i=1

Z ZH¢ (i) H% Li(@i-1, ) Yn () n-1,0(Tn—1, Tn) (7.16)

win} Tn i=1

Which allows us to bring out the messaged passed by (n) to (n—1): fin—n—1(2n—1). When
continuing, we obtain:

Z sz X sz 1, ZBZ 1y Lj Zq/fn Ty @bn 1n ZEn 1,2En) (717)

xv\“ n} =1 xn

~~
Hn—)n—l(xn—l)

:% Z sz ZT; sz 1, xz 1, )

TY\{j,n,n—-1} t=1

X Z 77Z)n—1(xn—l)wn—Zn—l(1'71—27 xn—l),un—m—l(l‘n—ﬁ (718)
Tn—1
,U‘nflﬁnﬂjQ(a:an)
1
= 7 Z fis2(T2) - pne1sn—2(Tn-2) (7.19)

Ty\{1,j,n,n—1}
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In the above equation, we have implicitely used the following definitions for descending and
ascending messages:

Bimsja (i) = > (@)1 (@1, ) iy () (7.20)
fj—j+1(Tjt1) Z% (@) V)41 (25, Tj1) -1 (25) (7.21)

Each of these messages is computed with complexity O((n — 1)K?). And finally, we get

p(z;) = % fj—1-5 () Yi(25) pjt1-5(x5) (7.22)

With only 2(n — 1) messages, we have calculated p(z;) Vj € V. Z is otained by summing

Z =Y picaosi(w:) Vi) pivasi() (7.23)

T

7.1.3 Inference in undirected trees

We note i the vertice of which we want to compute the marginal law p(z;). We set i to
be the root of our tree. V j € V, we note C(j) the set of childen of j and D(j) the set of
descendants of j. The joint probability is:

=7 sz ;) H Vi (i, ;) (7.24)

eV (i,J)eE

For a tree with at least two vertices, we define by reccurence,

F(z, zj, xp( ) Vi j (@i, z)¥;(2;) H F(xj, o, oo ) (7.25)
keC(j)

Then by reformulating the marginal:
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Z vi(z:) [ Flaizg,opp) (7.26)

IV\{ } JEC(7)

1
-7 vilw:) H Z (i, 25, 2p(5)) (7.27)
]EC(z) zj xD(])
1
E i(i) H Z Vi g (@i, x5);(x;) H F(xj, 2, vpk)) (7.28)
JEC() zj,%p(j) €C(y)
1
- E H Z¢ZJ i, 25) 15 () H Z (2, T, Tp(1)) (7.29)
]GC(’L) Zj k}EC )xk TD(k)
Nk—:jr(fvj)
IZ H Zl/}u Liy, T % I] H HE—j 13] (730)
jech) kec(4)
g ()

Which leads us to the recurrence relation for the Sum Product Algorithm (SPA):

:uj*ﬂ xz Zd}” Ti, Ty % x] H Mk—sj Q3] (731)

keC(j

7.1.4 Sum Product Algorithm (SPA)
Sequential SPA for a rooted tree

For a rooted tree, of root (i), the Sum Product Algorithm is written as follows:

1. All the leaves send i, _r, (2, )
finsm, (Tr,) an Ty (Tns T, ) (7.32)

2. Iteratively, at each step, all the nodes (k) which have received messages from all their
children send jig—r, (z,) to their parents.

3. At the root we have

plx;) = i () H Hi—si(4) (7.33)

JEC(3)
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This algorithm only enables us to compute p(x;) at the root. To be able to compute all the
marginals (as well as the conditional marginals), one must not only collect all the messages
from the leafs to the root, but then also distribute them back to the leafs. In fact, the
algorithm can then be written independently from the choice of a root.

SPA for an undirected tree

The case of undirected trees is slightly different:

1. All the leaves send fiyr, (%, )

2. At each step, if a node (j) hasn’t send a message to one of his neighbours, say (i) (Note:
() here is not the root) and if it has received messages from all his other neighbours
N (7)\i, it send to () the following message

1j—i(:) Z¢J ) ¥;5,i(i, i) H fir—j () (7.34)

keN(7)\{i}
Parallel SPA (flooding)
1. Initialise the messages randomly

2. At each step, each node sends a new message to each of its neighbours, using the
messages received at the previous step.

