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Outline

� First-order methods: introduction

� Exploiting structure

� First order algorithms

◦ Subgradient methods

◦ Gradient methods

� Other algorithms

◦ Coordinate descent methods

◦ Franke-Wolfe

◦ Dykstra, alternating projection

◦ Stochastic optimization
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First-order methods: introduction

� Most of these methods are very old (1950-. . . )

� Very large catalog of algorithms, no unifying theory as in IPM

� Many variations around a few key algorithmic templates

� Better scaling, worst dependence on precision target

� In practice: algorithmic choices are dictated by problem structure.

What subproblem (projection, etc...) can you solve efficiently?
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First Order Algorithms
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First-order methods: introduction

minimize f(x)
subject to x ∈ C

In theory:

� The theoretical convergence speed of gradient based methods is mostly
controlled by the smoothness of the objective.

� Obviously, the geometry of the (convex) feasible set also has an impact.

Convex objective f(x) Iterations. . .
Nondifferentiable O(1/ε2)
Differentiable O(1/ε2)
Smooth (Lipschitz gradient) O(1/

√
ε)

Strongly convex O(log(1/ε))

In practice:

� Compared to IPM, much larger gap between theoretical complexity guarantees
and empirical performance.

� Conditioning, well-posedness, etc. also have a very strong impact.
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First-order methods: introduction

Solve
minimize f(x)
subject to x ∈ C

in x ∈ Rn, with C ⊂ Rn convex.

Main assumptions in the subgradient/gradient methods that follow:

� The gradient ∇f(x) or a subgradient can be computed efficiently.

� If C is not Rn, for any y ∈ Rn, the following subproblem can be solved
efficiently

minimize yTx+ d(x)
subject to x ∈ C

in the variable x ∈ Rn, where d(x) is a strongly convex function.

Typically, d(x) = ‖x‖2 and this is an Euclidean projection.

A. d’Aspremont. M2 MathSV: Optimisation et simulation numérique. 7/86



Subgradient Method
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Subgradient Methods

Subgradient

� Suppose that f is a convex function with domf = Rn, and that there is a
vector g ∈ Rn such that:

f(y) ≥ f(x) + gT (y − x), for all y ∈ Rn

� The vector g is called a subgradient of f at x, we write g ∈ ∂f .

� Of course, if f is differentiable, the gradient of f at x satisfies this condition

� The subgradient defines a supporting hyperplane for f at the point x
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Subgradient Methods

Subgradient method:

� Suppose f : Rn → R is convex

� We update the current point xk according to:

xk+1 = xk + αkgk

where gk is a subgradient of f at xk

� αk is the step size sequence

� Similar to gradient descent but, not a descent method . . .

� Instead: use the best point and the minimum function value found so far
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Subgradient Methods

Step size strategies:

� Constant step size: αk = h for all k ≥ 0

� Constant step length: αk/‖gk‖ = h for all k ≥ 0

� Square summable but not summable:

∞∑
k=0

αk =∞ and
∞∑
k=0

α2
k <∞

� Nonsummable diminishing:

∞∑
k=0

αk =∞ and lim
k→∞

αk = 0
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Subgradient Methods

Convergence:

Assuming ‖g‖2 ≤ G, for all g ∈ ∂f , we can show

fbest − f? ≤
dist(x1, x

∗) +G2
∑k
i=1α

2
i

2
∑k
i=1αi

For constant step αi = h, this becomes

fbest − f? ≤
dist(x1, x

∗)

2hk
+G2h/2

to get an ε solution, we set h = 2ε/G2 and

dist(x1, x
∗)

2hk
≤ ε

hence

k ≥ dist(x1, x
∗)G2

4ε2
.
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Subgradient Methods

� If the problem has constraints:

minimize f(x)
subject to x ∈ C

where C ⊂ Rn is a convex set

� Use the Euclidean projection pC(·)

xk+1 = pC(xk + αkgk)

