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e Transportation-like Problems
» Regularized Transport
e Optimal Transport Barycenters

« Heat Kernel Approximation



Radon Measures and Couplings

Positive Radon measures M (X): On a metric space (X, d).

A o M«T,‘_T_A_.X:R

dp(x) = f(x)dz =7 ;Pi0z,




Radon Measures and Couplings

Positive Radon measures M (X): On a metric space (X, d).

XT?T,‘_T_A_.X:IR{

du(z) = f(2)dx p=2_;Dibs,
Probability measures. pu(X)=1 [f=1 > pi=1




Radon Measures and Couplings

Positive Radon measures M (X): On a metric space (X, d).

IT?T,‘_T_A_.X:R

du(z) = f(2)dx p=2_;Dibs,
Probability measures. pu(X)=1 [f=1 > pi=1

Couplings: T(p,v) = {r € M (X x X); Pyrm = p, Pym = v}
Marginals: Puj?T(S) = W(S, X) P2t17T(S) = 7T(X, S)

ILL:

@
...
Q-

4

p



Radon Measures and Couplings

Positive Radon measures M (X): On a metric space (X, d).

IT?T,‘_T_A_.X:R

du(z) = f(2)dx p=2_;Dibs,
Probability measures. pu(X)=1 [f=1 > pi=1

Couplings: T(p,v) = {r € M (X x X); Pyrm = p, Pym = v}
Marginals: Puj?T(S) = W(S, X) P2t17T(S) = 7T(X, S)

)\

— T

ILL:

@
...
Q-

4

p



Optimal Transport

Ground cost ¢(x,y) on X x X.

Optimal transport: [Kantorovitch 1942]
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Optimal Transport

Ground cost ¢(x,y) on X x X.

Optimal transport: [Kantorovitch 1942]
Wo i, v)* 2 min {(e.m) = [ cla)dntz,) 7 e M) |
" XxX

For c(x,y) = d(x,y)*, a-Wasserstein digtance W,,.

Linear programming:
N
H = Z _1 Di fUz7V_Zj=21pj5yi

Hungarian/Auction:  ~ O(N?®)

N N
K= %Zizldme: %23:15

Monge-Ampere/Benamou-Brenier, d = || - |5.

Semi-discrete: Laguerre cells, d = | - 5.

Need for fast approximate algorithms for generic c.
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Unbalanced Transport

(1, v) € Mo (X) KL(v|p) = [ log (g—Z) dp + [ (dp — dv)

def.

WE.(u,v) = min (c, m) + AKL(Pyy7m|p) + AKL(Poym|v)

Proposition: It C(ﬂU, y) — = log(COS(miﬂ(d(xT’y)a %))

1/2 . .
then WE+/? is a distance on M, (X).
[Liereo, Mielke, Savaré 2015] [Chizat, Schmitzer, Peyré, Vialard 2015]

— “Dynamic” Benamou-Brenier formulation.
[Liereo, Mielke, Savaré 2015] [Chizat, Schmitzer, Peyré, Vialard 2015]

|[Kondratyev, Monsaingeon, Vorotnikov, 2015
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Wasserstein Gradient Flows

[Jordan, Kinderlehrer, Otto 1998]

pegr = Proxl’; (i) = argmin W (e, i) + 7f (1)

Implicit Euler step:

peEM4 (X)
Formal limit 7 — 0: Oy = div (uV(f' (1))
f(u) = flog(g—g)du > 010 = Ap (heat diffusion)
f(p) = [wdy » Oy = div(uVw) (advection)
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Wasserstein Gradient Flows
[Jordan, Kinderlehrer, Otto 1998]

pegr = Proxl’; (i) = argmin W (e, i) + 7f (1)
peEM4 (X)

Implicit Euler step:

Formal limit 7 — 0: Oy = div (uV ([ (1))
(heat diffusion)

() = [ log(S&)dp >0, = AL
f(p) = [wdy » Oy = div(uVw) (advection)
flp) = == [(&)™~tdu—> Oyp = Ap™(non-linear diffusion)
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Transportation-like Problems

min  &E(m) =

(¢, m) + f1(Pry7) + fo(Poy)

ﬂ'EM_|_ (X XX)
Optimal transport: J1 =1, fo =1,
Unbalanced transport: fi = AKL(-|p)  fo = AKL(-|v)
Gradient flows: J1 =y, fo=1F

Regularization: Prox?/l‘g(wo) = argmin &(7) + eKL(7|m)

Regularization and positivity barrier.
eKL(7|m) <Discretization grid (prescribed support).
0 Implicit KL stepping.
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Entropy Regularized Transport

T, = argmin {(c, m) + eKL(w|mg) ; m € Il(u,v)}
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Entropy Regularized Transport

T, = argmin {(c, m) + eKL(w|mg) ; m € Il(u,v)}

T

Schrodinger’s problem: m. = argmin KL(7|K)
meIl(p,v)

def. c(z,y)

Gibbs kernel: K(x,y) = e~ = mo(x,y)
Landmark computational paper: [Cuturi 2013].