Marginal laws

Once all messages have been passed, we can easily calculate all the marginal laws

. 1
Vie ‘/7 p(a:z) = Z :U’L H Hk%z ]71 (735)
keN (3)
.. 1
V (i,7) € B, p(xi,z;) = 7 Vi(w:) Pi(x5) ¥y, ) H [k—i(T3) H t—j(x;)  (7.36)
keN ()\j keN ()\i

Conditional probabilities
We can use a clever notation to calculate the conditional probabilities. Suppose that we
want to compute

p(xilrs = 3,210 = 2) X p(ws, 15 = 3,710 = 2)

We can set

755@5) = ¢5($’5) 5(335,3)
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Generally speaking, if we observe X; = x;q for j € Jons, we can define the modified potentials:

Vj(x;) = i(x;) 6(x;, j0)

such that ]
P Xy = Ta0) = = [ [ i) T is(ai,zy) (7.37)
Z - i
% (i,5)EE
Indeed we have
p<x|XJobs = x']obso) p<XJobs = 'rJobs(J) = p('r) H 5(2:.]7:1:]0) (738>
jeJobs

so that by dividing the equality by p(X,,,. = 7,,,.0) we obtain the previous equation with
Z = Zp(XJobs = mJobso)'

We then simply apply the SPA to these new potentials to compute the marginal laws
p(xi|XJobs - xJobs(])

7.1.5 Remarks

e The SPA is also called belief propagation or message passing. On trees, it is an exact
inference algorithm.

o If G is not a tree, the algorithm doesn’t converge in general to the right marginal
laws, but sometimes gives reasonable approximations. We then refer to “Loopy belief
propagation”, which is still often used in real life.

e The only property that we have used to construct the algorithm is the fact that
(R, +, x) is a semi-ring. It is interesting to notice that the same can therefore also be
done with (R, max, x) and (R, max, +).

Example For (R, max, x) we define the Max-Product algorithm, also called “Viterbi
algorithm” which enables us to solve the decoding problem, namely to compute
the most probable configuartion of the variables, given fixed parameters, thanks
to the messages

fj—i(Ti) = max Wi (@i, )05 () [ [ s () (7.39)

Tk

If we run the Max-Product algorithm with respect to a chosen root, the collection
phase of the messages to the root enables us to compute the maximal probability
over all configurations, and if at each calculation of a message we have also kept
the argmax, we can perform a distribution phase, which instead of propagating the
messages, will consist of recursively calculating one of the configurations which will
reach the maximum.
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e In practice, we may be working on such small values that the computer will return
1
errors. For instance, for k binary variables, the joint law p(xy, z3...x,) = o can take

infinitesimal values for a large k. The solution is to work with logarithms: if p = ). p;,
by setting a; = log(p;) we have:

log(p) = log

5]
D elwa >] (7.40)

7

log(p) = af + log

With a] = max; a;. Using logarithms ensures a numerical stability.

7.1.6 Proof of the algorithm

We are going to prove that the SPA is correct by recurrence. In the case of two nodes, we

have:
1

p(xh $2) = Z% (Ii)¢2($2)¢1,2($1, $2)

We marginalize, and we obtain

plr) = () 3 (s, 22)ea(es)

N

TV
p2—s1(x1)

We can hence deduct ]
P(ifl) = Zwl(xl)/mal(xl)

And
1

p(w2) = Zva(@2)1sa(22)

We assume that the result is true for trees of size n — 1, and we consider a tree of size n.
Without loss of generality, we can assume that the nodes are numbered, so that the n—th
be a leaf, and we will call 7, its parent (which is unique, the graph being a tree). The first
message to be passed is:

Hn—sm, (:Cﬂ*n> = Z wn(xn)wn,ﬂn (xvm :Cﬂ‘n> (741)
And the last message to be passed is:
Iu7rn—>n (.Tn) = Z ¢7l'n (Iﬂ'n)l/}nﬂrn ('rn? Iﬂ'n) H /’Lk—WFn (Iﬂ'n) (742)
Ty keN (mn)\{n}
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We are going to construct a tree T of size n — 1, as well as a family of potentials, such
that the 2(n — 2) messages passed in T (i.e. all the messages except for the first and the
last) be equal to the 2(n — 2) messages passed in 7. We define the tree and the potentials
as follows:

e T = (V,E) with V.= {1,....,n — 1} and E = E\{n,m,} (ie., it is the subtree
corresponding to the n — 1 first vertices).

e The potentials are all the same as those of T, except for the potential
@an (Trn) = Uy (T, ) sy () (7.43)

e The root is unchanged, and the topological order is also kept.