� Similar complexity analysis

� Some numerical examples on piecewise linear minimization. . . Problem
instance with n = 10 variables, m = 100 terms
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Subgradient Methods: Numerical Examples

Constant step length, h = 0.05, 0.02, 0.005
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Constant step size h = 0.05, 0.02, 0.005
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Diminishing step rule α = 0.1/
√
k and square summable step size rule α = 0.1/k.
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Constant step length h = 0.02, diminishing step size rule α = 0.1/
√
k, and square

summable step rule α = 0.1/k
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Gradient Descent
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Gradient descent method

general descent method with ∆x = −∇f(x)

given a starting point x ∈ dom f .
repeat

1. ∆x := −∇f(x).
2. Line search. Choose step size t via exact or backtracking line search.
3. Update. x := x+ t∆x.

until stopping criterion is satisfied.

� stopping criterion usually of the form ‖∇f(x)‖2 ≤ ε
� convergence result: for strongly convex f ,

f(x(k))− p? ≤ ck(f(x(0))− p?)

c ∈ (0, 1) depends on m, x(0), line search type.

� this means O(log 1/ε) iterations to get ε solution.

� very simple, but often very slow; rarely used in practice
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quadratic problem in R2

f(x) = (1/2)(x21 + γx22) (γ > 0)

with exact line search, starting at x(0) = (γ, 1):

x
(k)
1 = γ

(
γ − 1

γ + 1

)k
, x

(k)
2 =

(
−γ − 1

γ + 1

)k

� very slow if γ � 1 or γ � 1

� example for γ = 10:
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Large Scale Optimization
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Outline

� First-order methods: introduction

� Exploiting structure

� First order algorithms

◦ Subgradient methods

◦ Gradient methods

◦ Accelerated gradient methods

� Other algorithms

◦ Coordinate descent methods

◦ Franke-Wolfe

◦ Dykstra, alternating projection

◦ Stochastic optimization
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Coordinate Descent
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Coordinate Descent

We seek to solve
minimize f(x)
subject to x ∈ C

in the variable x ∈ Rn, with C ⊂ Rn convex.

� Our main assumption here is that C is a product of simpler sets. We rewrite
the problem

minimize f(x1, . . . , xp)
subject to xi ∈ Ci, i = 1, . . . , p

where C = C1 × . . .× Cp.

� This helps if the minimization subproblems

min
xi∈Ci

f(x1, . . . , xi, . . . , xp)

can be solved very efficiently (or in closed-form).
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Coordinate Descent

Algorithm. The algorithm simply computes the iterates x(k+1) as

x
(k+1)
i = argmin

xi∈Ci
f(x

(k)
1 , . . . , x

(k)
i , . . . , x(k)p )

x
(k+1)
j = x

(k)
j , j 6= i

for a certain i ∈ [1, p], cycling over all indices in [1, p].

Convergence.

� Complexity analysis similar to coordinate-wise gradient descent (or steepest
descent in `1 norm).

� Need f(x) strongly convex to get linear complexity bound.

� Few clean results outside of this setting.
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Coordinate Descent

Example.

� Consider the box constrained minimization problem

minimize xTAx+ bTx
subject to ‖x‖∞ ≤ 1

in the variable x ∈ Rn. We assume A � 0.

� The set ‖x‖∞ ≤ 1 is a box, i.e. a product of intervals.

� Each minimization subproblem means solving a second order equation.

� The dual is
min
y∈Rn

(b+ y)TA−1(b+ y)− 4‖y‖1
which can be interpreted as a penalized regression problem in the
variable y ∈ Rn.
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Franke-Wolfe
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Franke-Wolfe

� Classical first order methods for solving

minimize f(x)
subject to x ∈ C,

in x ∈ Rn, with C ⊂ Rn convex, relied on the assumption that the following
subproblem could be solved efficiently

minimize yTx+ d(x)
subject to x ∈ C,

in the variable x ∈ Rn, where d(x) is a strongly convex function.