Entropy Regularized Transport

T, = argmin {(c, m) + eKL(w|mg) ; m € Il(u,v)}

T

Schrodinger’s problem: m. = argmin KL(7|K)
mell(p,v)

def. _ C(iE,’y)

Gibbs kernel: K(x,y) = e~ = mo(x,y)
Landmark computational paper: [Cuturi 2013].

P’I“OpO sition.: [Carlier, Duval, Peyré, Schmitzer 2015]
e—0 . 5—>—|—OO
T. — argmin (c, ) T — p(z)v(y)
mell(p,v)
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Dykstra-like Iterations

Primal: min (c, m) + fl(Puj?T) + f2(P2ﬁ7T) + eKL(7|mo)
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u v
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m(z,y) = a()K(z,y)b(y)  (a,b) = (e, e <)

u (Y

Block coordinates mgx — fi(u) —e(e=, Ke™ =)
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Dykstra-like Iterations

Primal: min (c, m) + f1(Piym) + fo(Poym) + eKL(7|m0)

Dual: max — f;(u) — f5(u) — 5<e%, Ke <

~—

% €_§>

m(z,y) = a(@)K(z,y)bly)  (a,b) = (e

Block coordinates mgx — fi(u) —e(e=, Ke™ =)
( -

(Zu)
relaxation: max — fi(v) —eles, K*e= =) (T,

Proposition: the solutions of (Z,,) and (Z,) read:

o Proxf /s(Kb) - Proxf /g(K* a)
Kb K*a

def

Prox?lL/g( ) = argmin, f1(v) + eKL(v|u)




Dykstra-like Iterations

Primal: mﬂin (c, ™) + f1(Puym) + fo(Poym) + eKL(7|m0)

~—

Dual: max — f;(u) — f5(u) — 5<e%, Ke <

% €_§)

m(z,y) = a(@)K(z,y)bly)  (a,b) = (e

Block coordinates MaxX— fi(u) —ele=, Ke =) (Z.,
relazation: max — fi(v) —ele=, K*e =) (I,

)

Proposition: the solutions of (Z,,) and (Z,) read:

o Proxf /E(Kb) - Proxf /g(K* a)
Kb K*a

def

Prox?lL/g( ) = argmin, f1(v) + eKL(v|u)

— Only matrix-vector multiplications. — Highly parallelizal

ble.

— On regular grids: only convolutions! Linear time iterations.



Sinkhorn’s Algorithm

Optimal transport problem:

)

Ji=1t, —> PIOXIfq}S(

=

fo=t, —> Profo/g(V)

|
R K



Sinkhorn’s Algorithm

=t — Proxf?s(y) = U

Optimal transport problem:
fa=t, — Proxig/g(ﬁ) = v

Sinkhorn/IPFP algorithm: [Sinkhorn 1967][Deming,Stephan 1940

(0+1) det.  H (£+1) def. v
a = 0@ and b = T (D)

70 -
. . \ \
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Sinkhorn’s Algorithm

— —_— P KL —
Optimal transport problem: J1= roxy, je (i) =

fo=t, —> Proxig/g(ﬁ) =V

Sinkhorn/IPFP algorithm: [Sinkhorn 1967][Deming,Stephan 1940

(041) det. H (041) def. v
e Iy T 2=y

Proposition: |log(m9) —log(7*) oo = O(1 — 8)*, 6 ~ o e

¢) def. ;. / , / [Franklin,Lorenz 1989]

7T( ) = dlag(a( ))Kdlag(b( )) Local rate: [Knight 2008]
) = | log(| log(7?) — log(m*)] )

. \ \ 0 , , , ,

d 0 |
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Gradient Flows: Crowd Motion

def.

per1 = argming Wi(ue, p) + 71 (1)

Congestion-inducing function:

f () = tjo,s) (1) + (w, )
[Maury, Roudneff-Chupin, Santambrogio 2010]
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def.

per1 = argming Wi(ue, p) + 71 (1)

Congestion-inducing function:

f () = tjo,s) (1) + (w, )
[Maury, Roudneff-Chupin, Santambrogio 2010]

—Ew

Proposition: Proxi(p) = min(e™ =", £)




Gradient Flows: Crowd Motion

def.

pe1 = argming Wir(pe, p) + 7/ (@)

N,y
Congestion-inducing function: \ ¢
f(:u) — L]0,k] (:u) + <w7 :u> \ k,( \\ 4
|[Maury, Roudneff-Chupin, Santambrogio 2010 o Y | \\‘
. ¥
Proposition: Proxi;(u) = min(e " u, £) v"w‘

k= |1r=0lloo



Multiple-Density Gradient Flows

def.