We then obtain two important properties:

1) The product of the potentials of the tree of size n — 1 is equal to:

pra) = 5 [ o) TI bl )dn o)

i#n,my, (1,5)€E\{n,m}
1
-7 H Vi(z;) H %,j(%’a%‘)Zwn(ﬂcn)l/’m(xﬂn)wnﬁn@"’x”n)
i#n,m (i,j)EE\{’rL,ﬂ'n} Ln
1 n
= ZEH¢Z(£1) H 1/%,1'(%'7%‘)
Tn =1 (i,5)EE

= Zp(a:l, ey 1, Tp)
Tn

which shows that these new potentials define on (Xj,..., X, 1) exactly the distribution
induced by p when marginalizing X,.

2) All of the messages passed in T correspond to the messages passed in T (except for
the first and the last).

Now, with the recurrence hypothesis that the SPA is true for trees of size n — 1, we are
going to show that it is true for trees of size n. For nodes i # n, m,, the result is obvious, as
all messages passed are the same:

Vi€ V\{mma), ple) = 2 (e T] ool (7.4
kEN (i)

For the case i = m,, we deduct:

7-9



Cours 7 — 12th November 2014 2014/2015

p(z,,) = 1/1% Tr) H tk—r, (T, ) ( product over the neighbours of 7, in T)
keN (mn)

1 ~
= Z’l/}ﬂ'n (xﬂ'n) H /’l’k*}ﬂ'n (':Cﬂ'n )
keN (mn)\{n}

1
= Ewﬂ'n (%rn)ﬂn—mn (xﬂ'n) H Hk—m, <xﬂ—”)

keN (mn)\{n}

= 'l/jvrn an H Hk—sm, an

kEN (1)

For the case i = n, we have:

p(z)
P\Tn, Tr,) = plr)= wn Ty %rn Lr, wn,ﬂn xnaxrrn
(@ns2e) = D, PA) = Unonon, (i (s n) D e G Wi )
V\{n,mn} V\{n Tn}
a(@n,)
Therefore:
p(xn; xﬂ'n) = ,l/}ﬂ'n (xﬂn)a('rﬂn)wn(xn)wn,ﬂn ('TTU xﬂ'n) (745>
Consequently:
p(mﬂ'n) = @Dnn (xﬂ'n)a(xﬂn) Z wn(xn)wn,ﬂ'n (l’n, an)
s (@)
Hence:
p(x,)
o, . 7.46
( ) ¢7Tn (‘rﬂn )l’l/n_”rn (xﬂn ) ( )
By using (7.31), (7.32) and the previous result, we deduct that:
P(Tn, Tr,) = VUn, (xﬂn)¢n(xn)wn,ﬂn ('TTL?'TTrn) p<xﬂn)
Vo (T, ) s (T
1
7 Um, (77, erj\/(n )y M=y, (Tx,)
- 1/}7rn Ly, wn Tn 7~/)n,7rn Lny Ty, z =
( ) ( ) ( ) VY, (T, ) s, (T, )
1
- Elpﬂn (xﬂ'n )¢n(xn)wn,ﬂn (x"“ xﬂ'n) H /’Lk—”rn (I‘ﬂ'n)
keN (mn)\{n}
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By summing with respect to z,,, we get the result for p(z,):

P) = 3 pln,02,) = (T ()

Ty,

Proposition:

Let p € L(G), for G = (V, E) a tree, then we have:

P, Tn) Zwaz II - px“% (7.47)

eV z])eE

Proof: we prove it by reccurence. The case n = 1 is trivial. Then, assuming that n
is a leaf, and we can write p(z1,...,2,) = p(21,...,2n_1) p(Tn|Ts,). But multiplying by
P(Tn, Ty, )

p(Tn|Tn,) = P CArIEn] p(z,) boils down to adding the edge potential for (n,7,) and the node
potential for the lea? n. The formula is hence verified by reccurence.