� The method detailed here assumes instead that the affine minimization
subproblem

minimize dTx
subject to x ∈ C

can be solved efficiently for any y ∈ Rn.
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Franke-Wolfe

Algorithm.

� Choose x0 ∈ C.

� For k = 1, . . . , kmax iterate

1. Compute ∇f(xk)
2. Solve

minimize xT∇f(yk)
subject to x ∈ C

in x ∈ Rn, call the solution xd.
3. Update the current point

xk+1 = xk +
2

k + 2
(xd − xk)

Note that all iterates are feasible.
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Franke-Wolfe

� Complexity. Assume that f is differentiable. Define the curvature Cf of the
function f(x) as

Cf , sup
s,x∈M, α∈[0,1],
y=x+α(s−x)

1

α2
(f(y)− f(x)− 〈y − x,∇f(x)〉).

The Franke-Wolfe algorithm will then produce an ε solution after

Nmax =
4Cf
ε

iterations.
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Franke-Wolfe

� Stopping criterion. At each iteration, we get a lower bound on the optimum
as a byproduct of the affine minimization step. By convexity

f(xk) +∇f(xk)
T (xd − xk) ≤ f(x), for all x ∈ C

and finally, calling f∗ the optimal value of problem, we obtain

f(xk)− f∗ ≤ ∇f(xk)
T (xk − xd).

This allows us to bound the suboptimality of iterate at no additional cost.
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Dykstra, alternating projection
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Dykstra, alternating projection

We focus on a simple feasibility problem

find x ∈ C1 ∩ C2

in the variable x ∈ Rn with C1, C2 ⊂ Rn two convex sets.

We assume now that the projection problems on Ci are easier to solve

minimize ‖x− y‖2
subject to x ∈ Ci

in x ∈ Rn.
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Dykstra, alternating projection

Algorithm (alternating projection)

� Choose x0 ∈ Rn.

� For k = 1, . . . , kmax iterate

1. Project on C1

xk+1/2 = argmin
x∈C1

‖x− xk‖2

2. Project on C2

xk+1 = argmin
x∈C2

‖x− xk+1/2‖2

Convergence. We can show dist(xk, C1 ∩C2)→ 0. Linear convergence provided
some additional regularity assumptions.
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Dykstra, alternating projection

Algorithm (Dykstra)

� Choose x0, z0 ∈ Rn.

� For k = 1, . . . , kmax iterate

1. Project on C1

xk+1/2 = argmin
x∈C1

‖x− zk‖2

2. Update
zk+1/2 = 2xk+1/2 − zk

3. Project on C2

xk+1 = argmin
x∈C2

‖x− zk+1/2‖2

4. Update
zk+1 = zk + xk+1 − xk+1/2

Convergence. Usually faster than simple alternating projection.
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Stochastic Optimization
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Stochastic Optimization

Solve
minimize E[f(x, ξ)]
subject to x ∈ C,

in x ∈ Rn, where C is a simple convex set. The key difference here is that the
function we are minimizing is stochastic.

Batch method. A simple option is to approximate the problem by

minimize
∑m
i=1 f(x, ξm)

subject to x ∈ C,

where ξi are sampled from the distribution of ξ.

Sampling is costly, we can do better. . .
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Stochastic Optimization

Let pC(·) be the Euclidean projection operator on C.

Algorithm (Robust stochastic averaging)

� Choose x0 ∈ C and a step sequence γj > 0.

� For k = 1, . . . , kmax iterate

1. Compute a subgradient
g ∈ ∂f(xk, ξk)

2. Update the current point

xk+1 = pC(xk − γkg)
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Stochastic Optimization

Complexity.