(1,415 p2,41) = argmin Wi (pa e, p1) + Wg (p2,t, p2) + 7f (1, p2)

(pe1,p2)




Multiple-Density Gradient Flows

(1,641, fiz,e1) = azrgmil)ﬂ W& (e, o) + W5 (p2,e, p2) + 7f (1, p2)
M1, 2

Wasserstein attraction:
fQpn, pa) = Wo(pa, p2) + ha(pr) + ha(pe)

FExample: h;(pn) = (w, w).




Multiple-Density Gradient Flows

(11,641, H2,e41) = %rgmil)ﬂ W& (e, pa) + W5 (pae, po) + 7 (i, po)
M1, 12

Wasserstein attraction:
fQpn, pa) = Wo(pa, p2) + ha(pr) + ha(pe)

FExample: h;(pn) = (w, w).
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Wasserstein Barycenters

Barycenters of measures (ug)r: >, A = 1

pr € argmin  , AeWg (e, 1)
L

Generalizes Euclidean barycenter:
It up = 0., then pu* = 6Zk; .
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Barycenters of measures (ug)r: >, A = 1 o0
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Generalizes Euclidean barycenter: :L.Li/f\.:' 2
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Wasserstein Barycenters

Barycenters of measures (ug)r: >, A = 1 o0
p* € argmin >, M W& (g, i) y
p Ty @g
)
Generalizes Euclidean barycenter: OL.”A/}\.:: .
It pr = 0y, then pu* =0z, 2, o Wl %,4

PN NI\

Mc Cann’s displacement interpolation.

Theorem: [Agueh, Carlier, 2010]

(for c(z,y) = |z — y[*)

if ;411 does not vanish on small sets, °
1 exists and is unique. 1




Regularized Barycenters

min
(7Tk: ) ko

(

> Ak ({e, me) + eKL(mg|mor)) 3 Yk, mr € (g, o)

. k
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Regularized Barycenters

( )

(m)in q Z)\k ((c, mk) + eKL(mg|m0.k)) 5 Vk, 7 € (g, 1)
Tk )k, 7 )

— Need to fix a discretization grid for u, i.e. choose (7o )



Regularized Barycenters

( )

(m)in X Z)\k ((c, mk) + eKL(mg|mo.k)) 5 Vk, 7 € (g, 1) ¢
TRIRE U g y

— Need to fix a discretization grid for u, i.e. choose (7o )
— Sinkhorn-like algorithm |Benamou, Carlier, Cuturi, Nenna, Peyré, 2015].



Regularized Barycenters

4 )

(m)in SN Ak (e, ) + eKL(mxlmok)) 3 Vh, i € (g, 1) ¢
b . k /

— Need to fix a discretization grid for u, i.e. choose (7o )
— Sinkhorn-like algorithm |Benamou, Carlier, Cuturi, Nenna, Peyré, 2015].
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Optimal Transport on Surfaces

(Geodesic distance dpy

Triangulated mesh M.
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Level sets

(Geodesic distance dpy
= dp(z,y)”.

)

c(z,y
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Optimal Transport on Surfaces

Ground cost
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Optimal Transport on Surfaces

(Geodesic distance dpy

D
=
=
&S
|
>
=
\

Ground cost

>

Level sets

NZ?log(N) — too costly.

(XK OCOSS

pAT A s

CRp L
)

Triangulated mesh M.

Computing ¢ (Fast-Marching)



Entropic Transport on Surfaces

Heat equation on M: Owus(z, ) = Aprus(x, ), ur—o(x, ) = 0y




Entropic Transport on Surfaces

Heat equation on M: Owus(z, ) = Aprus(x, ), ur—o(x, ) = 0y

Theorem: [Varadhan] —elog(u.) = dz




Entropic Transport on Surfaces

Heat equation on M: Owus(z, ) = Aprus(x, ), ur—o(x, ) = 0y

Theorem: [Varadhan] —elog(u.) = dz

2
def. dM

Sinkhorn kernel: K = e = ~u. ~ (Id —
5




Barycenter on a Surface
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Barycenter on a Surface

M1

® ® ——>
0 ° 1 A1
1 2

—e

M3

M5 H6



Barycenter on a Surface

M1

® ® —>
0 ° 1 A1
1 2

—e

M3

M5 H6




MRI Data Procesing [with A. Gramfort]

Ground cost ¢ = djs: geodesic on cortical surface M.

L? barycenter

W3 barycenter



Gradient Flows: Crowd Motion with Obstacles

— sub-domain of R?.
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Crowd Motion on a Surface

M = triangulated mesh.
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