7.1.7 Junction tree

Junction tree is an algorithm designed to tackle the problem of inference on general graphs.
The idea is to look at a general graph from far away, where it can be seen as a tree. By
merging nodes, one will hopefully be able to build a tree. When this is not the case, one can
also think of adding some edges to the graph (i.e., cast the present distribution into a larger
set) to be able to build such a graph.

The trap is that if one collapses too many nodes, the number of possibles values will
explode, and as such the complexity of the whole algorithm. The tree width is the smallest
possible clique size. For instance, for a 2D regular grid with n points, the tree width is equal

to v/n.

7.2 Hidden Markov Model (HMM)

The Hidden Markov Model (“Modele de Markov caché” in French) is one of the most used

Graphical Models. We note zg, 21, ..., zr the states corresponding to the latent variables,
and yo,y1,...,yr the states corresponding to the observed variables. We further assume
that:

1. {z0,...,2r} is a Markov chain (hence the name of the model);

2. zg,...,2r take K values;

3. zp follows a multinomial distribution: p(zy = i) = (m); with Z(ﬂ'o)i =1
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4. The transition probabilities are homogeneous: p(z = i|z—1 = j) = Aj;;, where A
satisfies Z A =1;

5. The emission probabilities p(y:|z:) are homogeneous, i.e. p(y:|zt) = f(ye, 2t).

6. The joint probability distribution function can be written as:

T-1 T

(20, .27, Y0, -, Y1) = P(20) H P(2e41]20) Hp(yt\zt).

t=0 t=0

There are different tasks that we want to perform on this model:

e Filtering: p(z|y1,. .., Yi-1)
e Smoothing: p(zt]yl, cee 7yT)

e Decoding: max p(z0s -5 27|Yo,s - -, YT)
20,-,2T

All these tasks can be performed with a sum-product or max-product algorithm.

Sum-product

From now on, we note the observations ¥ = {71,...,yr}. The distribution on y; simply
becomes the delta function §(y; = 7). To use the sum-product algorithm, we define zr as
the root, i.e. we send all forward messages to zp and go back afterwards.

Forward:

Hozo(20) = D (Yo = T0)p(vol20) = p(Tl20)

Yo

Hozo—2q (21) = Z p(zl |20)p“yo—>zo (ZO)

20

Hyermz (2m1) = 61 = Tm)p(Wer|z1) = p(Tizilzi-1)

Yt—1

Hpa—z(2t) = Zp(’zt’Zt*l)Mzt—Q%Zt—l(thl)p(ztfllytfl)

Zt—1
Let us define the “alpha-message” a;(z;) as:
i (2t) = Py (20 s 2 (20)

ap(zp) is initialized with the virtual message p, , .,(20) = p(20)
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Property 7.1
at(zt) = /“Lyt—>2t<zt)ﬂzt71—>2t<zt) - p(Zh%u v 7Z_t)

This is due to the definition of the messages: the product g, ., (2¢) 6z, -z (2:) represents a
marginal of the distribution corresponding to the sub-HMM {zo, ..., z}.
Moreover, the following recursion formula for oy (z;) (called “alpha-recursion”) holds:

a1 (2e41) = P(Yer1| 2e41) ZP(Zt+1|Zt>a(Zt)

2t

Backward:
Mz —z (Zt> - Zp<zt+1 |Zt)lu’2t+2—>zt+1 (Zt+1)p(yt+1 |Zt+1)

Zt+1

We define the “beta-message” [;(z;) as:

Bi(2t) = zy i1z (21)

As an initialization, we take fSr(z7) = 1. The following recursion formula for (5;(z;) (called
“beta-recursion”) holds:

Be(z) = Z P(zev1]20)p(Tera|ze41) Bra1 (2641)

Zt+41
Property 7.2 1. p(%%» e 7y_T) = at(zt)ﬁt(zt)

2. p(Wo,...,yr) = ;at(zt)ﬁt(zt)

— —\ _ p(z6,70,-07) _ _ou(zt)Bi(zt)
3. p(alvo, - Ur) = SEsS s = Saonen
2t

4. Forallt <T, p(zt, ze41[Yos - - -, Yr) = m ae(2t) Ber (2e41) P(2e41]20) (Tt |2e41)

Remark 7.3 1. The alpha-recursion and beta-recursion are easy to implement, but one
needs to avoid errors in the indices!