� Call x̃k =
∑k
i=1 γixi and assume

max
x∈C

E[‖g‖22] ≤M2, and DC = max
x,y∈C

‖x− y‖2

� If we set γi = DC/(M
√
k), we have

E[f(x̃k)− f∗] ≤
DCM√

k

� Furthermore, if we assume

E

[
exp

(‖g‖22
M2

)]
≤ e, for all g ∈ ∂f(xk, ξ) and x ∈ C

we get

Prob

[
f(x̃k)− f∗ ≥

DCM√
k

(12 + 2t)

]
≤ 2 exp(−t).
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Applications
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Outline

� Geometrical problems

� Approximation problems

� Distance reconstruction

� Mixing and unfolding

� Collaborative prediciton
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Geometrical problems
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Linear discrimination

separate two sets of points {x1, . . . , xN}, {y1, . . . , yM} by a hyperplane:

aTxi + bi > 0, i = 1, . . . , N, aTyi + bi < 0, i = 1, . . . ,M

homogeneous in a, b, hence equivalent to

aTxi + bi ≥ 1, i = 1, . . . , N, aTyi + bi ≤ −1, i = 1, . . . ,M

a set of linear inequalities in a, b
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Robust linear discrimination

(Euclidean) distance between hyperplanes

H1 = {z | aTz + b = 1}
H2 = {z | aTz + b = −1}

is dist(H1,H2) = 2/‖a‖2

to separate two sets of points by maximum margin,

minimize (1/2)‖a‖2
subject to aTxi + b ≥ 1, i = 1, . . . , N

aTyi + b ≤ −1, i = 1, . . . ,M
(1)

(after squaring objective) a QP in a, b
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Lagrange dual of maximum margin separation problem

maximize 1Tλ+ 1Tµ

subject to 2
∥∥∥∑N

i=1 λixi −
∑M
i=1 µiyi

∥∥∥
2
≤ 1

1Tλ = 1Tµ, λ � 0, µ � 0

(2)

from duality, optimal value is inverse of maximum margin of separation

interpretation

� change variables to θi = λi/1
Tλ, γi = µi/1

Tµ, t = 1/(1Tλ+ 1Tµ)

� invert objective to minimize 1/(1Tλ+ 1Tµ) = t

minimize t

subject to
∥∥∥∑N

i=1 θixi −
∑M
i=1 γiyi

∥∥∥
2
≤ t

θ � 0, 1Tθ = 1, γ � 0, 1Tγ = 1

optimal value is distance between convex hulls
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Approximate linear separation of non-separable sets

minimize 1Tu+ 1Tv
subject to aTxi + b ≥ 1− ui, i = 1, . . . , N

aTyi + b ≤ −1 + vi, i = 1, . . . ,M
u � 0, v � 0

� an LP in a, b, u, v

� at optimum, ui = max{0, 1− aTxi − b}, vi = max{0, 1 + aTyi + b}
� can be interpreted as a heuristic for minimizing #misclassified points
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Support vector classifier

minimize ‖a‖2 + γ(1Tu+ 1Tv)
subject to aTxi + b ≥ 1− ui, i = 1, . . . , N

aTyi + b ≤ −1 + vi, i = 1, . . . ,M
u � 0, v � 0

produces point on trade-off curve between inverse of margin 2/‖a‖2 and
classification error, measured by total slack 1Tu+ 1Tv

same example as previous page, with
γ = 0.1:
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Support Vector Machines: Duality

Given m data points xi ∈ Rn with labels yi ∈ {−1, 1}.

� The maximum margin classification problem can be written

minimize 1
2‖w‖22 + C1Tz

subject to yi(w
Txi) ≥ 1− zi, i = 1, . . . ,m

z ≥ 0

in the variables w, z ∈ Rn, with parameter C > 0.

� We can set w = (w,1) and increase the problem dimension by 1. So we can
assume w.l.o.g. b = 0 in the classifier wTxi + b.

� The Lagrangian is written

L(w, z, α) =
1

2
‖w‖22 + C1Tz +

m∑
i=1

αi(1− zi − yiwTxi)

with dual variable α ∈ Rm+ .
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Support Vector Machines: Duality

� The Lagrangian can be rewritten

L(w, z, α) =
1

2

∥∥∥∥∥w −
m∑
i=1

αiyixi

∥∥∥∥∥
2

2

−
∥∥∥∥∥
m∑
i=1

αiyixi

∥∥∥∥∥
2

2

+ (C1− α)Tz + 1Tα

with dual variable α ∈ Rn+.

� Minimizing in (w, z) we form the dual problem

maximize −1
2 ‖
∑m
i=1αiyixi‖

2

2
+ 1Tα

subject to 0 ≤ α ≤ C

� At the optimum, we must have

w =

m∑
i=1

αiyixi and αi = C if zi > 0

(this is the representer theorem).
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Support Vector Machines: the kernel trick

� If we write X the data matrix with columns xi, the dual can be rewritten

maximize −1
2α

T diag(y)XTX diag(y)α+ 1Tα
subject to 0 ≤ α ≤ C

� This means that the data only appears in the dual through the gram matrix

K = XTX

which is called the kernel matrix.

� In particular, the original dimension n does not appear in the dual. SVM
complexity only grows with the number of samples.

� In particular, the xi are allowed to be infinite dimensional.

� The only requirement on K is that K � 0.
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Approximation problems
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Norm approximation

minimize ‖Ax− b‖

(A ∈ Rm×n with m ≥ n, ‖ · ‖ is a norm on Rm)

interpretations of solution x? = argminx ‖Ax− b‖:

� geometric: Ax? is point in R(A) closest to b

� estimation: linear measurement model

y = Ax+ v

y are measurements, x is unknown, v is measurement error

given y = b, best guess of x is x?

� optimal design: x are design variables (input), Ax is result (output)

x? is design that best approximates desired result b
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examples

� least-squares approximation (‖ · ‖2): solution satisfies normal equations

ATAx = AT b

(x? = (ATA)−1AT b if RankA = n)

� Chebyshev approximation (‖ · ‖∞): can be solved as an LP

minimize t
subject to −t1 � Ax− b � t1

� sum of absolute residuals approximation (‖ · ‖1): can be solved as an LP

minimize 1Ty
subject to −y � Ax− b � y
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Penalty function approximation

minimize φ(r1) + · · ·+ φ(rm)
subject to r = Ax− b

(A ∈ Rm×n, φ : R→ R is a convex penalty function)

examples

� quadratic: φ(u) = u2

� deadzone-linear with width a:

φ(u) = max{0, |u| − a}

� log-barrier with limit a:

φ(u) =

{
−a2 log(1− (u/a)2) |u| < a
∞ otherwise

u

φ
(u

)
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example (m = 100, n = 30): histogram of residuals for penalties

φ(u) = |u|, φ(u) = u2, φ(u) = max{0, |u| − a}, φ(u) = − log(1− u2)
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shape of penalty function has large effect on distribution of residuals
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Huber penalty function (with parameter M)

φhub(u) =

{
u2 |u| ≤M
M(2|u| −M) |u| > M

linear growth for large u makes approximation less sensitive to outliers

u
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� left: Huber penalty for M = 1

� right: affine function f(t) = α+ βt fitted to 42 points ti, yi (circles) using
quadratic (dashed) and Huber (solid) penalty
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Distance matrices
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Distance matrices . . .

� The problem of reconstructing an N -point Euclidean metric, given partial
information on pairwise distances between points vi, i = 1, . . . , N can also be
cast as an SDP, known as and Euclidean Distance Matrix Completion
problem.

find D
subject to 1vT + v1T −D � 0

Dij = ‖vi − vj‖22, (i, j) ∈ S
v ≥ 0

in the variables D ∈ Sn and v ∈ Rn, on a subset S ⊂ [1, N ]2.

� We can add further constraints to this problem given additional structural info
on the configuration.