2. The sums need to be coded using logs in order to prevent numerical errors.
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EM algorithm

With the previous notations and assumptions, we write the complete log-likelihood [.(6)
with 6 the parameters of the model (containing (7, A), but also parameters for f):

T—1 T
L(®) = 1og (p(zo) [T plaeal=) [T p(@il))
t=0 t=0
T
= log(p(z0) +Zlogp Uilze) + > logp(zeia|z)
t=0

K T-1 K

T K
= 25(20 i) log((mo); +ZZ5Z’t+1—Z 2 = j) log(As +ZZ5 i) log f (Wi, 2t)

i=1 t=0 i,j=1 t=0 i=1

When applying E-M to estimate the parameters of this HMM, we use Jensen’s inequality to
obtain a lower bound on the log-likelihood:

logp(%v SR 7y_T) Z Eq[logp(207 ey zTa%) s 7y_T)] = ]EQ[ZC<0)]

At the k-th expectation step, we use ¢(2o,...,2r) = P(20, ..., 27[Yo, - - -, U7;0k_1), and this
boils down to applying the following rules:

o E[d(z = i)[g] = p(z0 = i|7;0*")
o E[0(z = 1)[y] = p(z = i[y;0"")

o E[6(z41 = 1,2 = j[7;0" ] = p(zs1 = 0,2 = j[7;0"7)

Thus, in the former expression of the complete log-likelihood, we just have to replace §(zg = 1)
by p(zo = i[y; 0¥ 1), and similarly for the other terms.

At the k-th maximization step, we maximize the new obtained expression with respect to the
parameters # in the usual manner to obtain a new estimator 8. The key is that everything
will decouple, thus maximizing is simple and can be done in closed form.

7.3 Principal Component Analysis (PCA)

Framework: z1,...,zy € R?
Goal: put points on a closest affine subspace

Analysis view

Find w € R? such that Var(zTw) is maximal, with |jw|| =1
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N
With centered data, i.e. % Z xn, = 0, the empirical variance is:

n=1
N
A 1 1
Var(z"w) = N Z(xfw)Q = NwT(XTX)w
n=1

where X € RV* is the design matrix. In this case: w is the eigenvector of X7 X with largest
eigenvalue. It is not obvious a prior: that this is the direction we care about.
If more than one direction is required, one can use deflation:

1. Find w
2. Project z,, onto the orthogonal of Vect(w)

3. Start again

Synthesis view

N
min » " d(z,, {w”z = 0})* with w € R, [Jw|| = 1.

n=1
Advantage: if one wants more than 1 dimension, replace {w’z = 0} by any subspace.

Probabilistic approach: Factor Analysis
Model:

o A=(\1,..., \g) € RIXF

X e RF ~ N(0,1)

e ~N(0,¥), e € R? independent from X with ¥ diagonal.

YERLY =AX +pu+e

We have Y| X ~ N(AX + u, ).
Problem: get X|Y.

(X,Y) is a Gaussian vector on R4 which satisfies:
o E[X]=0=px

o EY]|=E[AX + p+€|pu = py
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o ZXX =1
o Yxy = Cov(X,AX + p+¢€) = Cov(X,AX) = AT
o Yyy = Var(AX + ¢, AX + €) = Var(AX, AX) + Var(e,e) = AAT + ¥

Thanks to the results we know on exponential families, we know how to compute X|Y":

EX|Y =y = px+SxvEyy(y — py)
COV[X’Y = y] = EXX — Exyz;;zyx
In our case, we therefore have:
EXY =y = AT(A +9)7'(y — p)
Cov(X|Y =9y = I—A"(AAT + U) AT
To apply EM, one needs to write down the complete log-likelihood.

1 1 1
log p(X,Y)a — 5XTX - 5(Y —AX — )" Y — AX —p) — 5 log det U

Trap: E[XX7|Y] # Cov(X]|Y)
Rather, E[ X X7|Y] = Cov(X|Y) + E[X|Y]E[X|V]T

Remark 7.4

o Cov(X) = AAT + U: our parameters are not identifiable, A < AR with R a rotation
gives the same results (in other words, a subspace has different orthonormal bases).

e Why do we care ¢

1. A probabilistic interpretation allows to model in a finer way the problem.

2. It is very flexible and therefore allows to combine multiple models.
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