� Applications in sensor networks, molecular conformation reconstruction etc. . .
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Distance matrices . . .

494 CHAPTER 5. EUCLIDEAN DISTANCE MATRIX

(a)

(b)

(c)

(d)

(f) (e)

Figure 140: Map of United States of America showing some state boundaries
and the Great Lakes. All plots made by connecting 5020 points. Any
difference in scale in (a) through (d) is artifact of plotting routine.
(a) Shows original map made from decimated (latitude, longitude) data.
(b) Original map data rotated (freehand) to highlight curvature of Earth.
(c) Map isometrically reconstructed from an EDM (from distance only).
(d) Same reconstructed map illustrating curvature.
(e)(f) Two views of one isotonic reconstruction (from comparative distance);
problem (1181) with no sort constraint Π d (and no hidden line removal).

[Dattorro, 2005] 3D map of the USA reconstructed from pairwise distances on
5000 points. Distances reconstructed from Latitude/Longitude data.
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Mixing rates for Markov chains
& maximum variance unfolding
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Mixing rates for Markov chains & unfolding

� Let G = (V,E) be an undirected graph with n vertices and m edges.

� We define a Markov chain on this graph, and let wij ≥ 0 be the transition
rate for edge (i, j) ∈ V .

Larger example

50 nodes, 200 edges

max-degree best constant optimal
ρ = ‖W − (1/n)11T‖ .971 .947 .902

τ = 1/ log(1/ρ) 33.5 18.3 9.7

ICM 2006 Madrid, August 29, 2006 22

A. d’Aspremont. M2 MathSV: Optimisation et simulation numérique. 61/86



Mixing rates for Markov chains & unfolding

� Let π(t) be the state distribution at time t, its evolution is governed by the
heat equation

dπ(t) = −Lπ(t)dt

with

Lij =


−wij if i 6= j, (i, j) ∈ V
0 if (i, j) /∈ V∑

(i,k)∈V wik if i = j

the graph Laplacian matrix, which means

π(t) = e−Ltπ(0).
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Mixing rates for Markov chains & unfolding

[Sun, Boyd, Xiao, and Diaconis, 2006]

� Maximizing the mixing rate of the Markov chain means solving

maximize t
subject to L(w) � t(I− (1/n)11T )∑

(i,j)∈V d
2
ijwij ≤ 1

w ≥ 0

in the variable w ∈ Rm, with (normalization) parameters d2ij ≥ 0.

� Since L(w) is an affine function of the variable w ∈ Rm, this is a semidefinite
program in w ∈ Rm.
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Mixing rates for Markov chains & unfolding

[Weinberger and Saul, 2006, Sun et al., 2006]

� The dual means solving

maximize Tr(X(I− (1/n)11T ))
subject to Xii − 2Xij +Xjj ≤ d2ij, (i, j) ∈ V

X � 0,

in the variable X ∈ Sn.

� This is a maximum variance unfolding problem.
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Mixing rates for Markov chains & unfolding• similar to semidefinite embedding for unsupervised learning of
manifolds (Weinberger & Saul 2004)

• surprise: duality between fastest mixing Markov process and maximum
variance unfolding

ICM 2006 Madrid, August 29, 2006 46

From [Sun et al., 2006]: we are given pairwise 3D distances for k-nearest
neighbors in the point set on the right. We plot the maximum variance point set
satisfying these pairwise distance bounds on the right.
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Collaborative prediction
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Collaborative prediction

� Users assign ratings to a certain number of movies:

U
se

rs

Movies

� Objective: make recommendations for other movies. . .
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Collaborative prediction

� Infer user preferences and movie features from user ratings.

� We use a linear prediction model:

ratingij = uTi vj

where ui represents user characteristics and vj movie features.

� This makes collaborative prediction a matrix factorization problem

� Overcomplete representation. . .
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Collaborative prediction

� Inputs: a matrix of ratings Mij = {−1,+1} for (i, j) ∈ S, where S is a subset
of all possible user/movies combinations.

� We look for a linear model by factorizing M ∈ Rn×m as:

M = UTV

where U ∈ Rn×k represents user characteristics and V ∈ Rk×m movie features.

� Parsimony. . . We want k to be as small as possible.

� Output: a matrix X ∈ Rn×m which is a low-rank approximation of the ratings
matrix M .
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Least-Squares

� Choose Means Squared Error as measure of discrepancy.

� Suppose S is the full set, our problem becomes:

min
{X: Rank(X)=k}

‖X −M‖2

� This is just a singular value decomposition (SVD). . .

Problem: Not true when S is not the full set (partial observations). Also, MSE
not a good measure of prediction performance. . .
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Soft Margin

minimize Rank(X) + c
∑

(i,j)∈S

max(0, 1−XijMij)

non-convex and numerically hard. . .

� Relaxation result in Fazel et al. [2001]: replace Rank(X) by its convex
envelope on the spectahedron to solve:

minimize ‖X‖∗ + c
∑

(i,j)∈S

max(0, 1−XijMij)

where ‖X‖∗ is the nuclear norm, i.e. sum of the singular values of X.

� Srebro [2004]: This relaxation also corresponds to multiple large margin SVM
classifications.
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Soft Margin

� The dual of this program:

maximize
∑
ij Yij

subject to ‖Y �M‖2 ≤ 1
0 ≤ Yij ≤ c

in the variable Y ∈ Rn×m, where Y �M is the Schur (componentwise)
product of Y and M and ‖Y ‖2 the largest singular value of Y .

� This problem is sparse: Y ∗ij = c for (i, j) ∈ Sc
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Semidefinite Program

� How do we solve it?

� Rewrite the dual
maximize

∑
ij Yij

subject to ‖Y �M‖2 ≤ 1
0 ≤ Yij ≤ c

as:
maximize

∑
ij Yij

subject to

[
I −(Y �M)

−(Y �M)T I

]
� 0

0 ≤ Yij ≤ c

which is a sparse semidefinite program in Y ∈ Rn×m.
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Complexity

Complexity?

� Small subset S: the dual in Y is sparse, primal (in ratings X) is dense.

� Interior point solvers work fine for problem sizes up to 400...

� We need to solve much larger instances.

� High precision is not necessary. . .
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Applications in Statistics
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Outline

� MLE problems

� Experiment Design
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Parametric distribution estimation

� distribution estimation problem: estimate probability density p(y) of a random
variable from observed values

� parametric distribution estimation: choose from a family of densities px(y),
indexed by a parameter x

maximum likelihood estimation

maximize (over x) log px(y)

� y is observed value

� l(x) = log px(y) is called log-likelihood function

� can add constraints x ∈ C explicitly, or define px(y) = 0 for x 6∈ C
� a convex optimization problem if log px(y) is concave in x for fixed y
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Linear measurements with IID noise

linear measurement model

yi = aTi x+ vi, i = 1, . . . ,m

� x ∈ Rn is vector of unknown parameters

� vi is IID measurement noise, with density p(z)

� yi is measurement: y ∈ Rm has density px(y) =
∏m
i=1 p(yi − aTi x)

maximum likelihood estimate: any solution x of

maximize l(x) =
∑m
i=1 log p(yi − aTi x)

(y is observed value)
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examples

� Gaussian noise N (0, σ2): p(z) = (2πσ2)−1/2e−z
2/(2σ2),

l(x) = −m
2

log(2πσ2)− 1

2σ2

m∑
i=1

(aTi x− yi)2

ML estimate is LS solution

� Laplacian noise: p(z) = (1/(2a))e−|z|/a,

l(x) = −m log(2a)− 1

a

m∑
i=1

|aTi x− yi|

ML estimate is `1-norm solution

� uniform noise on [−a, a]:

l(x) =

{
−m log(2a) |aTi x− yi| ≤ a, i = 1, . . . ,m
−∞ otherwise

ML estimate is any x with |aTi x− yi| ≤ a
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Logistic regression

random variable y ∈ {0, 1} with distribution

p = Prob(y = 1) =
exp(aTu+ b)

1 + exp(aTu+ b)

� a, b are parameters; u ∈ Rn are (observable) explanatory variables

� estimation problem: estimate a, b from m observations (ui, yi)

log-likelihood function (for y1 = · · · = yk = 1, yk+1 = · · · = ym = 0):

l(a, b) = log

 k∏
i=1

exp(aTui + b)

1 + exp(aTui + b)

m∏
i=k+1

1

1 + exp(aTui + b)


=

k∑
i=1

(aTui + b)−
m∑
i=1

log(1 + exp(aTui + b))

concave in a, b
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example (n = 1, m = 50 measurements)

u

P
r
o
b
(y

=
1
)

0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

� circles show 50 points (ui, yi)

� solid curve is ML estimate of p = exp(au+ b)/(1 + exp(au+ b))
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Experiment design

m linear measurements yi = aTi x+ wi, i = 1, . . . ,m of unknown x ∈ Rn

� measurement errors wi are IID N (0, 1)

� ML (least-squares) estimate is

x̂ =

(
m∑
i=1

aia
T
i

)−1 m∑
i=1

yiai

� error e = x̂− x has zero mean and covariance

E = E eeT =

(
m∑
i=1

aia
T
i

)−1

confidence ellipsoids are given by {x | (x− x̂)TE−1(x− x̂) ≤ β}

experiment design: choose ai ∈ {v1, . . . , vp} (a set of possible test vectors) to
make E ‘small’
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vector optimization formulation

minimize (w.r.t. Sn+) E =
(∑p

k=1mkvkv
T
k

)−1
subject to mk ≥ 0, m1 + · · ·+mp = m

mk ∈ Z

� variables are mk (# vectors ai equal to vk)

� difficult in general, due to integer constraint

relaxed experiment design

assume m� p, use λk = mk/m as (continuous) real variable

minimize (w.r.t. Sn+) E = (1/m)
(∑p

k=1 λkvkv
T
k

)−1
subject to λ � 0, 1Tλ = 1

� common scalarizations: minimize log detE, TrE, λmax(E), . . .

� can add other convex constraints, e.g., bound experiment cost cTλ ≤ B
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Experiment design

D-optimal design

minimize log det
(∑p

k=1 λkvkv
T
k

)−1
subject to λ � 0, 1Tλ = 1

interpretation: minimizes volume of confidence ellipsoids

dual problem
maximize log detW + n log n
subject to vTkWvk ≤ 1, k = 1, . . . , p

interpretation: {x | xTWx ≤ 1} is minimum volume ellipsoid centered at origin,
that includes all test vectors vk

complementary slackness: for λ, W primal and dual optimal

λk(1− vTkWvk) = 0, k = 1, . . . , p

optimal experiment uses vectors vk on boundary of ellipsoid defined by W
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Experiment design

example (p = 20)

λ1 = 0.5

λ2 = 0.5

design uses two vectors, on boundary of ellipse defined by optimal W
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Experiment design

Derivation of dual.

first reformulate primal problem with new variable X

minimize log detX−1

subject to X =
∑p
k=1 λkvkv

T
k , λ � 0, 1Tλ = 1

L(X,λ, Z, z, ν) = log detX−1+Tr

(
Z

(
X −

p∑
k=1

λkvkv
T
k

))
−zTλ+ν(1Tλ−1)

� minimize over X by setting gradient to zero: −X−1 + Z = 0

� minimum over λk is −∞ unless −vTk Zvk − zk + ν = 0

Dual problem
maximize n+ log detZ − ν
subject to vTk Zvk ≤ ν, k = 1, . . . , p

change variable W = Z/ν, and optimize over ν to get dual of page 84.
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